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Abstract

In this thesis we will consider a nonautonomous linear system which admits nonuniform contraction
and a nonlinear perturbation bounded at the origin. We search to establish an equivalence between
the solutions of the systems before mentioned, being our main objective to construct a topological

equivalence between them.

In order to obtain such a result we review the spectral theory associated with the nonuniform
hyperbolicity, specifically we consider nonuniform exponential dichotomy of the linear system. In
addition we highlight some fundamental results of the spectral theory such as: i) under certain
hypotheses the nonuniform spectrum of the linear system can be written as the finite union of
compact intervals, ii) the linear system is equivalent by means of a nonuniform kinematic similarity
to a new linear system composed of blocks, where the spectrum of each of these blocks corresponds

to one of the connected components of the original linear system spectrum.

On the other hand and thanks to the aforementioned spectral theory, we will show that the initial
linear system is nonuniformly contracted to its spectrum when it is nonuniformly kinemically
similar to a linear system composed of the sum of one diagonal matrix, where its elements are
functions whose images belong to the spectrum, and a matrix whose norm can be chosen sufficiently

small. We will call this property almost nonuniform reducibility.

Finally, if the linear system admits nonuniform contraction, we use the previous results combined
with Lyapunov’s theory of functions to establish the existence of homeomorphism that relates the

solutions of both systems.

Keywords: Systems of nonautonomous differential equations; nonuniform exponential di-

chotomy; nonuniform spectrum; Lyapunov functions; topological equivalence.



Resumen

En esta tesis consideraremos un sistema lineal no autonomo el cual admite contraccién no uniforme
y una perturbacién no lineal acotada en el origen. Buscamos establecer una equivalencia entre las
soluciones de los sistemas anteriormente mencionados, siendo nuestro principal objetivo construir

una equivalencia topoldgica entre ellos.

Con la finalidad de obtener tal resultado repasamos la teoria espectral asociada a la hiperbolicidad
no uniforme, especificamente la dicotomia exponencial no uniforme del sistema lineal. Ademas
destacamos algunos resultados fundamentales de la teoria espectral tales como: i) bajo ciertas
hipdtesis el espectro no uniforme del sistema lineal se puede escribir como la unién finita de
intervalos compactos, ii) el sistema lineal es equivalente por medio de una similaridad cineméatica
no uniforme a un nuevo sistema lineal compuesto por bloques, donde el espectro de cada uno de

esos bloques corresponde a una de las componentes conexas del espectro del sistema lineal original.

Por otro lado y gracias a la teoria espectral anteriormente mencionada, el sistema lineal inicial es no
uniformemente contraido a su espectro cuando es no uniformemente cinematicamente similar a un
sistema lineal compuesto por la suma de una matriz diagonal, donde sus elementos son funciones
cuyas imagenes pertenecen al espectro, y una matriz cuya norma puede ser escogida suficientemente

pequena. A esta propiedad la llamaremos casi reducibilidad no uniforme.

Finalmente, si el sistema lineal admite contraccién no uniforme, usamos los resultados anteriores
combinado con la teoria de funciones de Lyapunov para establecer la existencia del homeomorfismo

que relaciona las soluciones de ambos sistemas.

Palabras clave: Sistema de ecuaciones diferenciales no auténomo; dicotomia exponencial no

uniforme; espectro no uniforme; funciones de Lyapunov; equivalencia topoldgica.
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Introduction

In this thesis we will prove the existence of a topological equivalence between the nonautonomous

linear system

i = A(t)z (1)

and a nonlinear perturbation

& =A(t)z + f(t,x), (2)

where A : R — M,(R), f : Rf x R® — R" and « is a column vector of R”. The hypotheses with
which we will work are that the system (1) admits nonuniform contraction and the function f of

the equation (2) has a Lipschitz condition and it is bounded at the origin.

This work is based on different studies of nonautonomous differential equations, which we will
detail further; and in order to do this we will recall the tools which we study in a basic course of

autonomous differential equations. We will consider an autonomous linear system
T = Ax (3)

where A is an n X n matrix and z as a column vector of R”. It is known that the solution of the

linear system (3) with the initial condition z(0) = x¢ is given by
x(t) = exp(At)xg
where exp(At) is an n x n matrix function defined by the Taylor series.

An important fact in the study of (3) is the algebraic technique of diagonalizing a square matrix
A, which can be used to reduce the linear system to an uncoupled linear system [36]. However, it is
worth mentioning that a matrix A is not always diagonalizable, so by using the eigenvalues and the
generalized eigenvectors we find a form to describe the matrix A by means of submatrices. These
submatrices are composed by the sum of a nilpotent matrix and a diagonal matrix, whose diagonal
element is one of the eigenvalues of A; this method is called the Jordan forms. The exponential of
a linear operator will help us find the solution to the equation (3), therefore the sign that has the
real part of each eigenvalues allowing us to construct the stable and unstable invariant manifolds
associated to the system. From the above mention we know that the eigenvalues of the matrix A

give us information about the qualitative behavior of (3).

We take note that g = 0 is the unique equilibrium point of (3) and when the real part of

the eigenvalues of A are not equal to 0, we have xg as a hyperbolic equilibrium point. This fact
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about the equilibrium point is known as hyperbolicity and from this definition we begin the study

of nonlinear autonomous system
&= f(x) (4)

with f:Q C R® — R" a vector field of class C' and zg an equilibrium point of f. In this context
we mention two kinds of studies of these systems: local and global. For the local study, there is
a classic differential equation theorem that establishes equivalences between the solutions of the

systems (3) and (4), namely:

Theorem 0.1. ( [36]) [Hartman-Grobman Theorem| Let f : Q@ C R® — R" be a vector field of
class C' and let xo an equilibrium point. Suppose that A = D f(xo) (the Jacobian matrix of f in the
point xy) has its eigenvalues with real part not null, then there exist open neighborhoods V,U C R"

of xo and 0 respectively, such that the maps fl|,, and Al are topologically conjugated.

The global behavior study starts in 1969, when C. Pugh [40] studied a particular case of the

Hartman—Grobman’s Theorem focused on linear systems (3) and
&= Az + f(z). (5)

If we consider p > 0 small, then for each f bounded by g and with Lipschitz constant w < u, we
have that the systems (3) and (5) are globally topologically conjugated.

The work cited above inspired K.J. Palmer [34] to achieve the first result of global linearization
in the nonautonomous framework. In fact, Palmer considered the linear system (1) which admits
exponential dichotomy. Moreover, when we have the nonlinear system (2) where the perturbation
f is bounded and Lipschitz, and if we assume that there exists a relation between the bound of f,
the Lipschitz constant and the parameters that depend on the exponential dichotomy, then there

exists a topological equivalence between the systems (1) and (2).

The seminal article of K.J. Palmer and its extensions [24,42] considers vector fields whose linear
component inherits the hyperbolicity property of the autonomous case, while the nonlinear part
satisfies boundedness and Lipschitzness properties. As well, a remarkable extension of the previous
work was made by F. Lin [31], who considered this problem by dropping the boundedness of the
nonlinear perturbations, opening new ideas and methods. The work of Lin is mainly based in three

steps:

(i) If the linear system (1) is supposed to be uniformly asymptotically stable, then it can be reduced

to the linear system

& =[C(t) + B(t)]x (6)

where C(t) is diagonal, B(t) is small enough, and the diagonal part is contained in the spectrum

associated to nonautonomous hyperbolicity.

(ii) From the system (6), he consider a nonlinear system as follows

&= [C@t) + Bt)]z + g(t, x) (7)
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where ¢(t, x) has an equilibrium point at the origin for any ¢ € R and its Lipschitz constant depen-
dent of the smallness of B(t). The system (7) is topologically equivalent to an autonomous linear
system, which is uniformly asymptotically stable. The construction of this topological equivalence
is made by using the concept of crossing times with respect to the unit sphere. Notice that a

suitable Lyapunov function is used to find these crossing times.

(iii) Based on the steps (i) and (ii), a chain of homeomorphisms let him establish the topological

equivalence between the systems (1) and (2).

As in nonautonomous framework the hyperbolicity condition does not have an univocal def-
inition, it should be noted that in step (i) we will use nonautonomous hyperbolicity defined by
L. Barreira and C. Valls [5] with its associated spectrum [17,47]; and with these tools we will

construct a topological equivalence generalizing the work of F. Lin in [31].

Structure of the thesis. This work is divided into three chapters, we will summarize each

one of them as follows.

In the first chapter we show the definition of nonuniform exponential dichotomy, which is
denoted X(A); its associated spectral theory; an application of the nonuniform spectrum of the
linear system (1), which is establish by means of a linear nonautonomous coordinate change, also
known as nonuniform kinematically similarity, that the linear system (1) is equivalent to a diagonal

block system noted below

B (t)

Bin(t)
and the spectrum of each block corresponds to connected components of the spectrum.

Moreover, on the articles [4,17,47] spectrum properties are described and we will adapt these
proofs to the continuous context and on the half line, since that in [17,47] the properties of the
spectrum are verified in the continuous context but for the case R; and in [4] the discrete case
was studied on the half line. The most remarkable property of the spectrum is that under certain

conditions this can be the finite union of compact intervals.

On the other hand, the second chapter presents our first main contribution obtained in this
investigation. We introduce the concept of nonuniform almost reducibility, which is a very impor-
tant development for us. This concept establishes that between systems (1) and a system of the

form
y=(C(t)+ B(t)y

there exists a nonuniform kinematical similarity, where the norm of B(t) can be chosen small

enough and the images of diagonal matrix C(¢) is contained in the compact set X(A).

Some of the technical results of this chapter are based on the books of L. Y. Adrianova [1] and
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W. Coppel [18], while some of the results proved in chapter one are mentioned to contextualize
the tools that will be used in this chapter, which is guided by the work done by F. Lin [30]. At
the end of this chapter, three examples of this application are presented, two for them are scalar

linear systems and an example of a planar system, formed by the previous ones is also given.

Finally, in the third chapter the main objective of the thesis comes afloat, which consists
of establishing a theorem of the Hartman-Grobman in the nonautonomous context, between the
systems (1) and the nonlinear system (2) in order to construct a topological equivalence between
both systems. Some hypotheses that stand out in order to obtain the result shown are: (i) that the
system (1) supports nonuniform contraction, i.e., a kind of stability associated with nonuniform

exponential dichotomy, also (ii) the nonlinear perturbation (2) is bounded at the origin.

Starting with Lyapunov functions and quadratic form theory, we can make a relationship the
nonuniform contraction and Lyapunov functions. On the other hand, we use the main result
obtained in chapter two, which allows us to relate the Lyapunov function associated to (6) with

the behavior of the solutions of the perturbed system
&= [C(t) + B(t)]z + g(t, x) (9)

where g(t,z) has an equilibrium point at the origin for any t € Rg and satisfies certain properties
with respect to its Lipschitz condition. It is possible to construct the topological equivalence

between (6) and (9), using the concept of crossing times for the Lyapunov function.

We will work with the systems (6) and (9) as auxiliary systems in order to conclude that (1)

and (2) are topologically equivalent.



Chapter 1

Spectral Theory

The next step in the study of the ordinary differential equations is to consider the nonautonomous
context. Namely, to study the system
&= A(t)z, (1.1)

where matrix function ¢t — A(t) € M,(R) and to use our knowledge of eigenvalues to obtain

qualitative information about system (1.1).

In the following example we will realize that the eigenvalues do not always allow to conclude

on the stability of the solutions.

Example 1.1 ( [32]). Consider the nonautonomous linear system in its matriz form

. — § cos? — § cos(t) sin
@ [ et 1 jesinG) <> | )
Yy -1- 2 cos(t)sin(t) —1+ B sin’(t) Yy

1 1
A simple calculation show that tr(A(t)) = —3 and det(A(t)) = 2 this implies that the eigen-
values of A(t) (which are independents of t) have real part negative and as consequence the origin

is stable. However, a fundamental matriz for (1.2) denoted X (t), which satisfies the equation

X = At)X(t), is

[ (;) cos(t) exp(—t) sin(t)

X(t) = , (1.3)
—exp (;) exp(—t) cos(t)

and if we look at the first column of the (1.3), the solutions diverge when t tends to +00 or —oo.

In view of the previous example, thus an alternative approach must be considered in order to
study the qualitative behavior of the system (1.1). A first approach in this direction was given
by G. Floquet [21], which established that a periodic system as (1.1) can be transformed into a
constant coefficients system. The Floquet’s result can be seen as an example of the properties of
kinematical similarity and reducibility, which refers that a linear system (1.1) can be transformed
into

j= By (1.4)



1.1. Preliminaries. 2

through a Lyapunov transformation x = L(t)y.

The problem to obtain a simpler form to (1.1) has been tackled by using the concept of re-
ducibility by O. Perron in [37], which proves that (1.1) can be reduced via unitary transformation
to a system (1.4) where B(t) has a triangular form whose diagonal coefficients are real. Moreover,
under subtle technical conditions it can be proved that B(t) has a block—triangular form consisting

of blocks whose diagonal coefficients are real.

We have mentioned that an eigenvalues—based approach has several shortcomings and is not
an adequate tool to cope with stability issues in the nonautonomous framework. A tool that
emulates the role of the eigenvalues in this context was developed in terms of the property of
uniform exponential dichotomy (a type of nonautonomous hyperbolicity), namely, the Sacker—Sell

spectrum associated to (1.1), which is the set

og(A)={reR: 2= (A(t) — M)z hasnot NEDon JCR.}

where the acronym N.E.D. means nonuniform exponential dichotomy. On the other hand and
retouching the concept of nonautonomous hyperbolicity, in this thesis we consider a more general
type of hyperbolic behavior than the uniform exponential dichotomy, which is the nonuniform expo-
nential dichotomy defined by L. Barreira and C. Valls [5]. They proved that in a finite-dimensional
space, essentially any equation as (1.1) with nonzero Lyapunov exponents has a nonuniform ex-
ponential dichotomy (see [5]). In relation to nonuniform part of the dichotomy, from the point of
view of ergodic theory, this can be arbitrarily small for almost every trajectory, as a consequence

of Oseledets multiplicative ergodic theorem in [33].

As well as in the case of exponential dichotomy a spectrum is defined, for nonuniform expo-

nential dichotomy the spectrum will be defined in a similar form.

1.1 Preliminaries.

To start, we first consider the nonautonomous linear differential system (1.1) with A : R} — M, (R)
square matrix function. We assumme that each solution of system (1.1) is defined on RJ. We

denote by ®(¢, s) the evolution operator associated to system (1.1). Then we have
z(t) = ®(t,s)z(s), P(t,8)P(s,7) =®(t,7) forallt,s,7 € R}
where z(t) is a solution of (1.1).

Definition 1.1. ( [5], [17], [47]) The system (1.1) has a nonuniform exponential dichotomy on
J C R if there exist an invariant projector P(-), constants K > 1, a > 0 and p > 0, with such that
[®(t,s)P(s)| < Kexp(—alt—s)+puls)), t=s, tsel,
(1.5)
|D(t,s)(I — P(s))|| < Kexp(a(t—s)+uls]), t<s, t,se.l

In our context, we consider the interval J = Rar.
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Remark 1.1. We have the following comments with respect to this nonuniform dichotomy:

1. In the definition of nonuniform exponential dichotomy the condition p < « appears, for

technical reasons, in [17] and [47].

2. 1t is considered a projector P(t) that satisfies the equation
P(t)®(t,s) = (t,s)P(s)
and it is invariant in the next sense
dim(Ker(P(t))) = dim(Ker(P(s))),

forallt,s € ]Rar. In fact, for any fived t € R(T, there exists an invertible matriz J1 such that

_ I 0
Jl IP(t)Jl = (0 O) )

with k = dim (Im(P(t))). Now, since for any fived s € R we have P(t) = ®(t, s)P(s)®(s, ),
then

J ot s)P(s)® (s, 1)y = (I; 8) .

If we define Jy = ®(s,t)J1, then B is an invertible matriz, with B~ = J1_1<I>(t, s) and

B I 0
Jy P(s)Jy = (0 0),

which implies that k = dim (Im(P(s))).

The nonuniform dichotomy spectrum of system (1.1) is the set
Y(A) ={X € R: & = (A(t) — AI)z has not nonuniform exp. dichotomy on J C R}
and its complement p(A) = R\ X(A) is called the resolvent set of system (1.1).

The following result shows that the images of projector P(7) are uniquely determined, that

is, are independent of 7. We note that the same does not happen to the images of projector

Q(1) = 1d — P(7).
Proposition 1.1. For each 7 € R}, we have
Im(P(1)) = {v € R™: sup ||®(¢, 7)v| < —i—oo} .
t>1

Proof. This proof follows the lines of the articles [4,47]. It follows from (1.5) that if v € Im(P(7)),
then
sup || (¢, 7)v|| < +o0. (1.6)
t>T1
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Now take a vector v € R" satisfying (1.6). Since v = P(7)v + Q(7)v, it follows from (1.5) that

Sup 1@ (t, T)Q(T)v]| < +o00. (1.7)

On the other hand, by (1.5) for ¢ > 7 we have
1Q(T)vl| = (| (7, ) @(¢, T)Q(T)v]| < K exp(—alt —7) + pt) |2 (¢, 7)Q(7)v]|
and so )
7 expla(t = 7) — pt) |Q(r)v]| < [|[8(t, T)Q(T)v]l .
Hence, if Q(7)v # 0, and if o > pu we obtain
sup 12(t, T)Q(T)v]| = +o0,
but this contradicts to (1.7). Therefore, Q(7)v = 0 and so v € Im(P(7)). O

The following statement specifies the freedom that is allowed when choosing the projector P(7).

