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Resumen

El teorema de Duflo es la composicion del isomorfismo de Poincaré- Birkhoff-Witt (el cual
es un isomorfismo a nivel de espacios vectoriales) con un automorfismo de el algebra
simétrica S(g) (el cual desciende al subespacio de invariantes S(g)?). Esto es, el espacio

de invariantes, S(g)? y U(g)¢, son de hecho canénicamente isomorfos como algebras.

En la primera parte de este trabajo generalizamos algunos conceptos del teorema de
Duflo a algebras Pre-Lie y algebras dendriformes, en particular presentamos la nocion de

acciones sobre algebras dendriformes.

La combinatoria de los arboles planares binarios es conocida por tener interesantes
propiedades algebraicas, Loday y Ronco son los primeros en introducir el algebra de Hopf
de arboles planares binarios [25]. Esta algebra de Hopf es la algebra dendriforme libre

sobre un generador.

Damos una generalizacion de Operadores Rota-Baxter e introducimos la nocion de un
Ballot™-algebra. Un algebra de Rota-Baxter libre sobre un conjunto pueden ser construida
desde un subconjunto de bosques planares enraizados con decoraciones en los angulos
[3, 14]. Presentamos construcciones similares para obtener una algebra asociativa en
términos de arboles planares binarios con un Operador de Rota-Baxter modificado, y asi

construimos un Ballot™-algebra.

Introducimos los conceptos de un Morfismo de Rota-Baxter, Dyck™-algebra y Rota™-
algebra. Un elemento u es idempotente con respecto al producto - en el algebra si: u - v = u,
y este es una identidad izquierda si = - u = z para todo elemento z en el algebra. Algebras
asociativas con una identidad izquierda que simultaneamente es un elemento idempotente,
nos permite presentar ejemplos de un Morfismo de Rota-Baxter y asi podemos construir un

Rota™-algebra.

Enfatizamos que la construccion de Ballot™-algebras y Rota”-algebras a partir de algebras
asociativas con una generalizacion de Operadores de Rota-Baxter, son algunos de los

principales resultados de este trabajo; también presentamos ejemplos interesantes. ii



Abstract

The Duflo theorem is the composition of the Poincaré- Birkhoff-Witt isomorphism (which is
only an isomorphism at the level of vector spaces) with an automorphism of the symmetric
algebra S(g) (which descends to subspace of invariants S(g)? ). That is, the vector spaces

of invariants, S(g)® and U(g)?, are indeed canonically isomorphic as algebras.

In the first part of this work we generalize some concepts the Duflo theorem to Pre-
Lie algebras and dendriform algebras, In particular we present the notion of actions on

dendriform algebras.

The combinatorics of planar binary trees is known to have very interesting algebraic
properties, Loday and Ronco first introduced the Hopf Algebra of planar binary trees [25].

This Hopf algebra is the free dendriform algebra on one generator.

We give a generalization of Rota-Baxter Operators and introduce the notion of a Ballot™-
algebra. Free Rota-Baxter algebras on a set can be constructed from a subset of planar
rooted forests with decorations on the angles [3, 14]. We give similar constructions for
obtaining an associative algebra in terms of planar binary trees with a modified Rota-Baxter

Operator, and so we construct a Ballot™-algebra.

We introduce the concepts of a Rota-Baxter Morphism, Dyck™-algebra and Rota™-algebra.
An element w is said to be idempotent with respect to product - in the algebra if: u - v = u,
and it is a left identity if z - « = « for all element z in the algebra. Associative algebras with
a left identity that simultaneously is a element idempotent, permit us to present examples of

a Rota-Baxter Morphism and so we can construct a Rota™-algebra.

We stress that the construction of Ballot™-algebras and Rota™-algebras from associative
algebras with a generalitation of Rota-Baxter Operators are some of the main results of this

work; we also present interesting examples.
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Introduction

Let S(g) be the symmetric algebra of a finite-dimensional Lie algebra g, and let U(g) be the uni-
versal enveloping algebra of g. S(g) is a commutative algebra and U (g) is an associative algebra;
moreover, both spaces, S(g) and U(g), are g-modules with respect to the adjoint action [33].