Proposition 1.2. Assume that the system (1.1) admits nonuniform exponential dichotomy with

projector P(-). Moreover, let P(-) be projector such that
P(t)®(t,s) = ®(t,s)P(s) for t,s € Ry. (1.8)
Then the system (1.1) admits nonuniform exponential dichotomy with projector P(-) if and only if

ImP(0) = ImP(0).

Proof. This proof follows the ideas of the discrete case proved by Barreira and Vall in [4]. If
the system (1.1) admits nonuniform exponential dichotomy with projector P(-), it follows from

Proposition 1.1 that

ImP(0) = {v € R"™: sup ||®(¢,0)v| < +oo} = ImP(0).
t>0

Now assume that ImP(0) = ImP(0), then

In particular,
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and so it follows from (1.1) that

|e.0)(P©) - PO)]| =|@.0) P(O)(P(O) — P(0))o,
< K exp(—a(t - 0) + u0) ||(P(0) = P(0))e],
= Kexp(—a ) (P(0) = P(0)Q(0)u|,
< K exp(—at) ||(P(0) — P(0))|| |Q(0)u]l,
= K exp(—at) || (P(0) = P(0))|| [|©(0, 7)@(7,0)Q(0)]|
= K exp(—at) ||(P(0) = P(0))| [|#(0, 7)Q(r)@(, 0)u]
< K2exp(~at + (~a+ )7) ||[(P(0) = P(0)) | [ @(r,0)0]

for t, 7 € ]Rar and v € R™. Therefore, for t > 7
| P < o) P@El+ o, )(P(r) - o)

(
= |2(t, T)P(r)o] + | @(t,0)(P(0) = P(0)@(0,7)v
< Kexp(=a(t = 1) + pur) [v] + K2 exp(—at + (—a -+ )7) || (P(0) = PO) | ],
< K exp(~a(t - (~a(t—7) + i) H(P H ol
(—al

7) + p1) ||lv]| + K2 exp
T) 4 pr) [Jv||

:f(exp —af(t —

where

K=K+K? HP(O) - P(O)H .

Similarly, letting Q(7) = Id — P(r1), for t < 7 we obtain

le@ 0| <o nQEel+ e P - Py,
el + | @(2,0)(P(0) — P(0))(0, 7)v
(a(t = 7) + pur) o] + K2 exp(—at + (—a + )7 HP (O el
< Kexp(a(t =)+ 7 o] + K2 expla(t = 7) + pir) HP H ol
(alt =)+ )

7) + ) [|of] -

This shows that the system (1.1) admits nonuniform exponential dichotomy with projector P(-).
O

1.2 Properties and Characteristics of Nonuniform Spectrum.

In this section, using the previous propositions, we will provide results that will allow us to give

properties and characteristics of the nonuniform spectrum.

A linear integral manifold (see [47]) of (1.1) is a nonempty set W of R} x R" satisfying
{(t,®(t,7)v);t e Ry} C W for each (r,v) € W, and for any given 7 € Ry the fiber W(7) =
{v e R (1,v) € W} is a linear subspace of R”. We note that all the fibers W (7) have the same
dimension, denoted by dimW.
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For each v € R and 7 € Ry we define
U, = {(T,v) € Rg x R™: sup;s, |(t, )v||exp(—y(t — 7)) < +oo}

An immediate result of the definition of I/, is the following

Proposition 1.3 ( [47]). The following statements hold.

(i) U, is linear manifold of system (1.1).
(i6) If y1 < 72, then Uy, (1) © Usy (7).

Proof. We will prove the two statements:

i) For any v € U, (), by definition we only need to prove that ®(s,7)v € U,(7) for all s € R{.
In fact, it follows from the fact that

sup> [|®(t, 5)@(s, 7)ol exp(—(t = 7)) = sup;>, [ (¢, T)v[l exp(=7(t — 7)) < +oo,
ii) Let v € Uy, (7), then
sup (1, 7)ol exp(—a(t = 7)) < sup (1, T expln (¢ = 7)) < +ox,
t>T t>1

S0 U € U, (7).

The following proposition is a characterization for U, (7) using the projector P(:).
Proposition 1.4 ( [47]). For vy € R, if
&= (A(t) —~yD)x (1.9)

admits a nonuniform exponential dichotomy with an invariant projector P(T), then U, (T) =
ImP(7), for any 7 € R].

Proof. Let ®(t,s) be a evolution operator of (1.1), some easy calculate show that ®,(¢,s) =
exp(—v(t — 5))®(t, s) is an evolution operator of (1.9), and that P(-) is an invariant projector of
®(t, s) if and only if is an invariant projector of ®, (¢, s). By the assumption there exist K, a, > 0
and g, > 0 such that

[@4(t, s)P(s)| < Kyexp(—on(t —s)+ pys), t=>s,
[t 8)(I = Ps)| < K explan(t—s) +jins), ¢ <.
First we prove that ImP(7) C U,(7). Considering the characterization for ImP(7) of the

Proposition 1.1, if v € ImP(7), then

sup exp(—(t — 7)) [ (¢, 7)o < sup || (¢, 7)o < +o0.
t>1 t>T1
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On the other hand, to prove U, (1) C ImP(7), consider v € U,(7), i.e., there exists a constant
¢y such that

sSup H(I)’Y(t¢ 8)” < ¢y
t>T

Now we write v = P(7)v + Q(7)v. Since P(-) is an invariant projector of ®,(t,s), we have
Q(T)v = @,(1,1)Q(t) 2 (t, T)v,
then for ¢ > 7, we obtain the estimation
1Q(r)v]| < Ky explaq (1 = 1) + pyt) [ @4 (2, 7)o -
If ay > py and t — 400, we have Q(7)v = 0 thus v = P(7)v € ImP(7). O

Now we establish a topological result to nonuniform spectrum and a property of linear manifold
Uy (7).

Proposition 1.5 ( [47]). The nonuniform spectrum %(A) is closed set. Moreover, for v € p(A)

we have

Uy(T) = Uy(T)
forall T € Rg and n in some neighborhood J of .

Proof. For v € p(A), then the system (1.9) admits nonuniform exponential dichotomy with an
invariant projection P(-). So there exist K > 1, & > 0 and g > 0 such that

19+(t, )P ()]l
19+ (2, 5)(1 = P(s))]l

Kexp(—a(t—s)+ps), t>s,

<
< Kexp(a(t—s)+us), t<s.

If we consider p < a, set 0 = 5% > 0. For n € (y — 0,7+ 0), it is easy to see that P(-) is an

invariant projection of the evolution operator ®,(t,s) = exp(—n(t — s))®(t, s) of the system
&= (A(t) — nl)z. (1.10)

Moreover we have
[©5(t, s)P(s)]| = exp((y —n)(t —5)) [|Dy(L, s)P(s)]
< Kexp((y—n—a)(t —s)+ pus)
for t > s and
[@(t,5)(I = P(s))| = exp((y —=n)(t =) [|2+(t, 5)(I — P(s))]l,
< Kexp((y—n+a)(t —s)+pus)
for t < s. It follows from the choice of ¢ and 7 that in first place

(o + )
5

—o—a<y—n—a<o—q=—
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so with o* = O‘Tﬂ‘ > 1, we have
[P (£, 5)P(s)|| < K exp(—a™(t — s) + ps)
for t > s. In second place

+ —
QQM——(OZQH)+a<'y—n+a<a+a,

then we have
[®y(t,s)(I — P(s))|| < Kexp(a™(t — s) + ps)

for ¢ < s. This proves that the systems (1.10) admits nonuniform exponential dichotomy with
ax > u, for all n € (y — o,7+ o), thus (y — 0,7+ o) C p(A4) and in particular the nonuniform

spectrum 3(A) is closed. Moreover, it follows from Proposition 1.1 that

Uy(T) =Uy(T) = ImP(T).

O]

The following Theorem give us a complete description of the structure of the nonuniform

spectrum.

Theorem 1.1 ( [17,47]). The nonuniform spectrum 3(A) of system (1.1) is the union of m disjoint
closed intervals in R (called spectral intervals) with 0 < m < n. Precisely, if m = 0 then 2(A) = 0;
if m=1 then ¥(A) =R or (—o0,b1] or [a1,b1] or [ai,+00); if m > 1 then

E(A) =hU [a27 bQ] U... [am—la bm—l] Ul (111)
with Iy = [a1,b1] or (—o0,b1] and I, = [am,bm] or [am,+00), where a; < b; < a1 for i €

{1,...,m—1}.

Proof. We first establish an auxiliary result.

Lemma 1.1 ( [47]). For each v1,72 € p(A) with v1 < 72, the following statements are equivalent:

(i) Uy, (T) = Uy, (1) for some T € RS (and so for all 7 € RS );
(i) [71,72] C p(A).

Proof. Assume that Uy, (T) = U, () for all 7 € RY. Tt follows from Proposition (1.1) and (1.2)
that the systems
&= (A{t) —nl)z

and
i = (A(t) = 2l)a

admit nonuniform exponential dichotomies with the same projection P(-). Hence, there exist
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Ki,Ko > 1, ag,a9 > 0 and pq, po > 0 such that
| @, (£, 8)P(s)|| < Kjexp(—a;(t —s) + pis) for t>s (1.12)

and
| P, (t,s) (L — P(s))|| < Kiexp(oy(t —s) + pis) for t <s. (1.13)

For each v € [y1,72], by (1.12) and if we take « = v — 1 + a1, f = 72 — v + a2, we have

[@(t,s)P(s)|| = exp(—(y — 1)t —5)) [, (¢, 8)P(s)],
< Kiexp(—a(t —s) 4+ ms), for t>s

and similary, by (1.13),

1+(t,5)(I = P(s))| = exp((v2 = 7)(t = )) |+, (£, 5)(I = P(s))I],
< Koyexp(B(t — s) + pugs), for t<s.

Taking the constants o* = min {«, 5}, u* = max {1, o} and K* = max { K1, K2}, we conclude
that [y1,72] C p(A4).
Now we assume that [vy1,72] C p(A) and we proceed by contradiction. Namely, assume that,

in addition, Uy, (1) # Us, () for some 7 € R}. Let

b=inf {y € p(A): U,(T) =U,(7) for some TecRJ}.

Since Uy, (T) # U, (T), it follows from Proposition 1.5 that v1 < v < 72. We will show that
v € ¥(A). Otherwise, we consider two possibilities: either U, (1) = Uy, (7) or Uy(T) # U, (7). In
the first case, by Proposition 1.5 we have U,/ (1) = U, (7) and 7" € p(A) for all ' € (y —¢,~] and
some € > 0. But this contradicts to the definition of 4. In the second case, again by Proposition
1.5 we have U,/ (T) # Uy,(T) and 4" € p(A) for all v' € [y,7 + ¢) and some ¢ > 0, that again
contradicts to the definition of v. Hence, v € 3(A) but this contradicts to the assumption that

[V1,72] C p(A).
O

We proceed with the proof of the Theorem 1.1. By Proposition 1.5, the set ¥(A) is a disjoint
union of (possibly infinite) closed intervals. Assume that 3(A) is composed of n + 1 disjoint closed

intervals. Then there exist v1,...,7v, € p(A4) such that the intervals
(—=00,71), (71,72)5 -+ (=15 (Y +00)
intersect ¥(A). By Lemma 1.1, we have
0 <dim U, <dim Uy, <--- <dim U,, < n. (1.14)

Now we show that
dim U,, <n and dimU,, > 0. (1.15)

If dim U,, = 0 then U, (t) = {0} for 7 € R{. Since 71 € p(A), there exist constants
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K >1,a> 0,p > 0 and projection P(7) = 0 such that

llexp(—v1(t — 5))®(t, s)|| < Kexp(a(t —s)+ps) for t<s.
Hence, for v < ;1 we have

llexp(—~(t — 8))P(t, s)|| < Kexp(a(t —s)+pus) for t<s.

This shows that (—oo,71) C p(A), which is impossible since (—oo, 1) intersects ¥(A). Now we
assume that dim U, = n. Then U, (7) = R™ for 7 € RJ. Since 7, € p(A), there exist a constants
K >1,a>0,u > 0 and projection P(7) = Id such that

llexp(—n(t — 5))®(t, s)|| < K exp(—a(t —s) + us) for t>s.
Hence, for v > ~,, we have
llexp(—=7(t — ))P(t, s)|| < Kexp(—a(t —s)+ us) for t>s.

This shows that (7, +00) C p(A), which is impossible since (7;, +00) intersects ¥(A). Finally, it
follows from (1.15) that (1.14) cannot hold and so there are at most n disjoint closed intervals on
the right-hand side of (1.11).

d

Theorem 1.1 allows us to know the structure that the spectrum has. Next, we will present a

sufficient condition so that the nonuniform spectrum to be nonempty and bounded.

Definition 1.2 ( [17,47]). The evolution operator ®(t,s) of the system (1.1) has nonuniformly
bounded growth if there exist K > 1,& > 0 and i > 0 such that

|®(t, s)|| < Kexp(alt —s| + jis), t,s€R]. (1.16)

Remark 1.2. If i = 0 the evolution operator has bounded growth, which is a particular case of
the nonuniformly bounded growth (see [43] and [45]).

Theorem 1.2 ( [47]). Assume that the evolution operator of system (1.1) has a nonuniformly

bounded growth. Then the nonuniform spectrum 3(A) is nonempty and bounded, i.e.,
Y(A) = [a1,b1] U+ Ulam, bm), (1.17)
withm>1 and —co < a1 < b < - < am < by, < o0.
Proof. By the assumption the evolution operator of system (1.1) satisfies (1.16) with constants
K >1,&>0and i > 0. First we affirm that X(A) C [-a, @], an so it is bounded.
For v > @, we get from (1.16) that
@y (t,5)[| < Kexp(=(y —@)(t —s) + is), for t>s,

then the system & = (A(t) — vI)z admits a nonuniform exponential dichotomy with the invariant

projector P(7) = Id. This proves that v € p(A) and consequently (&, +o00) C p(A).
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For v < —@&, we have
[@4(t,5)[| < Kexp(—(y+a)(t —s) +jis), for t<s,

then the system & = (A(t) — vI)z admits a nonuniform exponential dichotomy with the invariant

projector P(7) = 0. Hence we have (—oo, —@) C p(A). Consequently X(A) C [—a, a].

Now we will prove that ¥(A) # (). The above proof implies that for v > &, U, = ImP(1) = R"
because P(7) = Id, and that for v < —a&, U, = ImP (1) = {0} because P(7) = 0. Set

Yo = inf {y € p(A): Uy(7) = R"}.

From the definition and previous comments, we have 79 € [—a, @]. To get a contradiction, let
us assume that y9 € p(A). There are two cases to consider: U, (1) = R™ or U,,(7) # R". In the
first case, by Proposition 1.5 there is € > 0 such that for v € (yo — &,70 + €), we have U, (1) = R",
which contradicts the definition of yy. In the second case, Proposition 1.5 implies U, (7) # R™ for
v € (70 — &,7% + €), which contradicts the definition of 7y. So X(A) # 0.

O

Our new objective will be to use the decomposition of the nonuniform spectrum (see equation
(1.17)) to write the system (1.1) as a new system, which will depend on the spectral intervals of
the spectrum X(A).

1.3 An application of the nonuniform spectrum for linear systems.

As first defined in [17], we say that system (1.1) and the system

y = B(t)y (1.18)
are nonuniformly kinematically similar if there exists a matrix function S : Rg — GL,(R) satis-

fying
1S(t)]| < Myexp(vt) and ||ST'(2)|| < M,y exp(vt), (1.19)

with M = M, > 0,v > 0 constants, such that the change of coordinates y(t) = S~(t)z(t)
transform the system (1.1) into (1.18) and S is called a nonuniform Lyapunov transformation.
Moreover, B(t) satisfies

B(t) = STHt)A(t)S(t) — STHH)S(b). (1.20)

Remark 1.3. It is important to mention that the nonuniform kinematic similarity is an equivalence
relation between the linear systems. In this context, we will assume that at 0 the S function has a

derivative on the right.

The following result characterizes the normal forms of nonautonomous linear differential sys-

tems via their nonuniform dichotomy spectrums.
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Theorem 1.3. Suppose that the evolution operator of system (1.1) has a nonuniformly bounded

growth. Let
E(A) = [al, bl] y---u [am, bm],

withm>1 and —o0o < a1 < by < -+ < am < by, < 00 be the nonuniform spectrum. Then system

(1.1) is nonuniformly kinematically similar to
By(t)
Y= y (1.21)
Bpn(t)
where B; : RE — R"*™ and 3(B;) = [a;,b;] forie {1,...,m}.

For proving this Theorem we need some preliminary results, which will be presented below.
Lemma 1.2. If the systems (1.1) and (1.18) are nonuniformly kinematically similar, then ¥(A) =
X(B).

Proof. In first place, we will prove that if (1.1) and (1.18) are nonuniform kinematically similar
with matrix function S, ® (¢, s) and ®p(t, s) their respective evolution operator, then we have
D (t,5)S(s) = S(t)Pp(t,s) (1.22)

fort,s € R{. In fact, we know that z(t) = ® (¢, s)z(s) is a solution of (1.1) and y(t) = ®p(t, s)y(s)
is a solution of (1.18). Moreover , z(t) = S(t)y(t) is a nonuniform Lyapunov transformation, for

all t € R, so on the one hand we have
z(t) = S(t)y(t) = S(H)Pr(t, s)y(s) = S()Pp(t, 5)S™" (s)x(s)

and on the other hand we have
z(t) = Pa(t, s)x(s)

and the two previous equations imply

Dat,s) = S(t)Pp(t, )5~ (s).

Now we continue the proof of Lemma. Let A\ € p(A) then the system
z = [A(t) — Mz
have a nonuniform exponential dichotomy on Rj with invariant projector P(-).

By (1.22) we have exp(—A(t — 5))®p(t,s) = S7L(t) exp(—A(t — 5))Pa(t,s)S(s), which is the

evolution operator associated to system
y = [B(t) = My
and its invariant projection is Q(t) = S™L(t)P(t)S(¢).

This fact combined with the submultiplicative property of norms and the estimates for S and
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S~ allows to prove that if t > s (the case t < s can be proved similarly),
195 (t, s) exp(=A(t = 5))Q(s)|| < [|ST B[ [|a(t, s) exp(=A(t — 5)) P(s)[| |S(s)]],
< M? Ky exp(vt) exp(—ay(t — s) + prs) exp(vs),
< MIEy exp(—(an — v)(t — ) + (a4 20)5).

Finally, if oy > v, then A € p(B). To prove the other contention, we use the fact that
nonuniform kinematic similarity is an equivalence relation. O
Lemma 1.3 ( [47]). Let Py € R"*"(M,(R)) be a symmetric projection and X (t) € GL,(R) with
teRS. Set Q(t) = B X)TX )Py + (I — P)X ()T X(t)(I — Ry). Then

(i) Q(t) is positively definite and symmetric.
(ii) There exists a unique positively definite and symmetric matriz function R(t) such that

R2(t) = Q(t) and PyR(t) = R(t)F.

(iii) S(t) = X (t)R™1(t) is invertible and satisfies S(t)PyS~1(t) = X (t)PoX ~1(t) and

ISOI < V2, 57 @) < VIXORX IO + IXOI - B)X@17  (1.23)
Proof. We will prove each statement:

(i) The next proof is for any fixed ¢ € R}. In first place, the matrix Q(¢) is symmetric and posi-
tively definite. In fact, deduce Q(t) = Q(t)T is a direct consequence of P{ = Py combinated
with the property (CD)T = DTCT. In order to prove that Q(t) is positively definite, let
¢ € R™\ {0} and notice that

1) = ETRX ()T X () P& + €T (I — R)X()TX(t)(I - Po)¢,
= [IX(6) Po&l|* + | X ()1 = Po)é|* = 0

and we will see that the inequality is strict. Indeed, otherwise if £7Q(¢t)¢ = 0, it will be
equivalent to
X(t)Po¢ =0 and X(t)(I — Py)¢ =0,

which implies that X (¢)¢ = 0 and £ = 0 (since X (¢) is invertible), obtaining a contradiction.

(ii) As Q(t) is symmetric and positively definite, we know that there exist a unique matrix
R(t) = R(t)T such that

which is a property of any real symmetric matrix. Now we will verify that R(¢) and P

commute. As PO2 = Py, it is easy to see that

R2(t)Py = PyR*(t) = P X ()T X (t) .
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As R?(t) and Py are symmetric matrices they are diagonalizable. In addition, as they com-
mute the have simultaneous diagonalization, that is, there exist an invertible matrix W (t)
such that

R2(t) = W) AW (t) and Py =W Lt)B(t)W (t),

where A and B are diagonal matrices containing the (positive) eigenvalues of R?(t) and Py

respectively.

As the diagonal matrix A(t) has only positive terms, we can consider A(t) = D(t)D(t), where
Aii = V J” Then, it follows that

R(t) = W= () D) D)W (1) = (W (t) D)W (£)) (W~ () D()W (1))
and we have that R(t) = W~1(t)D(t)D(t)W (t).
As B(t)D(t) = D(t)B(t) since are diagonal matrices, we have
W) B6)D6W (t) = W (#) D) R(W (t),

which is equivalent to

which is equivalent to
PyR(t) = R(t)Py.

(iii) Finally, as PyR(t) = R(t) Py, we also have that

R(t)(I — Fy) = R(t) — R(t) P,
= R(t) — PyR(t) = (I — Py)R(t).

Now let us consider the transformation S(t) = X (t)R~!(¢). Note that

SOPSTI() = X(OR (O PREX (1),
X(ORL(OROPX (1),
X

(t)PoX (1)

since PyR(t) = R(t)Py.
By using S(t)R( X (t) and RT(t) = R(t), we have that

~
~—
I

R2(t)

P XT)X(t)Py+ (I — P)XT()X#)(I — Ry),

PoRT (£)ST(t)S(t)R(t)Po + (I — Po)RT (t)ST(t)S(t)R(t)(I — Po),

= PyR(t)ST(t)S(t)R(t) Py + (I — Ro)R(t)ST (t)S(t)R(t)(I — Py),
R(t)PoST (t)S(t) PoR(t) + R(t)(I — Po)ST(t)S(t)(I — Po)R(1).

We multiply by R~!(¢) by the right and the left, obtaining

I =PyST(t)S(t)Py + (I — Py)ST(t)S(t)(I — Py).
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Now, let ¢ € R™ and note that

IS@EN? = 15(t) Po& + ST — Po)¢|?,
< IS P&l + 1S (I — Po)él|}?,
2{ IS REI” + IS(8)(T - Ro)éI*}
< 2{E"RyST(1)S(t) P& + (I — Ry)ST(1)S(t)(I — Ry)é}
< 26T {RyST(1)S(t) Po& + (I — Po)ST(1)S(t)(I — Po) } &,
<26T¢ =2,
the we can conclude that ||S(t)|| < +/2. On the other hand

(S7HE)TSTHE) = (XTT))TRT ()R X (1),
= (X' 0)TR*(M)X (1),
= (X1 @) TR X ()" X (t)Po + (I — Po) X ()" X (t)(I — Po)]X~1(t),
and hence
15~1@)|]” < || X&) PoX @) + | X (6)(I — P) X (@) -

Moreover, if X (t) is continuous , or continuously differentiable, function of ¢ in Rar , then from
the fact that the positive squart root of a continuous, or continuously differentiable, positive
symmetric matrix function R(¢) is again continuous, or continuously differentiable, S(t) to

be too.

O]

Lemma 1.4 ( [47]). Assume that system (1.1) has an invariant projector P(-) with P(t) # 0 or
1, for allt € Rar. Then there exists a nonuniform Lyapunov matriz function S : Rar — GL,(R)

such that
STt P(t)S(t) = (é 8) .

Proof. Since P(+) is an invariant projection associated with the evolution operator ®(t, s) of system
(1.1), i.e., P(t)®(t,s) = ®(t,s)P(s) for t,s € R} and for what is mentioned in the Remark 1.1, we
have dim (ImP(t)) = dim (ImP(s)). the fact that P(-) is a projection implies that for any given
s € R{ there exists a T(s) € GL,(R) such that

OTLQ Xni 0n2><n2

T(s)P(s)T 1(s) = (I’”X"l 0’“”‘2) =) (1.24)

where ny = dim (ImP(t)) and ny = dim (KerP(t)). Applying Lemma 1.3 to X (t) = ®(¢,s)T!(s)
and Py, we get an R(t) satisfying PyR(t) = R(t)P, for t € R}. Set S(t) = ®(t, s)T 1 (s)R™1(t), we
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have

(1.25)

where we used the fact that ®(¢, s)®(s,t) = I, the invariance of the projection P(-) with respect
to ®(¢,s) and the equation (1.24).

By Lemma 1.3 the matrix function S satisfies S(t)PyS™1(t) = X (¢)PyX ~1(¢) and using (1.25)

in the estimates of (1.23), we have

Is@Il<v2, |s7t@) < \/HS(t)PoS‘l(lt)H2 + S = Po)S—1 ()|,
Is@Il<v2, |s7@ < \/I!P(t)ll2 + (I = P@)II*

and by (1.5), in the last expression we obtain

IS@I < V2, [|S7H@)]| < V2K exp(ut)
and if we define M = V2K, we have
IS < Mexp(ut), ||S™'(£)]| < M exp(ut)

which allow us conclude that S is a nonuniform Lyapunov transformation.

Lemma 1.5. The system (1.1) is nonuniform kinematically similar to an equation
j =By (1.26)
where B(t) commute with Py and satisfies
IB@)|| < |A(t)||, for every te€R{.
In particular, if there exist M > 0 and v > 0 such that ||A(t)|| < Mexp(vt) for all t € R,

then
|B(t)]] < Mexp(vt),

for allt € ]Rar.
Proof. This proof follows the line of [18], (see Lemma 2, page 40). Under the present circumstances

the functions R(t) and S(t) of the Lemma 1.3 are continuously differentiable in Rj. Then change
of variable z(t) = S(¢)y(t) transforms (1.1) into

z2=0C(t)z, (1.27)

where C(t) = S~ (t)A(t)S(t) — S~(¢)S(t). From Lemma 1.3, X(t) = S(t)R(t) and if we derive
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this equation, then

and as Py is constant and commute with R(¢), then also commute with C(t). Let U(t) be the

fundamental matrix for the equation

i = %[C(t) — T () (1.28)

such that U(0) = I. Then U(t) is unitary for every t € R, since the coefficient matrix is symmetric.
Moreover U(t) commutes with Py for every t € R{, since BT (t) commute with P = Py and the
solutions of (1.28) are uniquely determined by their initial values. It is easily verified that the
further change of variables z(t) = U(t)y(t) transform (1.27) into (1.18), where

B(t) = JU~ (IO + OT(U(1)

is symmetric and commutes with Py for every ¢t € Rar .

For each fixed t € Rar , there exist M > 0, v > 0 such that
—2Mexp(vt)I < A(t) + AT(t) < 2M exp(vt)]
and since ||AT(t)|| = [|A(t)[|, we have that
|A®) + AT(t)H < 2M exp(vt).

From the definition of R(t), we have

R(OR(t) + R()R(t) = PoXT (8)[A(t) + AT ()] X (t) Py
(I — P)XT()[A®) + ATOIX ()T - Py).

It follows that
—2M exp(vt)R:(t) < R(t)R(t) + R(t)R(t) < 2M exp(vt)R*(t)

and hence
—2Mexp(vt) < R(t)R™(t) + R (t)R(t) < 2M exp(vt).

Therefore
|C@)+ T @) < ||A®) + AT ()| .

Since U(t) is unitary, this implies that

1B = % [C(t) + CT O < A < Mexp(vt).

Finally, we have z(t) = T'(¢)y(t) that transform (1.1) into (1.26), where T'(t) = S(¢)U(t) and
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satifies
IT@)I < V2, ||T71(1)] < V2K exp(pt).

Now we are able to prove Theorem 1.3.
Proof. By hypothesis and Theorem 1.2 we have the nonuniform spectrum 3(A) as in (1.17) with
m > 1,a1 > —o0 and b, < 400.

Next we will prove the following technical Lemma:

Lemma 1.6 ( [30]). If the evolution operator of system (1.1) has a nonuniform bounded growth
and if ¥(A) C [a,b] and X > b (resp. or X\ < a) the system

&= (A(t) — M)z

has a nonuniform exponential dichotomy with projector P(t) =1 (resp. with projector P(t) =0).

Proof. We have that the evolution operator satisfies

[®(t,s)|| < Kexp(alt—s|+fs), t, scR].

We consider A > b. Let h = max{a+ 1+ g, A+ 1+ i} and
D (t,s) = B(t, s) exp(—h(t — s)).
Then
[@n(t, )| = (2, s)]| exp(=h(t — s)) < Kexp(a(t —s) + s — h(t — s)), (t = s).
Now we define a = h — & > i and the previous equation becomes
J@u(t, )| < K exp(—alt — )+ fis) (¢ s),

which implies that the system
&= (A(t) — hl)x
has a nonuniform exponential dichotomy with projector P(t) = I and [\, h] C p(A).

By Lemma 1.1, the system
= (A(t) — M\)x

also has a nonuniform exponential dichotomy with projector P(t) = I.
For X\ < a the proof is similar considering h = min {—(a + 1+ ),(A —1—a)}.
O

In what follows we call the open intervals (—oo,a1), (b1,a2), ..., (bm—1,an) and (b, +00) the

spectral gaps. As ¥.(A) C [a1,by], the previous Lemma implies that for v € (—o0,a1), the system
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& = (A(t) — vI)x has a nonuniform exponential dichotomy with projector P(t) = 0 and for
v € (b, +00), the system & = (A(t) —~I)z has a nonuniform exponential dichotomy with projector
P(t) = I, so we choose 7; € (b;,a;+1) for i € {1,...,m — 1}.

For v € (b1, a2), the system
&= (A(t) —ml)z

admits a nonuniform exponential dichotomy with an invariant projector P;(-) associated to evolu-

tion operator ®.,(t,s) = exp(—71(t — s))®(t, s). Then we have

(PO < Kiesp(-arlt—s)+pms), 25 .
[@4, (@, s)(I = Pi(s))]| < Kiexp(ai(t —s)+ps), t<s.
where K7 > 1,1 > 0 and p1 > 0.
We claim that system (1.1) is nonuniformly kinematically similiar to
) Bi(t 0
Y= (®) Y (1.30)
0  Baalt)

with By : R — M,,(R) and By : Ry — My, (R), where n; = dim (ImPy(t)) and my =
dim (KerP;(t)). Moreover, ¥(Bj) = [a1,b1] and X(Bag) = [a2,b2] U - - - U [am, bp].

Now we prove this claim. By Lemma 1.4 there exists a nonuniform Lyapunov matrix function
Sy : Ry — GL,(R) such that

STH)PL(t) Sy (t) = (I”” 0’””) =P (1.31)

Omz Xni 0m2 Xma2

We define
B(t) = STH)A®#)S1(t) — STLH()S1(t), for teRS,

so the system (1.1) is nonuniformly kinematically similar to
j = Bt)y, (1.32)
via the transformation z(t) = S1(¢)y(t) and by (1.22) the evolution operator of (1.32) is
Dp(t,s) = S Ht)D(t, 5)S1(s). (1.33)

Set R(t) = S{1(t)®(t,s)T~'(s). From the proof of Lemma 1.4, we have PyR(t) = R(t)P,. This
implies that R~!(t) and R(t) both commute with Py, since P; is constant. By (1.33) and definition
of R(t), we have

Dp(t,s) = R(t)T(s)S1(s) (1.34)

so if we derive (1.34) with respect to t, on the one hand we have

d(I)B (t7 8)

228 = ROT()S1(5)
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and on the other hand
d(I)B(t, S)
dt

therefore, from the two previous equations it can be affirmed that

= B)®p(t,s) = BO)R()T(s)51(s),
B(t)=R(t)R™'(t) and P,B(t) = B(t)P,. (1.35)
Now we write B(t) in the block form, i.e.,
Bi(t Ci(t
B(t) = () Ci(t)
022 (t) BQQ (t)
where By : Ry — M, (R),Ba : Rf — M;,,(R),C1 : RE — My, xm,(R) and Ca : R —
My xny (R). From (1.31) and the second expression of (1.35) we get that C(t) = 0 and Caa(t) = 0.
By Lemma 1.2, the systems (1.1) and (1.30) have the same nonuniform dichotomy spectrum.

Before continuing we will prove the following lemma.

Lemma 1.7. Consider the system (1.18) where B is written as

(Bit) 0
B(t)_< ) Bz(t)) (1.36)

where By : Ry — My, (R), By : Rf — M,,(R), then we have that

S(B) = X(By) US(By). (1.37)

Proof. If X\ € (p(B1) N p(B2)), then the systems
Tr] = (Bl(t) - )\I)l'l

and

Tro = (Bg(t) — /\1)1'2

with evolution operators ®) 1(¢,s) and ®)o(t, s) respectively, have a nonuniform exponential di-
chotomy, i.e., there exist constants Ki, Ko > 1,a; > 0,u; > 0, for i € {1,2} and invariant
projectors Py : R{ — My, (R), P> : Rf — M,,(R) respectively, satisfying

{ |1@ai(t.s)Pi(s)l| < Kiexp(—ai(t —s) +pus), t>s,
[@xi(t ) (I = Pi(s))l| < Kiexp(ai(t —s) + pis), t<s.
If we consider the evolution operator of system & = (B(t) — Al )z and invariant projection as
Dy(t,s) = diag(Pa(t,s), Paz(t,s)) and P(t) = diag(Pi(t), Pa(t)) (1.38)
and K = max {K1, K2} ,a = min{aq, as} and g = max {u1, ua}, then we have

{ |@x(t,s)P(s)| < Kexp(—a(t—s)+us), t>s,
1 (

t,s) (I — P(s))|| ; K exp(a(t — ) + ps), ¢<s, (1.39)
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so A € p(B).

If A € p(B), then the system & = (B(t) — M)z admits nonuniform exponential dichotomy,
which implies that it is satisfied (1.39). We can write ®) (¢, s) and P(t) as in (1.38) and we can get
the following estimates:

1 (t, 5)Fi(s)]| < [[@a(, 5) P(s)]
[@xi(ts 8)(I = Pi(s))[| < |9 (E, 8)(1 — P(s))]

which implies that A € (p(B1) N p(Bz)).

Kexp(—a(t—s) +us), t>s,
Kexp(a(t —s) 4+ us), t<s,

O]

Now we continue with the proof of the Theorem 1.3. Using the previous Lemma and by (1.30),
we have that
E(B) = 2(31) U E(BQQ) = [al, bl] y---u [am, bm]

Moreover the evolution operator of system (1.30) has the invariant projection P; given in (1.31).
Since the first inequality of (1.29) also holds for all v > a9, so we get that [ag, +00) C p(B1), then
Y(By) C (—o0,a2). Similarly from the second inequality of (1.29) also holds for all v < by,
so we get that (—oo,b;] C p(Ba2), then X(Baa) C (b1, +00). These last arguments imply that
¥(B1) = [a1,b1] and X(Bag) = [ag2,bo] U -+ U [am, by].