A fundamental result in the theory of enveloping algebras is the Poincaré- Birkhoff-Witt Theo-
rem [34, 13, 10], which (in one of its incarnations) states that a natural map from the symmetric
algebra S(g) into U(g) is in fact an isomorphism of g-modules.

Unfortunately, this map restricted to the subspaces of invariants S(g)? and U(g)® is not an algebra
homomorphism. Recall that S(g)¢, the set of elements of S(g), which are annihilated under the
representation induced by the adjoint representation of g in S(g), is a graded subalgebra of S(g).
Similarly U(g)® is a graded subalgebra of U(g). However, the Duflo theorem states that the vector
spaces of invariants, S(g)? and U(g)?, are indeed canonically isomorphic as algebras.

This isomorphism is called the Duflo isomorphism and it happens to be a composition of the
Poincaré- Birkhoff-Witt isomorphism (which is only an isomorphism at the level of vector spaces)
with an automorphism of the symmetric algebra S(g) (which descends to subspace of invari-
ants S(g)? ). The definition of this automorphism involves a formal power series on g, J(z) =

det (1_2;:% ) called Duflo element [9], where ad : g — End(g) is the adjoint representation of g.

One of the goals of this project is to study analogues when g is not a Lie algebra, see for instance
[28]. Although these extensions and analogues have never been studied in detail, there exists for
instance, a Poincare-Birkhoff-Witt Theorem for Lie Superalgebras [29]. There is also an analogue
of the classical Duflo formula in the case of L..-algebras and a conjecture in the case of an arbi-
trary @-manifold [32]. There is a result of Ronco that says dendriform Hopf algebra is isomorphic
to the enveloping algebra of its brace algebra of primitive elements [31]. We focus on classy of
non-associative structures which are more general than Lie algebras, pre-Lie algebras, dendriform
algebras etc.

In particular, we ask: Would an analogue of the Poincaré-Birkhoff-Witt theorem for Left and Right-
Symmetric Algebras hold? If so, Can we prove an analogue of the Duflo Theorem in this case?

Right-symmetric algebras [8, 11], or RSAs in short, are also called Gerstenhaber algebras, or
pre-Lie algebras. Left-symmetric algebras, or LSAs, arise in many areas of mathematics and
physics and are known under many different names. LSAs are also called Vinberg algebras,
Koszul algebras or quasi-associative algebras.



Chapter 1
The Poincaré-Birkhoff-Witt Theorem

Let S(g) be the symmetric algebra of a finnite-dimensional Lie algebra g, and let U(g) be the
universal enveloping algebra of g. Both spaces, S(g) and U(g), are g-modules with respect to
the adjoint action [33]. A fundamental result in the theory of enveloping algebras is the Poincaré-
Birkhoff-Witt Theorem [34, 13, 10], which (in one of its incarnations) states that a natural map
from the symmetric algebra S(g) into U(g) is an isomorphism of g-modules. Unfortunately this
map restricted to the subspaces of invariants S(g)? and U(g)? is not an algebra homomorphism.
Throughout this document K will denote a field of characteristic 0.

1.0.1 The Symmetric Algebra

Let S to be the set of all monomials {1 ...z}* : (n4,...ny) € N} in k different variables x4, . . ., z.
A polynomial in k variables with coefficients in K is a function from S to K
p(x1,...,xk): S - K
R T
null except for a finite number of indices in N*. We shall denote the set of all polynomials by
K[z1,...zx], and we will write them as finite sums of the form
b= Z afnl,...,nkx?l cee xzk-
(nl,...,nk)EN""'
If ny +--- +ni =nthenay,,, 27" ...2." is called a monomial term of degree n. A polynomial
is called homogeneous if all its monomial terms have the same degree. The degree of a nonzero
polynomial is the largest degree of any of its monomial terms. A homogeneous polynomial of
degree zero is a constant polynomial or simply a constant.

If p is a nonzero polynomial in k variables, the sum of all the monomial terms in p of degree n is
called the homogeneous component of p of degree n. If p has degree d then p may be written
uniquely as the sum pg + p1 + - - - + pg Where p; is the homogeneous component of p of degree 7,
for 0 < i < d (where some p; may be zero).

Definition 1.0.1. We define the ring of formal power series over K in n variables as the set
K[[z1,...,z,]] of all functions from S a K

S —= K

¢ = ae (where o = (ay,...,a,) and z® = 27 ... 20m).

We shall indicate elements of the ring as (possibly infinite) formal sums

E aqr”,

z>es



where the function corresponding to this formal sum maps z® to a,, forall z® € S. In K[[z1, ..., zy]]
we define addition and multiplication by

Z Ao x® + Z box® = Z (ag + ba)x®

€S €S €S

(Z agx‘s) (Z bgzﬁ) = Z <Z agb[g) ¢
xS zPes €S \o+B=a

Remark 1.0.1. For all z* € S, {(2°,2”) € § x S : 2°2P = 2} is finite, since each element of S
has only finitely many factorizations as a product of two elements.
Let Sy = {a* € S:a1+ -+ a, =d} the formal sum f; = > a,z* of all the terms in f =
z¥ESy
> anx® of degree d is called the homogeneous componente of f of degree d. Then f may be

z*ES
written uniquely as the sum fy + f1 + fo + --- (where some f; may be zero).

Definition 1.0.2. An algebra over a field K is a vector space A over K endowed with a multipli-
cation A x A — A which is bilinear and satisfies the following equalities:

1. a(b+c¢) = ab+ac, (a+b)e = ac+ be (Distributivity)
2. (ra)b = a(rb) = r(ab) (Compatibility)

forall a,b,c € Aand r € K.

Definition 1.0.3. Let A be an algebra over K. A is called an associative algebra if the multi-
plication in A satisfies a(bc) = (ab)c, for all a,b,c € A. If there is an element 1 in A such that
la = al = afor all a € A, then this element is called identity and the algebra is called algebra
with identity.

Definition 1.0.4. Let A be an associative algebra over K with identity 1. A grading of A is a
sequence of linear subspaces A; of A such that A = é A;, which is compatible with the ring
structure of 4, i.e.: 1€ Apand A;A; C A, foralli,j > 6:.0An algebra A with a grading {4}, is
called a graded algebra, and the elements of A; are called homogeneous elements of degree

i.

Definition 1.0.5. Let V be a vector space. The tensor algebra of V is the external direct sum

T(V):=E1"(V), suchthat 7°(V):=K, T"(V):=V®---@V, or V&®"

n=0 n times

and with product given by



(U1®...®Un).(wl®...®wm) ::U1®...®/Un®w1...®wn“

for any pair of elements vy ® --- ® v, € T*(V) and w; ® --- @ w,, € T™(V), and extended by
linearity to T'(V).

Definition 1.0.6. Let V be a vector space. The symmetric algebra of V' is the quotient

of the tensor algebra T'(V'), by its two-side ideal I, generated by homogeneous elements of degree
2 of the form
TRY—yRz, T,ye V.

The projection = : T(V) — S(V), t — t induces an algebra operation on S(V),
uv =wu-o forall u,v € T(V)
Remark 1.0.2. First note that the elements of the ideal I are linear combinations of tensors of the
form
u-(z@y—y®z) o with u,u’ € T(V)and z,y € V.
Hence [ is spanned by tensors of the form
UR - RUu,R(TRY —YRT) @Upp1 @+ @ Uy Where u; € V, foreach 1 <i < n+m.

The map 7|kgv : K&V — S(V) is injective since I C @ T"(V); thus we may identity K and V
n>2

with their images in (V). Moreover, the set {Ix,v: v € V'} is a set of generators for S(V), since
{1x} UV is a set of algebra generators for T'(V') and = is a morphism of algebras. Also, we note
that the symmetric algebra S(V') is an commutative algebra.

Proposition 1.0.1. LetV be a vector space and let S(V') be the symmetric algebra. Then S(V) is
a graded associative algebra,

SV)=s"(V), (S*(V)=T"(V)/I)

n>0

where I,, = I N'T™(V) is the subspace spanned by all elements of the form
xl®"'®‘rniza(1)®“'®xa(n)

for all z; € V and all permutation o € S,,, where S,, is the group of permutations of {1,2,... ,n} .