Now we work with the system
Y22 = Baa(t)y2e (1.40)

and its evolution operator ®s(t, s) , so for v2 € (ba,as), the system
Y22 = (Baa(t) — v2l)ya2

admits a nonuniform exponential dichotomy with an invariant projector Ps : Rg — GL,,(R)

associated to evolution operator ®.,(t,s) = exp(v2(t — s))®2(t, s). Then we have

[®,(t,s)Pa(s)| < Kpexp(—aa(t —s)+ pas), t>s, (1.41)
[ @, ( < '

t,s)(I — Pa(s))]| Kyexp(ag(t — s) + pas), t<s.

In the same way as before, it is proved that the system (1.40) is nonuniformly kinematically

. (BaAt) O
Y23 = 0 Bus(1) Y23

where By : Rl — My, (R), Bsg : Rf — My, (R) and mg = ns + mg, via a nonuniformly Lyapunov

similar to

transformation yoo(t) = S22(t)y23(t). Take

Inysny, 0
Sa(t) = ( 0 522(t)> S1(t).
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Then the system (1.1) is nonuniformly kinematically similar to

Bi(t) 0 0
i=01), Cc®=| 0 B o |, (1.42)
0 0 Bss(t)

via the nonuniformly Lyapunov transformation x(t) = C(t)z(t). Since the first inequality of (1.41)
also holds for all v > ag, taking into account equation (1.42) we get that X(diag(Bi, B2)) C
(—o00,a3). Similarly from the second inequality of (1.41) we have X(Bss) C (b, +00). The last
arguments and Lemma 6 imply that X(Bs) = [ag, b2] and X(Bss) = [as, b3] U - - U [am, bm)-

According to the above process, we get a nonuniform Lyapunov transformation x(t) = Sy,—1(t)w(t),

which send system (1.1) to

Bit) 0 0 0
w=Dtw, DpH=| ° T 0 0 ,

0 0 Bl 0

0 0 0  Buimal®

with X(B;) = [a;, b;] for i € {1,2,...,m — 2}. Take v,,—1 € (b—1, @) and the system
w=(D(t) — ym-1Dw

admits a nonuniform exponential dichotomy with an invariant projection P, : Ry — GLy,, ,(R).
Using the same arguments as before, the system (1.1) is nonuniformly kinematically similar to sys-
tem (1.21). Again as before we get that 3(diag(By, ..., Bmn-1)) C (—00, a;,) and

Y(Bm) C (bm—1,+00). This implies that X(B;) = [a;, b;] for i € {1,2,...,m}. O

Remark 1.4. In the articles [4] and [47] the normal forms of nonautonomous differential systems
and properties of the Lyapunov exponents with respect to the monuniform spectrum are studied

respectively.
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Chapter 2

Nonuniform Almost Reducibility of nonautonomous linear differ-

ential equations.

In the previous chapter we learned about the context that revolves around the nonuniform spec-

trum, from its definition to the properties of its structure.

This spectrum plays a fundamental role in a better localization of diagonal terms when the
system (1.1) can be transformed to a diagonal one. In fact, in 1967 B. F. Bylov in [8] introduced
the notion of almost reducibility, i.e., reducibility with a negligible error and proved that any
linear system is almost reducible to some diagonal system with real coefficients. Later in 1999, F.
Lin in [30] improves the Bylov’s result by proving that the diagonal coefficients are contained in
the Sacker—Sell Spectrum. Moreover, F. Lin proved that this spectrum is the minimal compact
set where the diagonal terms belong, this phenomenon is known as the contractibility of a linear

system.

We emphasize that these concepts of reducibility and almost reducibility also have a vast

literature as well as in the uniform hyperbolicity ( [18], [26]) or in Schrodinger operators [23].

2.1 Preliminaries.

We consider the linear system (1.1) with z as a column vector of R” and the matrix function
t— A(t) € M,(R) with the following properties:

(P1) For 6, M >0, ||A(t)|| < Mexp(6t) for any t € R{.

(P2) The evolution operator ®(¢,s) of (1.1) has a nonuniformly bounded growth ( [47]), namely,
there exist constants K > 1, @ > 0 and & > 0 such that

|®(t,s)|| < Kexp(a|t—s|+ns), t, seR].

The purpose of this chapter is to study the nonuniform contractibility or nonuniform almost

reducibility to a diagonal system. Namely, the d-nonuniform kinematical similarity of (1.1) to

y=U(t)y, (2.1)
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when U(t) = C(t) + B(t), C(t) is a diagonal matrix and B(t) has smallness properties which will

be explained later.

Within this chapter you will find several of the definitions of the previous chapter, we will do
this in order to contextualize what will be the topics that we will use to prove the main result of

this chapter. To begin we will give the definition of nonuniform kinematical similarity.

Definition 2.1 ( [17], [47]). The system (1.1) is nonuniformly kinematically similar (resp.
d—nonuniformly kinematically similar with a fized 6 > 0) to (2.1) if there exist an invertible

transformation S(t) (resp. Ss(t)) and v > 0 satisfying
IS@)|| < My, exp(vt) and HS_I(t)H < M, exp(vt)

or respectively
1SS, )| < Mysexp(vt) and ||[S71(6,¢)|| < M, 5 exp(vt),

such that the change of coordinates y(t) = S™1(t)z(t) (resp. y(t) = S5 ' (t)z(t)) transforms (1.1)
into (2.1), where

Ut) = S~Ht)A)S(t) — S~H(t)S(1), (2.2)
for any t € Rar.

Remark 2.1. Nonuniform kinematical similarity preserves nonuniformly growth bounded. In fact,
if (1.1) and (2.1) are nonuniform kinematically similar through of the function S(-) and their
respective evolution operators are ®1(t, s) and P2(t, s), then by the proof of Lemma 1.2 (see equation
(1.22) ) we have the equality

1 (t,5)S(s) = S(t)Pa(t,s) for all t,scRY,
and if ||®1(t,s)|| < Kexp(al|t — s| + is), then we have

@2t )| < [[STHO IS @1(E )]l
< M, exp(vt) M, exp(vs) K exp(alt — s| + s),

and finally, we obtain that

1@2(2, 5)I| < MIK exp((v + )|t = s| + (2v + 1) ).

As we said previously, the concept of almost reducibility was introduced by B. F. Bylov in the
continuous context. A discrete version of this notion was given by A. Castanieda and G. Robledo
(see [15]).

Now we introduce the definition of nonuniformly almost reducible which is a version of the

previous concept in the nonuniform framework.

Definition 2.2 ( [9]). The system (1.1) is nonunifomly almost reducible to

y=C(t)y,
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if for any § > 0 and € > 0, there exists a constant K5 > 1 such that (1.1) is d—nonuniformly

kinematically similar to
§=[C) + By, with |B@)| < 6K;.

J’_
for anyt € Ry .

In the case when C(t) is a diagonal matrix, if K5, = 1 it is said that (1.1) is almost reducible to
a diagonal system and it was proved in [8] that any continuous linear system satisfies this property

and the components of C(t) are real numbers.

The concept of almost reducibility to diagonal system was rediscovered and improved by F.
Lin in [30], who introduces the concept of contractibility in the continuous context, while in the
discrete case was proposed by A. Castafieda and G. Robledo in [15]. In this thesis we introduce

its nonuniform version.

Definition 2.3. The system (1.1) is nonuniformly contracted to the compact subset E C R if is

nonuniformly almost reducible to a diagonal system
y = Diag(C1(t),...,Cn(t))y,

where C;(t) € E, for any t € Ry

It is worth emphasize that while Bylov’s result only says that the diagonal components are real
numbers, Lin’s definition provides explicit localization properties, as the fact that a compact set

is contractible if it is the minimal compact set such that the system (1.1) can be contracted.

In the continuous and discrete cases, the concept of contractibility has been applied in some
results of topological equivalence and almost topological equivalence respectively (see [31], [16]).
The major contribution of [30] is to prove that the contractible set of a linear system (1.1) is its
Sacker and Sell spectrum (see [41]). Mimicing the construction of the Sacker and Sell spectrum,
J. Chu, et.al. in [17] and X. Zhang [47] defined the nonuniform spectrum »(A). To the best of
knowledge there no exists result in the nonuniform framework and the purpose of this chapter is
to obtain condition for the nonuniform contractibility of (1.1) to X(A) by following some lines of

Lin’s and Castaneda—Robledo’s works.

2.2 Main result: Nonuniform almost reducibility to diagonal systems.

2.2.1 Dichotomy, nonuniform spectrum and properties.

We begin this section by remembering the definition of nonuniform exponential dichotomy and the

nonuniform spectrum.

Definition 2.4. ( [5], [17], [47]) The system (1.1) has a nonuniform exponential dichotomy on
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J C R if there exist an invariant projector P(-), constants K > 1, a > 0 and pu > 0 such that

{||<I>( [@(t,s)P(s)| < Kexp(—a(t—s)+puls|), t=s, tsel (2.3)

t,s)(I — P(s))|| < Kexp(a(t—s)+uls|), t<s, tsec.

Definition 2.5. ( [17] , [47]) The nonuniform spectrum (also called nonuniform exponential di-
chotomy spectrum) of (1.1) is the set X(A) of A € R such that the systems

T =[A(t) — Mz (2.4)
have not nonuniform exponential dichotomy on Rar.
Now we rewrite Theorem 3 of the previous chapter, which allows us to give a better description

of the spectrum if the evolution operator has a nonuniformly bounded growth.

Theorem 2.1. ( [4], [28], [43], [47]) If the evolution operator of (1.1) satisfies (P2), its nonuniform
spectrum 3(A) is the union of m compact intervals where 0 < m < n, namely,

m

2(4) = Jlai, bil, (2.5)

=1

with —oco < a1 < by < ... <am <b, < +o00.

The following result allows characterizing the nonuniformly bounded growth of the evolution
operator associated to (1.1) from subtle hypothesis about its nonuniform spectrum.
Proposition 2.1. Suppose that the system (1.1) has spectrum X(A) = [a,b], then its evolution
operator ®(t,s) satisfies (P2).
Proof. Let v, A € p(A) such that v < a < b < A, then we have the system
&= (A(t) =)z
has a nonuniform exponential dichotomy with projector P(t) = 0. On the other hand, the system
&= (A(t) — \)z
has a nonuniform exponential dichotomy with projector P(t) = I.
Then there exist ayq, ag, > 0, p1, e > 0, K1, Ko > 1 such that satisfies
[@(t,5)[| < Kyexp((y 4+ o)t —s) + ps) t<s,
[@(E,5)|| < Kyexp((A —a2)(t —s) + pas) t=>s.

Now we define @ = max {0, —y — a1, A — ao}, it = max {u1, u2} and K = max {Ky, Ko} then we
conclude that
|®(t, s)|| < Kexp(alt —s| +js) t,seR:.
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2.2.2 Main result of chapter.

The main goal of this chapter is prove the following result.

Theorem 2.2. If (P1)-(P2) are satisfied, then (1.1) is nonuniformly contracted to ¥(A).

2.3 Preparatory Results.

The nonuniform kinematical similarity between (1.1) and (2.1) will be denoted by A =2 U. Let us
recall that nonuniform kinematical similarity is an equivalence relation having several properties,

many of which were already demonstrated in chapter 1.

Lemma 2.1. [f A= B, then A— X = B — Al forany A € R

Proof. If A= B by the transformation y(t) = S~1(¢)x(t), then S(t) satisfies
B(t) = STHt)A(t)S(t) — STHH)S ().

It is straightforward see that

Lemma 2.2. If A= B, then %(A) = 3(B).

Proof. See Lemma 1.2 O
Proposition 2.2. If ¥(A) C [a,b] and A > b (resp. or X\ < a) the system

z=(A(t) = Nz
has a nonuniform exponential dichotomy with projector P(t) =1 (resp. with projector P(t) =0).

Proposition 2.3. ( [17,47]) If the system (1.1) satisfies (P1)—(P2) then its spectrum is as in
(2.5) and there exist m matriz functions B; : R — M, (R)such that

||Bl(t)H < M; exp(uit) with p; > 0, M; >0 (2.6)
where ¥(B;) = [a;, b)) withi € {1,...,m}, such that (1.1) is nonuniformly kinematically similar to
y = Diag(Bi(t), ..., Bu(t))y. (2.7)

We point out that in [7] the concept of diagonal significance is studied in the continuous
framework. In our case this condition it is not necessary. Moreover, in the case of nonuniform

exponential dichotomy the condition of diagonal significance is still open.
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Proposition 2.4. Let C(t) be an upper triangular n x n-matriz function such that (C) = [a,b],
then

n

U =(en) c 2(0),

i=1

where c;;(t) are the diagonal coefficients of C(t).

Proof. We will prove that U Y(cii) € X(C). Let XA ¢ (C) = [a, b] such that A > b. By Proposition
i=1
2.2, we have that the upper triangular system
= (C(t) — Az, (2.8)

has nonuniform exponential dichotomy with projector P(¢) = I. That is, the evolution operator
of (2.8), namely ®,(¢, s), satisfies

[®2(t,5)]) < K exp(—ax(t— ) + jxs) (£ ).
Now for each i € {1,...,n}, we have the following estimate
t
exo [ (eutr) = ar) < oace sl
S
< Kyexp(—an(t —s) + urs) t>s,
and we conclude that the diagonal systems
x'i = (Cii(t) — )\)%Z

has a nonuniform exponential dichotomy with projector P(t) = 1 (scalar systems), which implies
that A g U?:l Z(Cu)

The case A < a can be proved analogously, thus [J;" ; X(c;;) € X(C).

2.4 Proof of Main Result of chapter.

2.4.1 Proof of Theorem 2.2.

The proof will be made in several steps:

Step 1): (1.1) is nonuniform kinematically similar to an upper triangular system: By Theorem
2.1, there exists a positive integer m < n such that:

m
Y(A) = U[ai,bz-], with —oco < a; <b; < ... < ay < by, < +o00.
i=1

The Proposition 2.3 says that (1.1) is nonuniform kinematically similar to (2.7), where B;(t) are
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matrix function of order n; x n; satisfying (2.6) and X(B;) = [a;, b;] with ¢ € {1,...,m}. Now, we

will prove two preliminary result.

Lemma 2.3 ( [1]). Any fundamental matriz X (t) of system (1.1) can be represented in the form of
the product of two continuously differentiable matrices: a unitary one U(t) and an upper triangular

one R(t) with positive diagonal.

Proof. Let
X(t) ={x1(t),...,xn(t)}.

We apply the Schmidt orthogonalization process to the basis vectors:

& =, e = ”éfi”,
§2 =x2 — (x2,01) €1, ez = ||§§||>
n—1
G =an =D (Enes)es en= e
j=1
Obviously, (e;,e;j) = dj, i.e., the matrix
U(t) ={e1,...,en}
is unitary since U (t)U(t) = I. At the same time
1 = |&ller,
Ty = (x2,€1) €1+ [|&2] e2,
n—1
T, = Z (xn,ej) e + [1€n]l en
j=1
This implies that the equality
X(t)=U(t)R(t) (2.9)
holds, where
&l (@2, e1) ... (@, e1)
0 & oo (T, €2
Ry = | &2l ' (Tn, €2) , (2.10)

i.e.,

rij(t) =0, i>j, r(t)>0, for teRf, i,je{l,...,n}.

O

Lemma 2.4 ( [1]). [Perron’s theorem on the triangulation of a linear system/. By means of a

unitary transformation any linear system (1.1) can be reduce to a system with an upper triangu-
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lar matriz. If the initial system has exponential growth coefficients, then the coefficients of the
triangular system are also exponential growth, and the unitary matriz is a nonuniform Lyapunov

transformation.

Proof. We show that there exists a transformation
z(t) =U()y(t), UTOUE) =1, (2.11)

such that
§= (U HAMU®) — U )U )y = B(t)y, (2.12)

where

bkj(t) = 0, k> ]

Let us take the fundamental matrix X (¢) of system (1.1) and choose the unitary matrix defined
by previous Lemma as U(t). The transformation (2.11) for the matrix X (¢) uniquely defines a
fundamental matrix Y (¢) of system (2.12),

From condition (2.9) we obtain that Y (¢) = R(t) is upper triangular with positive diagonal. From
system (2.12) we have Y = B(t)Y (t), or

B(t) =Y ()Y~ (t) = R(t) R~ (¢),
i.e., B(t) is upper triangular and

ber(t) = fa(t)rg (1),
o]
IEIOIK

_ %m(llfk(t)ll)

which follows from (2.10). Thus the first part of the Lemma is proved. Now we show that || B(t)||
has exponential growth for ¢ € R if || A(¢)|| has exponential growth. Indeed,

B(t) =U M) AWU(t) - U U () = A(t) — V(1)
If there exist M > 0 and v > 0 such that ||A(¢)|| < M exp(vt), then
HAH <||U' @) - [A@®] - [U@E)] < Mexp(vt), for te Ry
Note that VT(t) = —V(t), i.e., V(t) is an antisymmetric matrix. Indeed, let us verify the

equality
U U@)T = -u")U(@1). (2.13)

By differentiating the identity U” (t)U(t) = I, we obtain

UTu(t) +UT@)U(t) = 0,
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therefore,
U(t)=—Ur)"'uT (U ).