Proof. Since I is generated by homogeneous tensors, I admits the grading I = €& I,, where
n>2

I,=T*(V)NIand [, I, C I,+,». We have that the elements of the form
V@ @ (U @ Vg1 — Vk1 ®U) @+ @ vy
determine a set of generators for I. In turn, the latter can be rewritten as
VI Q- QUp — VUg(1) @+ & Vg(n) el

for the set of the transpositions that exchange two consecutive integers, that we can replace by
the group of permutations of n elements. The fact that 7,, ¢ T"(V) for every n > 0 implies I, is
the subspace spanned by all elements of the form

x1®®ajn_xa_(1)®.®xd(n)
for all z; € V and all permutation o € S,,. Now, we claim that
STVy=T"(V)/I ~T"(V)/I,, foralln > 0.

Indeed, the linear map ¢ — ¢ + I,, is well defined and it is an isomorphism of vector spaces:
Ift,¢' € T*(V)andt =t thent -t € T*(V)NIsothatt+ I, =t + I,. Also, the map is injective
andonto, ift+ 1, =t' +I,thent —t' € I, C I, sothatt =t'. O

1.0.2 Universal Enveloping Algebra

In what follows, we work in the non-graded case, that is the elements of vector spaces have degree
0 as well as the operations. This convention simplifies the lecture, for the graded case, it suffices
to add the Koszul sign (—1)!*!lv| whenever we exchange elements in the formula.

Definition 1.0.7. Let g be a vector space over K. A bilinear map g x g — g, (x,y) — [z,y], is a Lie
bracket on g if for all ,y, z € g, we have

o [z,y] = —[y,z] (@antisymmetry),
o [z,[y, 2] + [2, [z, v]] + [v, [z, z]] = 0 (Jacobi identity).

A vector space g equipped with a Lie bracket is called a Lie algebra.

Example 1.0.1. If (A, ) is an associative algebra over K and we define a map A x A — A by
[z, 9]« ;= xxy—yx*ax, forall z,y € A, (1.0.1)

then (A, [, -]«) is a Lie algebra, called the Lie algebra related to .4 . For example, let V be a vector
space and End(V') the algebra de endomorphisms of V' with multiplication give by composition o,
then (End(V),[-,]o) is a Lie algebra. The Lie bracket defined in (1.0.1) will be referred to as the
commutator related to A



Definition 1.0.8. Let g be a Lie algebra and T'(g) the tensor algebra of g. Denote by J the bilateral
ideal of T'(g) generated by the elements

TRy —yQr— [,

for z,y € g.

Note that the associative product of T'(g) is compatible with the quotient by J, because J is an
algebra ideal, so the quotient U(g) := T'(g)/J inherits the associative algebra structure over K.
The algebra U(g) is called the universal enveloping algebra of g.

We denote by IT : T(g) — U(g), t — t + J the projection. The natural operation on U(g) which
equips U(g) with the structure of a unital associative algebra is given by II(¢)II(¢') = II(¢.t") for all
t,t'inT(g).

If U(g) is considered a Lie algebra, it is understood that it is equipped with the associated commu-
tator, which we denote by [, -]y. The underlying Lie algebra structure of U(g), with the Lie bracket
[, ]u, is easy to describe because [, -] is a derivation for the product. For instance, we get:

[33+J7y+J]U = [l‘7y]g+‘]7
y+Jz+Jlu=[z,2gQ@y+zR[y,z]g + J,
and so on.

The map I1 is a morphism of unital associative algebras, whence it is a Lie algebra morphism, when
T(g) and U(g) are equipped with their respective associated commutator. The natural projection
IT induces a Lie algebra morphism

I':g—Ulg),

that is, T := 1.

Definition 1.0.9. Let A be an associative algebra over K with identity 1. A filtration of A is a chain
of linear subspaces

Ay C A C Ay
such that A = U A; which is compatible with the ring structure of 4, i.e.: 1 € Agand A;A; C A;4;

forall4,j > 0. An algebra A with a filtration {4;},., is called a filtered algebra.

Definition 1.0.10. Given a filtered algebra A with filtration {4,},.,, we obtain a graded algebra
as follows. We let Gr(A) be the vector space
A) = @ G'(A) where G'(A) = A;/A;_1, G°(A) = Ap.
i>0
Elements of any factor G*(A) of the direct sum are called homogeneous elements of degree i. We
define a multiplication on Gr(A). It is sufficient to define a map of G?(A) x G’ (A) into G+7(A) for
each i, j > 0, and to extend by linearity. Thus we let

(l’ +A171)(y+ Ajfl) =zy + Ai+j71 forx € A;, Yy < AJ

Gr(A) is called the associated graded algebra of the filtered algebra A.



We use Gr(A) to compare U(g) and S(g), see proposition 1.0.4 below. We denote the canonical
image of K& g g>© @ --- & g™® in U(g) by U, (g)-

Lemma 1.0.2. Letzy,...,z,, € g, I' the canonical mapping of g into U(g), and let T be a permu-
tation of {1,...,m}. Then

L(z1) - T(@m) = T(@r 1) - T (@7 (m)) € Unm—1(0)

Proof. It is sufficient to prove this when 7 is the transposition of j and j + 1.
D(ay) - D(xj)o(@jgn) - Tlwm) = T(@a) - ()T (25) - - Twm)
= T(@1) -+ D) ()T (@541) = 025007 (@5) )T (@542) - T(w)
= D(x1) - Twj1) [[(25), D(@je)] D) - Twm)
=T(z1) - T(z;—)T([zj, 2j1 DT (@j42) - - T(@m) € Un—1(g)

In the following lemma we denote I'(z1) - - - T'(zy,) by 21 - - @y -

For integers n,k > 1, a weak composition of n in k parts is an ordered sequence (nq,...,ny) of
nonnegative integers such that Zle n; = n.

Lemma 1.0.3. Letv,..., v, be a basis of g. The set of elements
vt oot for np 4o+ <n
form a basis of U, (g). Moreover the elements
vt vk +U,—1(g) for all weak composition of n in k parts

form a basis for G (g) = U,.(g)/Up_1(g).

Proof. We fix a basis vy, ..., vy for g. The vector space U, (g) is generated by v;, - --v;, for every
finite sequence (iy,...,1i,) of integer between 1 and k. It is then sufficient to apply lemma 1.0.2 .
O

Proposition 1.0.4. The graded algebra Gr(U(g)) is isomorphic to S(g).

Proof. The natural map g — U1(g)/Uo(g), = — =+ J + Up(g) is an isomorphism of vector spaces.
Now, any two elements of U;(g)/Uy(g) commute in Gr(U(g)): For elements x,y € g we have

(z+J+Uo(9)(y+J+Uo(9) = z®@y+J+Ui(g)
y®x+ [z, y]+J+ Ui(g)
y®x+J+Ui(g)

= W+ J+Uo(e)) (z+J+ Uo(g))



where the product lies in Uz(g)/Ui(g). Let x4, ..., x) be a basis of g, the map defined by

pn: S — G(9)
it oxt = ot + Un—1(9)
where } " n; = n, is linear. Indeed, we have

n M + ng+my
ot e Unem—1(9) = 2T T 4 Ungm—1(9)s

since multiplication in Gr(U(g)) is commutative. Thus

on(T . a)on(at ™) = Pt L U1 (g)
— (pn(x;blﬂm » .kaerk)

and ,, can be extended by linearity to give an isomorphism of algebras
¢ : S(g) = Gr(U(g))-

Therefore the associated graded algebra of U(g) is isomorphic to S(g). O

1.0.3 The Poincaré-Birkhoff-Witt theorem
Proposition 1.0.5. Let T € S,, be a permutation of n elements.

1. The linear transformation P. : T"(g) — T"(g) such that
Pra1 @ @) i=Tr(1) @+ @ Ty(n) (Ti € .);
moreover, P, is a linear isomorphism.