Substituting U(t) in the left-hand side of equation (2.13) and taking into account that U (t)U () =
I we find that (2.13) holds. The diagonal elements of antisymmetric matrices are 0, therefore,

Vir(t) = 0. B(t) is upper triangular, thus
ij(t) = &kj(t) for k> j,
and, since V/(t) is antisymmetric, we have

Vk;j(t) = —ij(t) for k< 7-

Hence, ||V (t)|| < M exp(vt), and, therefore,

1B < || A® | + VOl < 2M exp(wr). ¢ € Ry

We claim that ||U(t)|| and HU _1(t)H has exponential growth since U () is unitary, which prove

that the matrix U(¢) is a nonuniform Lyapunov transformation.

O
By using the previous Lemma, we know that, for each i € {1,...,m}, the systems
&; = Bi(t)x; (2.14)
are kinematically similar (see Definition 2.1 with v = 0) to
9i = Di(t)yi, (2.15)

where D;(t) is a upper triangular n; x n;-matrix function such that
[Di(t)|| < Niexp(sit) and X(D;) = [ai, bi]
where the last estimate is obtained from the lemma 1.5.

Step 2): Nonuniform exponential dichotomy of scalar differential equation: From now on, the
. n;

diagonal terms of the upper triangular matrix D; described in (2.15) will be denoted by {d,(ﬂ?)} ,
r=

where i is a fixed element of {1,...,m}. Now, by Proposition 2.4, we have
n;
L ) ¢ 5(Dy).
r=1

By Proposition 2.2, for any § > 0 there exists My = % > ( such that the scalar differential

equation

i = [dD(t) — (as - My)| = (2.16)
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has a nonuniform exponential dichotomy on R with projector P(t) = 0 and

&= [d@ (t) — (b + Ma)] @ (2.17)

rr

has a nonuniform exponential dichotomy on Rg with projector P(t) = 1. In consequence, there

exist K > 1, a > 0, p > 0 and in this case we need the condition o > p, such that

{\exp(@(t,sm < Kexpla(t—s)+ps) t<s, 2.18)
exp(U(t,s)| < Kexp(—alt—s)+ps) ¢ s,
where
exp(®(1, 5)) = exp ( [ @) - @ - M5>>d7> ,
and

exp((t9) = exo ([ (@8)(0) — (s + bagyar).

are the evolution operators of (2.16) and (2.17) respectively.

Step 3): Upper and lower bounds for (2.18): For any fixed i € {1,...,m}, there exist two

functions ¢ and A\ such that
a; <cDt)<b; and [NI(t)] < M; for any t € RS (2.19)
and there exist A,v > 0 verifying

/ t[dSQ (1) = (D7) + XD (P)]dr| < A+ot, ift>0 (2.20)
0

for any r € {1,...,n;}.
+oo

We will construct a strictly increasing and unbounded sequence of real numbers {Tl(i)}l .

satisfying To(i) = 0 such that the function 07@, /\,(j) : Rg — R defined by:

{ai it te TV (¢=0,2,4,...)
b if te [T, Ty

e (#) ()
A (1) :{ —M;s it telly ,Tqﬂ) (q=0,2,4,...)

My i te [T, T,

satisfy properties (2.19) and (2.20) on R .

It is straightforward to see that (2.19) is always satisfied. In order to verify (2.20), we inter-
change t by s in the first inequality of (2.18), then we have:
O(t,s) > at—s)—put—In(K) t>s, (2.21)
U(t,s) < —at—s)+us+In(K) t>s. .
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By using induction, we will verify that there exists a sequence {Tl(l)}l . satisfying (2.20).
First, by the Proposition 2.1 combined with the fact that -

o ([ t ) war) < 120,09

where ®p,(t,s) is the evolution operator of the system (2.15) then there exist constants & > 0,
fi >0 and K > 1 such that satisfies the following

/t d9(r)dr < alt — | + s + In(K). (2.22)
Then, using the equation (2.22) we have
®(t,s) < alt —s) + s+ In(K) + |ag|(t — s) + Ms(t — s). (2.23)
On the other hand, by (2.21) we obtain
/ "d0(r)dr > at — ) — pt + aslt — 5) — My(t — 5) — In(K), (2.24)
and using the last expression we deduce
U(t,s) > (—a— (b —a;) —2M;s)(t — s) — pt — In(K). (2.25)

By the equations (2.21), (2.23) and (2.25) we have the following

O(t,s) > (a—p)(t—s)—pus—In(K) t>s, (2.26)
®(t,s) < (@+|a)|+Ms+p)(t—s)+pas+In(K) t>s. '

{ U(t,s) < —(a—p)(t—s)+ps+In(K) t>s, (2.27)
U(t,s) > (—p—(bj—a;) —2Ms)(t—s)—pus—In(K) t>s. '

Now we will introduce constants and conditions that allow us to obtain the desired result (this

conditions are inherent in the nonuniform framework).

Let N,&,p, &, p € R constants that satisfy:

(C1) 0< N <min{a — p, &+ |a;| + Ms + i}.

(C2) max {In(K),In(K)} <p=—p.

(C3) 0 < max{f,u} < —€<¢

If s =0 in the first inequality of (2.26) we obtain

®(t,0) > (o« — p)t —In(K), t>0,
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which implies that ®(¢,0) is unbounded in R{, since a@ > p. In consequence, given N,&,p € R,
there exists Tl(l) > 0 such that

(2.28)

o(1{),0) = N(T{" = 0)+€0+p,
D(t,0) < NE—0)+&0+p  (0<t<T),

Then we consider the value f_Tl(i) +p and
T = min {w eRY : U(w, ) = —N(TP —0) —¢0 - p} ,

with TQ(i) > Tl(i). Now we will calculate the slope of the line that joins the points §_T7§f) + p and
—N (Tr(f) —0) — €0 — p, which we will denote by N. Moreover, N satisfies the following technical

condition
(C4) max{—(a — ), —(u + (b — a;) + 2My)} < .

Then we have
(=N —0) — €0 —p) — (€1 +p)
TQ(@) . Tl(z)
~N(1 —0) - €0 - éT"
TQ(Z) . Tl(z)

N:

)

N

Due to the conditions (C1) and (C3), we have that N < 0. In this way, we consider the straight
Nt —T) +&n + p.
Based on the above and the equation (2.27), if s = Tl(i) then there exists TQ(i) > Tl(i) such that

{ v’ 1) =

4 (13" = T{") + €Ty + b,
v, T) > -

1) Es . . 2.29
(t—Tver® +p, TV <t <1 (2:29)

N
N
By (2.26) and (2.28) we obtain that for ¢t € [O,Tl(i))
t . .
pt—In(K) — (~Nt—é—p) < / (@D(7) — (e (r) + AD (7)) dr,
0

< Nt + &t + p.

In fact, we have
—pt —In(K) — (=Nt — &t — p) < —ut — In(K),

by the equation (2.26)
t
it = 1n(K) < [ @) - (a; ~ My))ar
0

then by the equation (2.28)

[ @) @~ Moy < Nt - 0) + 0.+
0
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and finally,
N(t—0)+£&0+p < Nt+&t+p.

On the other hand, from the equations (2.27) and (2.29), we have for ¢ € [Tl(i),TQi))

t

pt+In(K) + Nt + &t +p z/l¢£wﬂ-«&wﬂ+A@@»Mn
"

> — (=Nt — &t —p).
Similar to the previous, we have that

pt +In(K) + Nt + &t +p > pt + In(K),

by the equation (2.27) we have
t

pt + In(K) 2/ ,

(dD (1) — (b; + Ms))dr,
7"

and then by the equation (2.29)
t | »
/T(” (d&(1) — (b + Ms))dr > N(t — Tl(l)) i ng( ) 4+ 5,
1
> —(—Nt — Et — D).
Thus for ¢ € [0, TQ(i))

/ (D7) — () + AD())dr| < 2yt + 2n(K) + 271
0

with J(t) = max { Nt + &t + p, —Nt — &t — p}.
As inductive hypothesis, we will assume that there exists 2m + 1 numbers
0= To(i) < Tl(i) < TQ@ << T(i)_1 < TQ(Z

2m

such that (2.19) is satisfies and for ¢ € [0, Tég)

/ (D) — () + AD ()| < 2t + 2n(E) + 27(0)
0

with J(t) = max {Nt + &t +p,—Nt — &t — ]5} . By using the first inequality of (2.26) and consid-
)

ering s = TQ(:n, we have that
(t, Ty) = (o = p)(t = Ty) — WT, — In(K)

. Then, there exists 7o

2m

is unbounded for any ¢ > 7

2m

41> T2(7l% such that

{ (T, Ty = N(T§Z+1‘—T§Z)+€T§2+Pa (2.30)

o, T < Nt—T)+erl) +p (10 <t <1 ).
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Now we consider the value ETZ(Q 41t pand

7). = min {0 € B < 0 T0,0) = V(T — 7)) — €78 ).

with Ty, > T 1.

As before, let N be the slope of the line joining the points
ETQ(;)H—l +p and — N(T2(:7)z+1 —T3) - §T2(:7)1+1 — D

By the conditions (C1), (C2) and (C3) we have N < 0. In this way, we consider the straight

N(t—Th 1) + €D 1 + 7
Combining the above straight and the equation (2.27), if s = T(Z‘)Jrl then there exists T2(2+2 >

) 2m
T2(Z)+1 such that

m
(T8 =T ) + ETopm i1 +

 amt) 4 Sl (231)
(t— T2(n)7,+1) + §T2(n1+1 + D,

‘I/(TQ(;)L—&—% T2(;7)z+1) = N
Ut Tinsa) > N

for TQ(’QL"F]. st< T2(2+2‘
Now we will prove that for ¢ € [0, TQ(QL 42) We obtain

/ t(dgf;? (1) = (D(1) + AD (7)) dr| < 2ut + 2In(K) + 2J(¢).
0

By inductive hypothesis, we have proved the case in which ¢ € [0,T. 2(;,)1) Ift e [T(i) T2(:7)1 41) we

2m>

have

By the equations (2.26) and (2.30), as before we obtain that for ¢ € [T(i) T2(2+1)

2m>

t

—pt —In(K) — (=Nt — &t —p) < /T(”

T2m

(d@(r) — (a; — Ms))dr < Nt + &t +p.
In the case t € [T2(2+1, TQ(QH_Q), we have

t . . .
[ @) = @) A ear| = [N~ T + €T+

+/t (dD (1) = (b + M;s))dr| .

Q)
T2:n+1
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Then, by the equations (2.27) and (2.31), we have that for ¢ € [Tz(i,)wrl’ T2(2+2) is satisfied that

pt+1n(K) + Nt +&+p > N(Too,y — Tan) + ETo +

v () — (b + M)

In fact, (2.27) and (2.31) implies that

t

it +In(K) > / C(dD(r) — (b + My))dr, (2.32)

Now considering the two previous inequalities separately in (2.32), we obtain

t .
pt + (K + N(T30) | — Tan) + €150 +p > / (d)(r) — (bi + Mj))dr
0
and

t . N T 1
/0 (d9(7) = (b + Mg))dr = N(t — Ty 1)+ ETSD L+ 5+ N(T5o  — Ti) + €150 + p.

Then for the first inequality we have
pt+(K) + Nt + &t +p > pt + In(K) + N(TS | — Ty + ¢ +p
and on the other hand for the second inequality we have
N(t = Tjpp1) + gy gy + P+ N(Tgr g — Ty) + €Ty +p > —(=Nt = &t = p).
Therefore, for ¢ € [0, T. 2(;)1 +2)

/t(d@m — (@ (r) + A (r))dr| < 2ut + 2In(K) + 2J (1)
0

Finally, we will prove that T,Ei)

equations (2.26) and (2.30):

— 400 as m — +oo. For that, first of all we have by the

0 0 Tinsr o
N = T5) + €78 4= [ 7 @) ~ (oo = Moyin
< (@ + lail + My + B)(T8 1 — TS0 + AT + In(K),
which implies

(€ — T +p—In(K) < (@ + |as| + My + i — N)(T =TS,

By the conditions (C1) and (C2), we have the following
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p —In(K) IO

0< .
O_Z+|CL1|+M5+/Z—N— 2m+1 2m

On the other hand, in view of the equations (2.27) and (2.31) we have

< () (i) 2l - Timsz, o
N(Topyo = Topyy) +E€Top +0 = (dy (7) — (bi + Ms))dr

(4)
T2:n+1

> _NT2(:7)1+1 — In(K)

(—p — (bi — a;) — 2M6)(T2(;)z+2 - T2(7Z7')L+1)7
which implies

E+mT 4 p+In(K) > —(p+ (b — ar) + 2Ms + N)(TS) o — TS ).

Similarly, the conditions (C2) and (C4) allow us to ensure that

—p — In(K) B O O

0< < — .
pt (b —a;) +2Ms + N — 2mt2 mamdd

So the above allows us to obtain the existence of c” (1), AW (t) defined on R{ verifying (2.19)
and finally:

/ () — () + XO))dr| < Aot (t € RY),
0

with A = 2(In(K) + p) > 0 and v = v, defined by
v=max {2(u+ N +£),2(u— N —-§)}. (2.33)
From our definition of c\’) (t) and AW (t) we know that are piecewise continuous. Therefore,

there exists continuous functions " (1), AW (t) satisfying

a; <cD(t) <b; and [AD(t)] < Ms for any t € RS (2.34)
and
[ [0+ 2390 - @)+ 30 yar] < 1
thus

with A = A+ 1.

As a consequence of this result, we construct the n; x n; matrix:
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Li(t) = Diag(:“’l(t% s ’:U’ni(t))a

where for any r € {1,...,n;}, u, are defined by

t
lt) = exp ([ (@) = @)+ A0 (rpar )
0
and we conclude that

|L;i(t)]] < Qexp(vt) and HLl_l(t)H < Qexp(vt) forany tecRy,

with Q = exp(A).

Step 4): The systems (2.14) can be nonuniformly contracted to [a;, b;], for any i € {1,...,m}:

The system (2.15) is nonuniform kinematically similar to

with y;(t) = Li(t)z(t), where A;(t) = L7 (t)D;(t)Li(t) — Ly (t)Li(t) is a n; x n; matrix whose

7

rs-coefficient is defined by
)+ 20 i r=s,
{Ai(t)},s = LBal(t) if 1<r<s<n,
0 if 1<s<r<nmn,.

We observe that |d§«zs) (t)] < Kiexp(kit) with £ > 0, for 1 < r < s < n; and by the equation
(2.33), we have 8 < Ky exp(kat) with Ko > 1 and ke = 2v with v as in (2.33), then

Hs
Hr

{Ai(1)},] < K2k exp(rt), (2.36)
where Kk = kK = K1 + Ko.

Let us define the transformation

with
Ri(t) = Diag(exp(—kMyKst), nexp(~2nMyKst), .., 1" exp(—niuhyKyt)),

and we also define K such that KsMs > 1 and

Ms

0<n< ———.
" M + K1 Ko

(2.37)

Now, we can see that (2.35) and (2.15) are J-nonuniform kinematically similar to

’li)i = Fi (t)wi,

where the rs-coefficient of I';(t) is
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{Ai(t)},s +reMsKs if r=s,
{Li)}s = 77" {Ai(t)}, exp(—(s — r)rMsKst) if 1<r<s<n,,
0 if 1<s<r<n,.

Let us observe that I';(¢) can be written as follows:

Li(t) = C; () + By(t),

where C;(t) = Diag(¢1(t), . ..,¢en,(t)) and the rs-coefficient of B;(t) is defined by
{S\T(t)}rs +reMsKs if r=s,

{Bi(t)}rs = g Zig d,(fs)(t) exp(—(s —r)kMsKst) if 1<r<s<n;,

0 if 1<s<r<n,.

By (2.34) and (2.36), we can verify that

|Bi(t)|| < Ms[1+reKs)+ Kikaln+n* + -+ + ™,
< Ms[1 +nixKs| + Kllcgﬁ.

Recall that Ms; = % and by using (2.37) it follows that HBZ(t)H < %K&u’ where K5, =

2+ n;kKs.

Thus, for any i € {1,...,m} the system (2.15) is -nonuniform kinematically similar (with

5:£)t0

m

where

_ 1)
Ej(t) € [ai,bi] = E(Bi), jE {1,. . .,ni} and HBZ(t)H < EK&M'

Finally, (2.15) is nonuniformly contracted to X(B;).

Step 5): The system (1.1) can be nonuniformly contracted to ¥(A): By using the previous

result, we can see that (1.1) is -nonuniform kinematically similar to

w = [C(t) + B(t)]w,

where

C(t) = Diag(Ci(t),...,Cm(t)) and B(t) = Diag(Bi(t),. .., Bm(t)).

In consequence, note that
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C(t) C U[ai,bi] =%(A) and |B(t)| < 6Ks,.

Finally, the system (1.1) is nonuniformly contracted to X(A).
U

Remark 2.2. The inequalities (2.26) and (2.27) show that the functions ®(t,s) and ¥(t,s) are
bounded. This bounds not necessarily cross to graph this functions, thus the conditions (C1)—

(C4) allows us to find straights that cross it to least once. Moreover this procedure enable us
e

to construct {Tl(Z } which is the sequences of first crossing time of the graph of this function

=0
O(t,s) and Y(t,s) with that straights. We have proved that this sequence of crossing time has not

accumulations points.

2.5 Application of the main result

In this section, we present two examples of scalar systems, with their respective spectra and, in
addition, we will prove that there exists a Lyapunov transformation that allows each system to
contract its spectrum. Finally, we will present a diagonal planar example considering the previous

scalar systems
Example 2.1. Let us consider the scalar differential equation studied in [17, p.547] :
= Li(t)x, (2.38)
with L1 (t) = Xo + atsint, A\g < a < 0.
First, we will prove that the nonuniform spectrum of (2.38) is

%(L1) = [Ao = lal, Ao + |al].

In fact, the evolution operator of (2.38) is given by

O(t,s) = exp(Ao(t —s) —acost(t —s) —as(cost — cos s) + a(sint — sin s)).

For any v € R, the evolution operator of the system & = (L1(t) — v)x is given by

D (t,s) = exp(—(t — 5))P(t, 5). (2.39)

For any v € (Ao + |a|, +00), it follows from (2.39) that
[@+(t, s)|| < exp(2lal) exp(—(y — Ao — [a])(t — 5) + 2lals), t=s,

which implies that the system & = (L1 (t) — v)x admits a nonuniform exponential dichotomy with
P(t) =1, K =exp(2|a]), a =v — Ao — |a| >0, u=2|a| > 0. Thus

(Ao + fal; +00) C p(L1).
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For any 4 € (—o0, Ao — |a|), it follows from (2.39) that
|5, 5)|| < exp(2lal) exp((—7 + Ao — |al)(t — s) + 2als), t<s,

which implies that the system © = (L1(t) — ¥)x admits a nonuniform exponential dichotomy with
P(t) =0, K =exp(2|a]), a = -3+ o —|a| >0, p=2|a] > 0. Thus

(=00, Ao — |a]) C p(L1).

From the above, we have
(=00, Ao — [a]) U (Ao + |a, +00) C p(L1),
which implies that X(L1) C [N — |al, Ao + |al]-

Now we show that [A\o—|al, \o+]al] € X(L1). To show this, we first prove that Mg+ |a| € X(L1).
On the contrary, assume that v1 = Ao + |a| such that & = (Li(t) — v1)z admits a nonuniform
exponential dichotomy. We know that either the projector P(t) =0 or P(t) = 1. If P(t) =1 then
there exist constants K > 1,a > 0 and p > 0 such that the following estimate holds

[@, (8, 8)[| = exp(=n1(t — s)) [|B(¢, 5)],
< Kexp(—a(t—s)+us), t>s

Substituting y1 = o + |a|, we have fort > s
exp(—|a|(1 — cost)(t — s) — as(cost — cos s) + a(sint —sins)) < K exp(—a(t — s) + ps),
which yields a contradiction for s = (2k + 1)m and t = 4km since we have
exp(2|a|m) < K exp(—(a — p)2km + (v + p)m)
where the left side of the inequality is constant and the right side converge to 0 when k — 400 if
a>u. If P(t) =0 and t < s, the dichotomy estimate is
exp(—|al(1 —cost)(t — s) — as(cost — cos s) + a(sint —sins)) < K exp(a(t — s) + us),
which also yields a contradiction for t =0 and s = (2k — 1)7 since we have
exp(2lal(2k — 1)) < K exp(—(a — p)(2k — 1)7)
where the left side of last inequality diverge and the right side converge to 0 when k — +oo if
a > p. Therefore N\g + |a| € X(L1).

Analogously, we can prove that Ao — |a| € X(L1), in fact, assume that y1 = Ao — |a| such that
& = (L1(t) — v )z admits a nonuniform exponential dichotomy. We know that either the projector
P(t)=0 or P(t) =1. If P(t) = 1 then there exist constants K > 1, > 0 and p > 0 such that the

following estimate holds

1@, (8, 8)]| = exp(=(t — s)) [|D(¢, 5)]
< Kexp(—a(t—s)+us), t>s
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Substituting 1 = Ao — |a|, we have fort > s
exp(|a|(1 + cost)(t — s) — as(cost — coss) + a(sint —sin s)) < Kexp(—a(t — s) + us),

which yields a contradiction for s =0 and t — +oo. If P(t) =0 and t < s, the dichotomy estimate

18

exp(|a|(1 + cost)(t — s) — as(cost — cos s) + a(sint — sins)) < K exp(a(t — s) + ps),
which also yields a contradiction for t =0 and s = (2k + 1)1 since we have
1 < Kexp(—(a— p)(2k + 1))

where the left side of last inequality is constant and the right side converge to 0 when k — 400 if
a > p. Therefore N\g — |a| € X(L1).

By Theorem 2.1, we know that ¥(L1) is an interval. Thus, for any v € [Ao — |a|, Ao + |a|], it
follows from the connectedness that v € ¥(L1). Consequently, [Ao — |a|, Ao + |a|] € X(L1).

Therefore, X(L1) = [Ao — |al, Ao + |a]].

Now we claim that (2.38) is nonuniformly contracted to ¥(L1). Indeed, given a fizred § > 0 and
g1 = 2|a|, we consider the matriz function t — Si(t) € Mi(R) defined by

Si(t) = exp (%t cost — dsin t) ,
and we can verify that (2.38) is d-nonuniformly kinematically similar to
y=(C(t)+ B(t)y, with C(t)=Xo and B(t)=—dcos(t)(1+5).

The claim follows since C(t) € [X\o — |al, Ao + |a|] and ||B(t)|| < 6Ks.,, where K5, =1+

Example 2.2. Consider the scalar system shown in [48] defined in R
& = Lo(t)x, (2.40)

with La(t) = A (sin(In(t + 1)) 4 cos(In(t + 1))) and Ay # 0.

First, we will prove that the nonuniform spectrum of (2.40) is

5(L2) = [=[ A [Aal]-

In fact, the evolution operator of (2.40) is given by

O(t,s) = exp(A(t+ 1) sin(In(t + 1)) — A1 (s + 1) sin(In(s + 1))).

For any v € R, the evolution operator of system & = (Lo(t) — v)x is given by

O, (t,s) = exp(—y(t — 5))P(t, 5). (2.41)
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For any v € (|A1], +00), it follows from (2.41) that

10, (t,8)]| < exp(—y(t — 5) + [Adl(t + 5 +2)),
< exp(2Aa]) exp(—(y — [M)(E — ) +2[Mils), > s,

which implies that the system & = (La(t) — ¥)x admits a nonuniform exponential dichotomy with
P(t) =1, K =exp(2|A1]), a =~ —|A1| >0 and p = 2|\1| > 0. Thus

(1M1l +00) € p(L2).

For any 7 € (—o0, —|A1]), it follows from (2.41) that

[@5(t s)l < exp(=3(t = s) + [M]( + 5+ 2)),
< exp(2Ai]) exp((=7 + M)t = 8) +2[Aifs), ¢ <5,

which implies that the system @ = (La(t) — ¥)x admits a nonuniform exponential dichotomy with
P(t) =0, K =exp(2|\1]), @ = =7 + |A1] > 0 and @ = 2|A\1| > 0. Thus

(=00, =[A1]) € p(L2).
From the above, we have
(_007 _‘)‘1‘) U (’)‘1’7 +OO) C p(L2)7

which implies that ¥(La) C [—|A1], [A1]].
Now we show that [—|\1],|\1]] € £(La). To show this, we first prove that —|\1| € £(Lz2). On

the contrary, assume that v = —|\1| such that & = (La(t) —y2)x admits a nonuniform exponential
dichotomy. We know that either the projector P(t) =0 or P(t) = 1. If P(t) = 1 then there exist
constant K > 1, a > 0 and p > 0 such that the following estimate holds

[P, (E,8)l| - = exp(=2(t = s)) (L, s)]l
< Kexp(—a(t—s)+pus), t>s

Substituting o = —|A\1|, we have fort > s
exp(|A1](t —s) + AMi(t+ 1)sin(In(t + 1)) — Ai(s+ 1) sin(In(s + 1))) < K exp(—a(t — s) + ps),

which yields a contradiction for s =0 and t — +oo. If P(t) = 0 and t < s, the dichotomy estimate

exp(|A1|(t — s) + A1 (t + 1) sin(In(t + 1)) — M (s + 1) sin(In(s + 1))) < K exp(a(t — s) + us),

which also yields a contradiction fort =0 and s = exp (37” + 2k7r) — 1 since we have

exp <]/\1] (exp <327T + 2k7r> - 1> + A1 exp <327r + 2k7r>) < K exp(—(a—p) exp <327T + 2k7r> -1),

where the left side if the last inequality is constant if A1 < 0, diverge if A\1 > 0 and the right side
converge to 0 where k — +00 if a > p.Therefore —|\1| € ¥(La).

Analogously, we can prove that |\1| € X(L1), in fact, assume that vo = |\1| such that & =
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(La(t) — v2)x admits a nonuniform exponential dichotomy. We know that either the projector
P(t) =0 or P(t)=1. If P(t) = 1 then there exist constants K > 1,a > 0 and p > 0 such that the

following estimate holds

[@4,(t,8)]] = exp(—2(t — ) [ (¢, s)] ,
< Kexp(—a(t—s)+us), t>s

Substituting o = |\1|, we have fort > s
exp(—|A1|(t —s) + Ai(t+ 1)sin(In(t + 1)) — Ai(s+ 1) sin(In(s + 1))) < K exp(—a(t — s) + us),
which yields a contradiction for s = and t =. If P(t) =0 and t < s, the dichotomy estimate is
exp(—|A1|(t —s) + A1 (t 4+ 1)sin(In(t + 1)) — Ai(s + 1) sin(ln(s + 1))) < K exp(a(t — s) + us),
which also yields a contradiction for t =0, s = exp(2km — §) — 1 since we have

exp ((|A1] + A1) (exp (2k7r - g) - 1) < Kexp (— (exp (Qkﬂ' — g) - 1) (o — ,u))

where the left side of last inequality is constant if A\ < 0, diverge if \1 > 0 and the right side
converge to 0 when k — +oo if a > p. Therefore |\1| € X(Ly). By Theorem 2.1, we know
that ¥(Lz) is an interval. Thus, for any v € [—|\i], |A1]], it follows from the connectedness that
v € 3(La). Consequently, [—|A1],|A1]] € X(L2).

Therefore, ¥(La) = [—|A1], |A1]]-

Now we claim that (2.40) is nonuniformly contracted to X(Lo). Indeed, given a fized 6 > 0
and €3 = 21, we consider the matriz function t — Sa(t) € My (R) defined by Sa(t) = exp(36[(t +
D)sin(In(t + 1)) + (¢t + 1) cos(In(t + 1))]), and is simple verify that (2.40) is d-nonuniformly kine-
matically similar to

y=(C(t) + B(t))y,
with C(t) = Ay sin(In(t + 1)) and B(t) = A; cos(In(t + 1)) + d cos(In(t + 1)).

The claim follows since C(t) € [—|A1],|[A1]] and || B(t)|| < 6Kse,, where Kse, =14 5%.
Example 2.3. Consider the planar system defined in Rg

& = L(t)z, (2.42)

L) = Ao + atsint 0
- 0 A1(sin(In(t + 1)) + cos(In(t + 1)))

where

with the same conditions as in the previous examples and also \g —a < —|\1|. We can see that in
view of the Lemma 1.7, the nonuniform spectrum of (2.42) is ¥(L) = [Ao+a, Ao —a]U[—|A1], | A1]]-

Now we claim that (2.42) is nonuniformly contracted to X(L). Indeed, given a fized 6 > 0 and
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e =max {e1,e2}, we consider the matriz function t — S(t) € Ma(R) defined by

I CTON
L0 St

where S1(t) and Sa(t) are as in the previous examples. It is verified that (2.42) is d-nonuniformly

kinematically similar to
y=(C@t)+B{1))y,

with
Ct) = (AO : )
0 Arsin(ln(t+1))
and
B(t) = (—6 cos(t) (14 5) 0 ) .
0 Arcos(In(t 4+ 1)) + dcos(In(t + 1))

The claim follows since C(t) € (L) and |B(t)|| < 6Ks., where K5, = max {Ks.,, Kse,}-
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Chapter 3

Linearization of a nonautonomous unbounded system with nonuni-

form contraction: A Spectral Approach

In the first chapter we defined the nonuniform spectrum for a nonautonomous linear system and in
the second chapter we obtained an important result for this spectrum, which allows us to describe
system (1.1) as the system

y=(C(t)+ B(1)) (3.1)

with C(t) is a diagonal matrix, C(t) € 3(A) and ||B(t)|| < K.

As presented in the first chapter, in the autonomous context, Hartman—Grobman’s theorem
allows to establish an equivalence between the flows of system (4) and system (3). For the nonau-
tonomous context and generalizing the Hartman—-Grobman theorem, K. J. Palmer [35] worked the

topological equivalence between the solutions of system (1.1) and system
= A(t)x + f(t, z) (3.2)

using tools of the Green’s function, assuming that the linear system has an exponential dichotomy;,
f it is bounded and its Lipschitz constant is small. This same work was done by A. Castaiieda

and G. Robledo [15] but in the discrete context and the difference equations.

Following the line of the exponential dichotomy, F. Lin [30] established a topological equivalence
between systems (1.1) and (3.2), when system (1.1) has asymptotic stability (which can be related
to the identity projector), from a spectral point of view, namely, considering the Lipschitz constant
of f related to the spectrum and bounded at the origin. A. Castafieda and G. Robledo [16] obtained

this same result for equations in differences.

It should be noted that L. Barreira and C. Valls have a result of the Hartman-Grobman type [6]
if system (1.1) has a nonuniform exponential dichotomy, but the approach presented in that article

is totally different from the one presented in this chapter.

The objective of this chapter is to obtain a result such as the Hartman-Grobman Theorem,
using the result of nonuniform almost reducibility and the Lyapunov functions and quadratic forms

theory.
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As we consider (3.2) as a perturbation of system (1.1), for the system (3.1) we consider

y=(C{t)+B@1)y +9(t,y). (3.3)

3.1 Preliminaries.

3.1.1 Properties

In this article we consider the following couple of the systems

& = A(t)z (3.4a)
{:t = A(t)z + f(t,z) (3.4b)

where A: Rf — M(n,R) and f: R x R™ — R" is continuous on (¢, ) and

{g = [C(t) + B(t)ly (3.5a)
y=[C@t)+ Bt)y+g(t,y) (3.5b)

where B,C: Rf — M(n,R) and g : R x R™ — R™ is continuous on (¢, z). Moreover, the following

properties are verified:

(P1) For v, M >0, ||A(t)|| < Mexp(vt) for any t € R{.

(P2) The evolution operator ®(¢,s) of (3.4a) has a nonuniformly bounded growth [47], namely,
there exist constants Ky > 1, a > 0 and & > 0 such that

|®(t, s)|| < Koexp(alt —s| +£&s), t, s€R].
(P3) The system (3.4a) is nonuniform contractible if there exist K > 0, @ > 0 and g > 0 such

that
|(t, )|l < K exp(—a(t —s) + us) forany t> s> 0. (3.6)

(P4) The function f is continuous on (¢,z) and is an element of one of the following families of

functions:

{ f :supgs | f(1,0)]| < +oo and 3 Ly, 5> 0s.t. }
1 =
1f(t,u) = f(t,v)l| < Lyexp(—=26t) |lu—wv| Yt € Ry

Azz{f:fGAlandf(t,O):OforallteRg}.
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3.1.2 Main Tools

The fundamental tools in our work are the concepts of topological equivalence, introduced by K.J.
Palmer in [35], the nonuniform exponential dichotomy which was introduced by L. Barreira and

C. Valls in [5], and the d-nonuniform kinematical similarity.

Here we present the definition with which we will work throughout this chapter.
Definition 3.1. The systems (3.4a) and (3.4b) will be called topologically equivalent if there exists
a map H : ]Rar x R™ — R™ with the properties
(i) For each fized t € RY, the map & — H(t, &) is a bijection.
(ii) For any fized t € R, the maps & — H(t,€) and & — H(t, &) = G(t,£) are continuous.
(iii) If ||&|| — “+oo, then ||H(t,&)|| — +oo.

(iv) If z(t) is a solution of (3.4a), then H(t,xz(t)) is a solution of (3.5a). Similarly, if y(t) is a
solution of (3.4b), then G(t,y(t)) is a solution of (3.4a).

Remark 3.1. We can observe that the topological equivalence is an equivalent relation. Moreover,
it is easy to verify that d-nonuniform kinematical similarity is a particular case of topological
equivalence. Indeed, the properties of Definition 3.1 are verified with H(t,&) = S71(d,t)¢€.

3.2 Mathematical preliminaries.

The following is the proof of the claim in the Remark 3.1.

Proposition 3.1. If
x = F(t,x(t)) (3.7)

and

y=G(ty), (3.8)
are nonuniformly kinematically similar, then they are topologically equivalent.
Proof. Let S(t) be the nonuniform kinematically similarity between (3.7) and (3.8). Now we define
the function H(t,z) = S™!(t)z, and if we denote Hy(z) = H(t,z) for any ¢t € R} fixed, then Hy(x)

is continuous, has inverse G¢(y) = S(t)y for any t € R{ fixed, which also is continuous. If X (¢) is
solution of (3.7), then H(t, X (t)) = S~1(t)X (t) = Y (¢) is solution of (3.8).

On the other hand, for any fixed t € Rg , we have the following estimate
|G, H(E,6))| = lIEl] < M exp(ot) [ H(E,E)],

and if [|€]] = oo, then | H(t, €)[| — +oo. -
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Now we will rewrite the definition of nonuniformly kinematically similar and nonuniformly
almost reducible, concepts that we already defined in the previous chapters and that will be

important in the development of this chapter.

Definition 3.2. ( [47]) Given a & > 0, the linear system (3.4a) is 0-nonuniformly kinematically

stmilar to
y=U(t)y, (3.9)

if there exist a Lyapunov’s transformation S(6,t) and v > 0, with
|S(6,t)]] < M, sexp(vt) and HSfl(é, t)H < M, s exp(vt),
such that the change of coordinates y(t) = S™1(6,t)z(t) transforms the system (3.4a) into (3.9).

Remark 3.2. The nonuniform kinematical similarity preserves the nonuniform contraction (see
more details in chapter 2, Lemma 1.2). Thus, as the systems (3.4a) and (3.5a) are 6 —nonuniformly
kinematically similar (see Theorem 2.2), and as the system (3.4a) satisfies the condition (P2) with
K>1,a>0, u>0 and if o > p, then the system (3.5a) admits a nonuniform contraction, i.e.,
there exist K1 > 1, a1 > 0 and p1 > 0 satisfying

¥ (t,s)] < Kiexp(—ai(t —s)+p1s), t>s>0, (3.10)
where Y(t,s) is the evolution operator of (3.5a).
Definition 3.3. ( [9]) The system (3.4a) is nonuniformly almost reducible to
y=C()y,

if for any 6 > 0 and € > 0, there exists a constant Ks. > 1 such that (3.4a) is 0—nonuniformly

kinematically similar to
y=[C@)+B@{)y, with [B(t)| <0Kse
for any t € ]R(J)r .
Some comments that we can provide in relation to the nonuniform spectrum and the nonuniform
almost reducibility, for the context of this chapter, are the following:

Remark 3.3. From the nonuniform exponential dichotomy spectrum, assumptions (P1), (P2)
and (P3) can be better understood. Indeed: (P2) implies that X(A) is a finite union of at most

m < n compact intervals

with —oco < a1 < by < ... <am <b, < +o0.

Therefore, in the charpter 2 we proved that diagonals terms of C(t) are contained in 3(A).
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(P3) implies that ¥(A) C (—00,0). In fact, for A € R we have that

|@(t, )| = lexp(=A(t — ) (¢, 5)]|.
< K exp(—(a+ N)(t — s) + ps),

with o > g and ®y\(t,s) is the evolution operator of system & = (A(t) — M )x. If a+ X > p, so
A> —(a—p), then A € p(A). Thus

Z:(14) - (_007 —(Oé - M)) C (_007 0)
In Theorem 2.2 from chapter 2 it was proved that if (P1) and (P2) are satisfied, the system

(1.1) is 6-nonuniformly kinematically similar via S~*(8,t) to (3.1), where C(t) = Diag(Cy(t), ..., Cn(t))
with C;(t) € X(A) and ||B(t)|| < 0K5..

In addition, under the same transformation, the system (3.2) is transformed in

g = (C(t) + B(t))y + S7L8,t) f(t, S(5,)y). (3.11)

3.3 Lyapunov function and quadratic forms.

In this section, for the system (3.4a), we obtain a complete characterization of nonuniform con-
traction in terms of a Lyapunov function which will allow us to construct a topological equivalence
between systems (3.4a)—(3.4b) and (3.5a)—(3.5b). For this purpose, we recall the definition of strict

Lypaunov function and the main results from [29].

Definition 3.4. Given K > 1 andv > 0. We say that a continuous function V' : [0, +00)x X — R{f,

where X is a Banach space, is a strict Lyapunov function for (3.4a) if

(V1) ||z|? < V(t,z) < K2exp(2ut) ||z||?, for anyt >0 and z € X,

(V2) V(t,®(t,s)x) < V(s,x), foranyt>s >0 and z € X,

(V3) Euzists v > 0 such that V (t, ®(t,s)z) < exp(—2v(t — s))V(s,z), Vt > s> 0 and x € X.

The last definition has subtle differences with respect to Liao et al. [29]. In fact, we have
tailored it in order to relate it with the nonuniform exponential dichotomy. Indeed, we have the

following result.

Theorem 3.1. The system (3.4a) has nonuniform contraction if and only if it admits a strict

Lyapunov function.
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Proof. Suppose that there exists a strict Lyapunov function for (3.4a). From the conditions (V1)
and (V3) we have

|0t s)z|> < V(L d(t,5)z) < exp(~29(t — )V (s, ),

<
< exp(=2y(t — 5))K? exp(2vs) [|z|”

which implies that
1@, s)z| < Kexp(—v(t — s) +vs) [|lz] -

Therefore, (3.4a) admits a nonuniform contraction with v = o and v = p.

On the other hand, for £ > 0 and z € X we define

V(t,z) = sup {H@(T, s)z||? exp(2a(r — t))} .

T>t

As (3.4a) admits nonuniform contraction, we have that V (¢, ) < K2exp(2ut) ||z||*. If we consider
7 =1, then ||z||* < V(t,z). Now, for t > s >0

V(DL s)T) = supos {|19(r,)@(t, 5)o]> exp(2a(r — 1)) },
= exp(2a(s — 1)) sup,s; {[|@(7, 5)al]” exp(2a(r - 5))}
< exp(2a(s —t))sup, > {||<I>(7', s):v||2 exp(2a(T — s))} ,

= exp(—2a(t—s))V (s, z).
Therefore, V' is a strict Lyapunov function for (3.4a).

d

Now we will focus in Lyapunov functions that are defined in terms of quadratic forms. Let
S(t) € B(X) be a symmetric positive-definite operator for ¢t > 0, where B(X) the space of bounded

linear operators in a Banach space X. A quadratic Lyapunov function V is given as

Vt,z) = (S(t)z,x). (3.12)

Remark 3.4. Given two linear operators M, N, we write M < N if they verify (Mz,z) < (Nx,x)
forx e X.

The following result (see [29, Theorem 2.2] with () = e’ ) establishes a characterization of

nonuniform contraction in terms of the existence of quadratic Lypaunov function.
Proposition 3.2. Assume that there exist constants ¢ > 0 and d > 1 such that
|D(t,s)|| < ¢, whenever t— s <In(d) (3.13)

Then (3.4a) admits a nouniform contraction if and only if there exist symmetric positive definite
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operators S(t) and constant C,Ky > 0 such that S(t) is of class C* int >0 and
IS@) < CKyexp(2ut), (3.14)

S'(£) + A*(1)S(t) + S(HA(t) < (—Id + K1S(t)). (3.15)

Proof. First we consider the linear operator

+o00
S(t) = /t O(7,8)* (7, t) exp(2(a — o) (T — t))dr,

for some constant ¢ € (0, ) and ®(7,¢)* represents the adjoint operator of ®(7,t). Clearly , S(t)
symmetric for each ¢ > 0. Moreover, by (3.12), we note that

+oo
V2l = /t 18 (r, t)z|* exp(2(a — o) (1 —t))dr,
+oo
< K2 exput) ol [ exp(-20(r — t)dr
t
_ K2 exp(?ut) ||,I||2
= T )
Since the operator S(t) is symmetric for any ¢ > 0, then we have that
K2 exp(2ut
IS@)] = sup V(t,a) < P,
llell=1 9
and therefore (3.14) holds. Since
0D(T,t) 0D (T,t)*
= —®(7,t)Alt — = —At)*P(7, t)"
. 0w, 22T (1) ()"
we find that S(t) is of class C*! in t with derivative
+00
S'(t) = —Id — A(t)*®(r,t)*®(7,t) exp(2(a — o) (T — t))dr

+o0 t
_ /t B(r, 1) B (r, ) A(t) exp(2(a — 0)(7 — t))dr

+o0
—2(a— ) /t O(71,t)"P(7,t) exp(2(a — o) (T — t))dr,
which implies that
S'(t)=—Id— A(t)*S(t) — S(H)A(t) — 2(a — 0)S(2).
Therefore
S'(t)+AR)*S(t) + SH)A(t) = —(Id + 2(a — 0)S(1)), (3.16)

which establishes (3.15) with
K =2(a— o). (3.17)

On the other hand, set x(t) = ®(¢,7)z(7). By (3.14), we have

V(t,2(t) < ISO) lz(0)]* < CK? exp(2put) || (3.18)
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The following results allow us conclude this implicance

Lemma 3.1. There exists a constant n > 0 such that

V(t,z(t) > nlz|?. (3.19)
Proof. Note that
d "
aV(t z(t)) = (S'(O)x(t), z(t)) + (SH)A(t)z(t), z(t)) + (St)z(t), A(t)z(1)), (320)

= <(3’(t) +S(HA() + At)"S(1)x(t), (t)) -

Hence, by condition (3.15) and the fact that K > 0 we obtain

d

2V (t2(t) < - .

Now given 7 > 0, take ¢t > 7 such that exp(t) = dexp(7) with d as in (3.13). Then

V(t,z(t)) — V(r,z(r)) = / iV(v,x(v))dv,

1

It follows from (3.13) that

Vi(t,a(t) ~ V(r,a(r)) < g Ja(r)]? / 1dv,
= 18Dy 2.

Since V/(¢,z(t)) > 0, we have

V(T,.CC(T)) > V(T,%(T)) - V(t,x(t)) > 2 H.IZH :

which yields (3.19) with n = log(d). O

Lemma 3.2. Fort > 7 we have

V(t,z(t)) < exp(—=K(t — 1))V (r,x(1)).

Proof. By (3.15) and (3.20) we have that

%V(t x(t)) < =KV (t,z(t)).

Therefore
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V(t,z(t) = V(r,x(r)) = / %V(v,x(v))dv < —IC/ V(v,z(v))dv.

It follows from Gronwall lemma that

V(t,x(t)) < exp(=K(t — 7))V (7, z(7)),
which yields the desired result. O

By lemmas 3.1 and 3.2 together with (3.18), we obtain

[@(t, 7)z(r)|? = l=(®)]|*
<n 'V (t,x(t)),
< texp(—=K(t — 7))V(r, (7)),
< 'CK? exp(2ur) exp(—K(t — 7)) [lz(1)]|,

and therefore

[o(0.7)] < ( OR)expur)exp (5 (¢ 7))

d

Remark 3.5. If the system (3.4a) satisfies the properties (P3), this implies the condition (3.13).

3.4 Main results

The principal results of this chapter are the following:

Theorem 3.2. Consider the couple of system (3.5a)—(3.5b) such that C;(t) € 3(A) fori=1,...,n
and ||B(t)|| < K5, If (P1)—(P3) are satisfied, then

1) If y(t) is solution of (3.5b) and a1 > w1, then for L, < a1 — p1, we have
(1) Ify iz g i

V(L)
dt -

where V (t,x) is a Lyapunov function associated to (3.5a).

—2[on — 1 = L]V (L, y(1)), (3.21)

(2) The systems (3.5a)—(3.5b) are topologically equivalent.

Theorem 3.3. If the properties (P1)-(P4) are verified with 0 < § < a — p and f € Ay such that

4]

L < —
f—MIQ’

(3.22)
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with [|S(6,1)]] < Miexp(8t) and ||[S71(5,t)|| < Myexp(Bt), for some B > 0, then the systems
(3.4a) and (3.4b) are topologically equivalent.

Theorem 3.4. If the properties (P1)-(P4) are verified with 0 < § < o — p and f € Ay such that
) 0 «
Lfgmln{w,K}, (323)

then the systems(3.4a) and (3.4b) are topologically equivalent.

3.5 Some basic results

The following proposition is a classical result of local continuity with respect to the initial conditions

for differential equations.
Proposition 3.3. Let us consider the differential equation
i=F(tz) (3.24)
where F' € Az, then for the solution X (t,s,u) of (3.24) with X(s,s,u) = u, we have that

lu— vl exp(~Llt — sl) < [|X(t,5,u) = X (t,5,0)]| < Ju — ol exp(Llt — s]).

Proof. For any u € R", we have

t
X(t,s,u):u—i—/ F(X(r,s,u),r)dr,
S

SO

t
/ Lp || X(rys,u) — X(r,s,v)| dr|.

S

X, s,u) = X(L,5,0)]| < JJu—of| +

By Gronwall’s Lemma,

1X(E,5,u) = X(t,5,0)|| < [lu — o] exp(Lrlt - s|).

Replacing u and v with X (s,¢,u) and X (s,t,v) respectively, it follows that

1X (s, t,w) — X (s,6,0)]| > lu = ol exp(~Lplt - s).

The following result is an extension to the nonuniform context of [31, Proposition 5].

Proposition 3.4. Assume that the system (3.4a) has a nonuniform exponential dichotomy on Rg
with K > 1, constants « > 0, p >0 and P(t) = I for anyt € R[')F. Let us consider the nonlinear

perturbation
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@ = A(t)z + F(t, z(t), k) (3.25)

where F : Rg X R" x B — R"™ and B is a Banach space. Moreover, F satisfies the following

conditions:

(i) F(t,z, k) is bounded with respect a t, for all x € R" and k € B fized with the norm

17 (@, k)[4 = sup exp(—pt) | F (¢, z, £)||.
teRS

(ii) There exist Ly > 0 such that
|7 (t, 21, 8) — F(t, 20, )| < Lr exp(~2ut) a1 — 2]
for any t € R§ and x € B.

(iii) Ko = SUD;cpt reB [F(£,0, k)| < +o0

If KLy < « then for any fized k € B the system (3.25) has a unique bounded solution Z(t, k),
with the norm ||| 4, described by

20t ) = /0 B(t, ) F(7, Z(7, 1), K)dr- (3.26)

such that SUDycrt e B | Z(t, k)| < +o0.

Proof. Let us consider a fixed x € B and construct the sequence {¢; }j recursively defined by

t
pra(t.) = [ BDVF(o3(r. ).
0
and .
aolt.n) = [ @(t7)F (0, n)dr,
0
where ¢(t, k) € C, where C is defined by
C_ U:RaprﬁR”:foranyliEBﬁxed,
|U(k)|| 4 < 400 and U is continuous in (¢, k)
with [U(5)]L = $upyens exp(—pt) [U(E, )]

In the first place we will proof that (C,||-|[4) is a Banach space. Indeed, let {U,},cy be a
Cauchy sequence in C, then for any € > 0 and for 7 € Rg fixed, there exists N € N such that for
alln,m eN

1A (k) = Um ()4 = sup exp(—pt) |Un(t, k) = Un(t 5)|| <&,
teRY
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but the expression exp(—ut) [|Uy (7, k) — Un (7, K)|| < ||Up, — Upa|| 4 implies that
[Un(7, £) = Un(7, 5)|| < exp(p7)e,

then {U, (7, K)},,cy is a Cauchy sequence in R", so we obtain a well-defined function U : R x B —

R™ that satisfies U(7, k) = limy,—, 400 Up (7, k) for 7, k fixed. Therefore we have

UG, 1) = Un(r,m)ll = lim_[[Un(r,) = Un(r, )| < Tim_exp(ur)e = exp(pr)e,
then
exp(—u7) |U(7, k) — Un(1, 8)|| <,
SO

sup exp(—u7) [|U(7, k) — Up(7, K)|| < e.
TERg

Thus, |U (k)| 4 < |U(K) = Un(k)|| 4 + |Un(x)|| 4 < oo for big n € N and U is continuous due to
the continuity of Uy, then U € C, so (C, ||-|| 4) is a Banach space.

Now we will prove by induction that ¢; € C for any j € NU {0}. Indeed, if p; € C, we

estimate [;11(%)]]
t
losa(t, Rl < /0 K exp(—alt — ) + pr) (L exp(=247) 5 (r, m)]| + Ko,

from which it follows that if K; = ||¢;(x)| 4, then

exp(—pt) lpj+1(t, #)|| < /0 Kexp(—a(t — 7))(LrKj + exp(ur) Ko)dr,

KEKiLy | KK

< 400
« 2
and we obtain
KK;Lr KKy
ljri(k)l 4 = sup exp(—put) [[@jp1(t, w)]| < —1=+ < +o0.
teRS a K

From the above, we can consider a map T : C' — C' given by
t
T(2(t.)) = [ @(0)F (. Z(r.m) )
0
which is well defined. Since we have that K L < «, we have that T is a contraction, indeed

IT(Z1(t, £)) = T(Z2(t; 5))I| < /0 KLpexp(—a(t — 1) + pr = 2u7) [|21(7, k) — Za(7, )| d,

KLr
IT(Z1(k)) = T(Z2(w))la = —— l1Z1(K) = Za(5)ll 4,
which implies that {¢;} is the unique sequences in C' satisfying the recursivity stated above.

Now we will prove that {¢;} is a Cauchy sequence in the Banach space (C,||-|| 4). We proceed
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inductively. We observe that, firstly

t
1t k) = @olt, K[| < /0 Kexp(—a(t —7) + pr) Ly exp(=2u7) [[po(7, )| dr,
KL;/ exp(—a(t —7))dr < K——,

which implies that
lp1(k) = po(k)]4 < K—

KK,
.

with K =

_ (KLr\’
As inductive hypothesis, we have that [|p;(k) — @j_1(k)||, < K <f> , and therefore
o

lljri(t, k) — @it x| < / K exp(—a(t — ) + pu7)Lrexp(—2uT) ||0;(T, k) — @j-1(T, &) dT,

KKLp (KL]:)j/Otexp(—oz(t—T))d <K (KLf>j+1,

@
_ (KLy

lpj+1(r) — i), < K ( > .

Finally, for all ¢ > 0 there exists N(¢) € N such that for any n,m > N we have

)=l £ ()" (1 8 (52)7)

IN

IN

1 «

_ (KL \N 1
K( 5 > <1K£F><s.

which proves that {¢;} is a Cauchy sequence in the Banach space C' convergent to the fixed point
Z(t, k) defined by (3.26).

(07

KLz\""™
R,(KL;>N 1—( (f) KLF

IN

Considering a fixed kK € B we have that || Z(k)||, < C(k). That is, Z(-,x) € C but its
bound C(k) could be dependent of k. However, we will prove that C'(k) has an upper bounded

independent of k. Indeed, combining the properties (ii), (iii) with the nonuniform exponential
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dichotomy of (3.4a), we have that
12(t,8)| < KLr /Ot exp(—alt — 1) + ur) exp(—2u7) | Z(r, k)| dr
+K K, /Ot exp(—a(t — 7) + pr)dr,
which implies that
expl—ut) | 2(t. )] < KL [ exp(—alt — 7)) exp(—u7) | Z(s)]|  dr
VKK, /0 exp(—alt — 1))dr.
Thus,

KLrC(r) , KKo
[0 [0

exp(—pt) [ Z(t, )| <

)

and taking supremum over ¢ € R}, we obtain

—1
o) < KK, (1 - KLf)
(6% (6%

3.6 Proof of Theorem 3.2

We will follow the lines of proof of the Lemma of the Palmer’s article [35, p. 11] in order to obtain
(1) and (2) of our Theorem. We point out that in the calculations of the derivative of V' with

respect t evaluated at the origin, we are considering only the right side derivative.

Let z(t) = X (¢, 7,£) be the solution of (3.5a) such that z(7) = £ # 0 and y(t) = Y (¢, s,w) be
the solution of (3.5b) such that y(s) =w # 0.

As the system (3.5a) has nonuniform contraction (by Remark 3.2), we have that its evolution
operator satisfies (3.13), we can use Proposition 3.2 to obtain a symmetric positive definite operator
S(t) which define a strict Lyapunov function V' (¢) associated to the system (3.5a). Thus, by using
the construction of V'(¢), (3.14), Remark 3.2 and the Lipschitz constant L, of function g, we obtain
that:
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dv (t, y(t))

o = (S Wy(0),y(1) + (SOIADY () + 9t y(1))], y(8)

+(SO)y(t), A(t)y(t) + g(t, y(t)))

=(S()y(t) + SO A)y(t) + A*(#)S(t)y(t), y(t))
+(S®)g(t, y(1),y@)) + (SH)y(t), 9(t, y(?)))

<({=ld +2(ar — p)S@)y (), y()]) +2(S(t)g(t, (1)), y(t)) ,
< (=2(a1 — p1)S(B)y(t), y(t)) +2(S(t) Lay(t), y(t)) ,
== 2(o1 — )V (t,y(t)) + 2LgV (L, y(2)),

< = 2n — = L]V (£, y(1)),
and the part (1) of our result follows.

Notice that if we consider x(t), then in the previous inequality we have

v (t,z(t)) <

2T < “gfay — )V (t (1)) £ —2an — 1 — LIV (Ea(0). (3.27)

Now we will prove that second statement our result. From Lemma 3.2 and considering
v=ai — p1 — Ly >0, we have that
V(t,2() < V(s,a(s)) exp(—A(t —s)), ¢ s

with 4 = 2+, then V(¢,z(t)) is strictly decreasing and converges to 0 as ¢ tends to infinity. Now
given € > 0, let £ = £(¢) > 0 such that there exists a unique 7' = T'(7, &) that satisfies

1
V(T,z(T)) = 3
It is easy to see that T'(7,¢) is a continuous function of (7,&) for £ # 0. Now we define

Y(r,T(7,€), X(T(1,), 7€) if £#0,
H(r,€) = (3.28)

0 if £€=0.

Clearly, H(T,£) is continuous for £ # 0. With the purpose to discuss its continuity at £ = 0,



3.6. Proof of Theorem 3.2 62

we analyze the behaviour of |T'(7,£) — 7| as £ tends to 0. By (V1) and Proposition 3.3 we have

L
9 = V(I'(r,§),X(T(7,§),71,9),
< K2 exp(2uT (7€) | X(T(7,€), 7 I,
= K?exp(20T(r,£)) exp(2Lr|T(r,€) — 7)) [|€]|*.
Then X
2K exp (20T (T, 2\ 2tr
s (KT
where Ly = |ai| + dK;.. Notice that the system (3.5a) has nonuniform contraction with its

evolution operator with nonuniformly bounded growth (see Remark 2.1) which imply that the

spectrum X(C(t) + B(t)) = Ui~ [a:, bs] C (—o0,0).
Now by Lemma 3.1, there exists n > 0 such that

nH(mOI? < V(r, H(r,¢)),
< V(r,Y(r,T,X(T,71,£))).

However, we have

N~

=T(r,8) <.

Lexp(—2 2
lel < (“UBZ) 5 Vi < K2 exn(zon) el <

It follows by Lemma 3.2 and (3.29) that
[H(mOIF < 0~ exp(=5(r = T)V(T,Y (T, T, X(T, 7,))),

n exp(—y(r = T))
5 :

<n1€> <2zcexp<2vT<n ) ufsuz)%’?
2 V4 ’

1
Hence, if [|£]| < <£exp2(]g221)7')> * we obtain
1 a
—1 5 2\ 4L
n_ )2 (2K exp(2uT(r, ) €7 )
< .
el < (1) ( i

On the other hand, by Lemma 3.1 and Proposition 3.3 we have that
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N~

= V(T(r,€),X(T(r,€),T1,£)),

> || X(T(r,8), 7.7,
> 7 )€)1? exp(=2Lp|T(T,€) — 7).

Thus,
2\ 2Lp
exp(|T(r.) ~ 7)) > (2” N ) .

Notice that
4

N
612 (5.) = 5 <0l <V(rO = e 2w

1
Then if [|£]| > (%) * by (3.30) and (V3), we have

exp(—2vT)

I > TR

V(r, H(7,)),

exp(—2vT
= Ty v (T X(T 7, ),

exp(—2vr + (T — 1))
K2

v

V(T Y(T,T,X(T,T,5))),

Lexp(—2vT)

= oKz exp(Y(T — 7)),

_q
o Lexp(=2vm) (2n]l]* | "
- 212 14

14 -2 i (9 2\ 1Tr
e > (“0) (”’f”) |

Therefore

Now we proof that if z(¢) is a solution of (3.5a), H(t,z(t)) is a solution of (3.5b).

Tf € =0,
H(taX(ta 7—75)) = H(t70) =0.

In the case when £ # 0, we have that

H(t, X(t,7,8)) =Y (t,T(t,X(t,1,8), X(T(t, X(t,1,8)),t,X(t,7,5))),

=Y, T(t, X(t,1,8), X(T(t, X(t,T1,8)),7,E)).

On the one hand we have
Y4
2

5 = H(T(Ta 5)7 X(T(Ta 5)7 Taf)) = H(T(Ta 5)7 X(T(Ta 5)7t7X(t7 T?S)))a

(3.30)

(3.31)
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and on the other hand

|~

=H(T(t,X(t,7,€)), X(T(t, X(t,7,€)),t, X(t,7,8))), (3.32)

—~ DN

and by the equations
t,7>0,and £ #0,

3.31) and (3.32), we deduce that T'(¢t, X(¢t,7,&)) = T'(7,€). Hence, for all

H(t, X(t,7,€)) =Y, T(r, &), X(T(7,£),7,£)), (3.33)
which is a solution of (3.5b).

Similarly, we define a mapping

X(7,5(7,€),Y(S(7,€), 7€) if £#0,
G(r,€) = (3.34)

0 if £€=0,
where S = S(7,§) is the unique time s such that

V(S () = 5.

We can deduce similar properties to those of the function H for G and, moreover we have

G(t7 Y(t77—a 6)) = X(tv S<T7 5)? Y(S(T7 g)a T:f))? §#0,

which is obtained in a similar way to (3.33).

To prove that H(t,G(7,€)) =&, if S = S(7,y) we note that g can be written as
§ = V(.Y (5,7, )), X(T(S, Y (S,7,9)), 5,V (5,7.1), (339)
and as '
5 = V(Sa Y(Sv T, y)) = V(Sv X(S> Sa Y(Sa T, y))) (336)
From the equations (3.35) and (3.36) we can assure that

T(S(r,y), Y (S(1,y),7,y)) = S(1,y). (3.37)
Therefore we have
H(r,G(7,€)) =H (1, X (7, 8(7,£), Y (5(7,¢),7,8))),

:Y(Tv T(S7 Y(Sv T, f)), X(T(Sv Y(Sa T, 5))7 S, Y<Sv T, g)))a

and from (3.37), then we obtain

H(r,G(1,8)) =Y (7,5, X(S,S5,Y(S,T1,5))),
:Y(Tv Sa Y(Sa T, g)) = €
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In a similar way, we can obtain that

G(Tv H(T7 5)) =¢,

forallTERg,ﬁeR”.

3.7 Proof Theorem 3.3

This result is a consequence of the Theorem 3.2. Indeed, we have that (3.4a) and (3.5a) are topolog-
ically equivalent through of the matrix S(d,t). Then the systems (3.5a) and (3.11) are topologically
equivalent through of the matrix S(8,t) also. If we denote g(t,y) = S~1(d,t)f(t,S(6,t)y), then
g € Ay with Ly = M?Ly. In fact,

Hg(ta yl) - g(tay2)” = HSil((sv t)f(tvs(d’t)yl) - 571(67 t)f(t’ 5(57 t)yZ)H )
< Ml eXp(Bt) Hf(t7 5(57 t)yl) - f(tv S(67 t)yQ)H )
< My Lyexp(Bt) exp(—26t) [|S(6,t)yr — S0, 1)y ,

< M{Ly |lyr — el

Since Ly, < 0 < o — p, by combining Theorem 3.2 and the fact that topological equivalence is a

equivalence relation, the systems (3.4a) and (3.4b) are topologically equivalent.

3.8 Proof of Theorem 3.4.

We take the function fo(t,z) = f(t,z) — f(¢,0), then f € A; implies fo € Az. Indeed, fo(t,0) =0
and
1fo(t, 21) = folt, z2)l| = | f(t, 21) = f(E, 22)|| < Lyexp(=2pt) |1 — 22])),

for any t € Rg ,x1,T2 € R™ and some 5 > 0. As f and fp have the same Lipschitz constant, by
Theorem 3.3 and inequality (3.23) it is sufficient to prove that the systems (3.4b) and

&= A(t)x + fo(t,x) (3.38)

are topologically equivalent. By the condition (P3) there exist constants K > 1, « > 0 and u >0
satisfying (3.6). For the unique solution X (¢, 7,&) of (3.38) passing through £ at t = 7, we define
the function F: Rj x R" x B — R", with B =R} x R", as

F(ta Y, (Taf)) - f(tay + X(ta Taf)) - fO(th(t7Ta 5))7
= f(t,y—l—X(t,T,f)) - f(t,X(t7T,§)) + f(t70)'
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If Ko=sup{t€R} : [f(,0)]} then

1y, (r ) < Ly exp(=258) [ly|| + Ko,

1E(ty1, (1,6)) — F(t, y2, (1,6)) | < Ly exp(=261) [lyr — wal| -
We note that F' verifies the hypothesis of Proposition 3.4, which implies that the system
z2=A(t)z+ F(t,z,(7,£)) (3.39)
has a unique bounded and continues solution Z(t, (7,£)) defined by
Z(t,(1,€)) = /Ot O(t,5)[f (s, Z(s, (1,)) + X(s,7,€)) = fo(s, X(s,7,£))]ds
with the norm
121l = sup exp(—pt) | Z(¢, (1, €)) || = Mo < +00.

teRS,(1,6)ERY xR™

Now, let us construct the map H : Rar x R" — R" as

H(1,6) =&+ Z(T,(7,8)). (3.40)

Lemma 3.3. For any (r,t) € Rf x R} and (1,£) € Ry x R™ we have that

Z(r,(t,X(t,7,8))) = Z(r,(1,£)). (3.41)
Proof. Firstly, we note that
200, (6. X (07, €) = [ @) (5,205, (X (6. 9) + X (5, X (7€)
~ folis, X (s, X (8,7, €)))Jds,
= [ 09155 206 (0. X (0. ) + X (5,7, ))

- fO(S’ X(S7 T, 5))](13
and

Z(r,(7,€)) = /Or O(r,s)[f (s, Z(s,(7,€)) + X(s,7,§)) = fols, X(t,7,))]ds.

Secondly, we have the following estimate
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1Z(r, (8, X (¢, 7,€))) = Z(r, (T,6)ll =

< /Or KLyexp(—a(r —s) + us) exp(—2us) || Z(s, (t, X (¢, 7,£))) — Z(s, (1,£))| ds,
K

/Or O(r,s)[f (s, Z(s, (t, X (t,7,8))) + X(s,7,8)) = f(5, Z(s,(7,€)) + X (s,7,€))]ds

=i sup exp(—pr) | Z(r, (t, X(t,7,8))) — Z(r, (7, 6))|

@ TGRS—

<

and the Lemma follows. O

Lemma 3.4. Ift — X (t,7,&) is solution of (3.38) such that X (7,7,§) =&, thent — H(t, X (t,7,§))
is solution of (3.4b).

Proof. Combining the equations (3.40) and (3.41), we have that
H(t, X(t,7,8) = X(t,7,8) + Z(t,(7,€)),
and a simple computation allows us to verify the statement. O

Lemma 3.5. The map & — H(7,&) is continuous for any fized T € R .

Proof. By (3.40), the only thing that we should prove is that the map & — Z(, (19, £)) is continuous
for any fixed 7. Indeed, let us recall 7 +— Z(7, (7,£)) is the unique bounded solution in C of (3.39),

which was constructed by successive approximations in Proposition 3.4. That is

lim Z;(7, (10,¢)) = Z(1, (10,%)),

Jj—+oo
where

Zj+1(7-7 (TO7 5)) = /(;T ‘I’(T, S)F(S, Zj(37 (7—07 5))7 (7—07 5))ds

Moreover we know that for any ¢ > 0, there exists J = J(¢) > 0 such that for any j > J it
follows that

HZ(T? (7_076)) - Z(Ta (7_076/))” < HZ(Ta (7—075)) - Zj(Tv (7—075)>H

+|1Z;(r, (70, €)) = Z; (7, (70, )|
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We will prove by induction that for any j € N, there exists 6; > 0 such that
1Z;(7, (10,€)) = Zi(r, (0, €))|| < = if |l¢ =€ <9 (3.42)
Indeed, we cosider an initial term
Z(7,(1,€)) = Zo(7,(7,§')) = ¢o € C
and suppose that (3.42) is verified for some j as inductive hypothesis. Now, we have that

1Z541(7, (70,€)) = Zja (7 (10, €))]| < A

where

a-|

/0 "B, 5)F (5, Z3(5, (10,6)), (10,€)) — Fs, Z3(s, (70,€')), (0, €]

From the definition and properties of F', by Gronwall’s Lemma and inductive hypothesis, we
have that

A < ‘ /OT (I)(Tv S)[f<3a Zj(S, (7—075)) =+ X(377—0a§)) - f(S,Zj(S, (7_075,)) + X(S?T()agl))]ds
+ /T (I)(T’ 5)[f0(S7X(877_07£)) - fo(S,X(S,T(],f/))]dS )
0
< /T KLjyexp(—a(r —s) — pus) HZ ,(10,8)) — Zj(s, (10, ¢ H + || X (s,70,€) — X (5,70, H
0
+ /OT KLy exp(—a(r —s) — ,us)[HX(s,To,f (s,70,& H
%KLf /T exp(—a(7T — s) — us + ps)ds

+K(2Ly) [ esp(-a(r =) ¢ =€ explLe(r =~ )ds.

eKL; K(2Ly)
< e ¢ ¢

and (3.42) is satisfied for j + 1 when we choose

. KLy « €
5j+1 = min {6]7 < — a) eXp(—LfT)ng}
and we can prove the continuity of £ — Z(7, (19,£)). All of the above allows us to conclude that
H is continuous for any fixed 7.
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O]

Remark 3.6. We note that if Y (t,7,€) is the unique solution of (3.4b) passing through & att =T,
we can define the function F Rg X R" x B — R" as

F(t,:lj, (7-7 5)) = fO(t¢g + Y(tha 5)) - f(tv Y(t>7-7 5))7
= f(tag + Y(thag)) - f(tv 0) - f(t7Y(ta 7_75))‘

and obtain

F(t,5. (7,9)]| < Ly exp(=28) 7] + Ko,

| £t 30, (7€) = F(t. G, (7.€))|| < Ly exp(=260) 151 = ).

In the same way F satisfies the hypothesis of Proposition 3.4, which implies that the system

z = A(t)z + F(t7 s (Ta 5))

has a unique bounded solution Z(t, (t,&)) defined by

Z(t,(r,€)) = /0 ©(t,s)[fols, Z(s, (1,€) + Y (5,7,€)) = f(5,Y (s, 7,€))]ds.

As a consequence of the previous remark, we can construct the map
G:RS‘XR”—HR” as
G(1,8) =&+ Z(7,(7,6)).

and we prove the following results that are similar to the previous one.

Lemma 3.6. For any (r,t) € Rf x R} and (1,€) € R x R"™ we have that

Z(r, (£, Y (t,7,€))) = Z(r, (7, €))-

Lemma 3.7. Ift — Y (t,7,£) is solution of (3.4a) such that Y (1,7,§) =&, thent — G(t,Y (t,7,£))
is solution of (3.38).

Lemma 3.8. The map & — G(7,&) is continuous for any fized T € R .

Finally, from all these Lemmas, we can conclude that the systems (3.4b) and (3.38) are topo-

logically equivalent, which is enough to prove the result. O

It is important to mention that although a homeomorphism was constructed between (3.4a)
and (3.4b), one of the objectives of this thesis was to achieve some kind of regularity for this
homeomorphism. In that line, in the article [20] is used the spectral theory to prove that the
linearization is simultaneously differentiable in the origin and Holder continuous in an neighborhood

of the origin by using a different approach to this thesis .
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