2. Forr,neS,, PP, =P,

Proof. Forn > 2 and 7 € S,, , define a n-multilinear mapping ¢ : g x --- x g — T"(g)
(T1, 00y Tn) = Tr(1) @ @ Tr(n)-
By the Universal Property of the Tensor Product [7], ¢ induces a unique linear mapping
P.: T"(g) - T"(g)
TR QTp = Ty Q- QTr(p)

Since P, induce a permutation of the standard basis elements, it is a linear isomorphism. Clearly
P.P,=P,,. O

Definition 1.0.11. Let¢ € T"(g). If P.(t) = ¢, for all 7 € S,,, then ¢ is called a symmetric tensor
of order n. The set of symmetric tensors is a vector subspace of 7" (g) denoted by 77, (g); we

have 72,,,(g) = K, T%,,,(8) = g . We shall put Ty,,,,(g) = nGjOT;;m(g); this is a graded vector

subspace of 7" (g).



Example 1.0.2. ©; ® x5 + 2 ® 21, iS symmetric, but 1 ® 2 — 2 ® 21 is not.

Example 1.0.3. Let z € g and n € N, the tensor product of z with itself 25" .=z Rz ®---®zisa

symmetric tensor of order n.
Suppose now that the characteristic of field K is 0.

Proposition 1.0.6. The space of symmetric tensors T%, . (g) is the image of the linear mapping

sym

s :T"(g) — T"(g), defined by w — L >~ P;(w) we call s(w) the symmetrization of w.
TESH

Proof. Note that s(w) € T2 .. (g), for w € T"(g). Indeed,

sym

Pr(s(w)) = 3 X Pylw) = 5 X Pylw) = s(w).
neESn n' €S,

On the other hand, let w € T, (g) be a symmetric tensor, then w € 7" (g) and

s(w):%ZPn(w):% Zw:w.

" neSn " neSn

O

The canonical mapping ¢ : T'(g) — U(g), given by the projection of T'(g) onto U(g), induces a map
n 1 T"(g) — Un(g). Let U™(g) C U(g) be the image under v, of the space of symmetric tensors
T (9) C T"(g). An element of U™(g) is said to be symmetric and homogeneous of degree n.

sym

Remark 1.0.3. Let ziz, € Us(g) and let 7- (z1x,) be the element obtained from z3z, by permuting
the factors by the permutation = = (2,3) € S3. Namely,
T-(LC%CEQ) = 1 Q®@ro®x1+J

= (z1+J) (21 4+ J)

= (r1+J)(r1 @ x2 + [22,21] + J)

= 231y + x1[70, 1], Where w = x1[xa, 21] € Us(g)

We recall that ¢(z) := x + J.

Proposition 1.0.7. Let g be a Lie algebra and let U,, be defined as above lemma 1.0.2. Then

Un(g) = Un—1(0) P U (0)

Proof. Let 27" ...z}* be a basis element of U,,(g) with n; + --- 4+ n, = n. Foreach r € S,, we
define 7 - (27" ... x.*) to be the element obtained from z7" ...z;* by permuting the factors by the
permutation 7. Since multiplication in the graded algebra of U,,(g) is not commutative we have

ni

1
ng _ T ng
LA 7w+ﬁ E T.(x]t k)

.TESn



where w € U,,_1(g). Since the sum lies in U™(g) we have

Un(g) = Un—1(9) + U"(g)

We next show that U,,_1 (g) N U™(g) = 0. Any element of U™(g) has the form

S A D (@),

Ny, n
nit-tnp=n TGSW,

We express this element as a linear combination of basis elements of U(g). We obtain

mni N\ __ ni Nk
E Ang,. E (2 xf) =u+ [ n! g Mgy 1 Xy

MY yeens np € S LA REEE) ng
ny+t-otng=n " nyt+-tnp=n

where u € U,,_1(g), since multiplication in the graded algebra of U(g) is not commutative. This

element can only lie in U,,_1(g) if each A, ,, is 0. Thus

Un-1(g) NU"(g) = 0.

Hence we have

Un(g) =Un—1 (9) @ ur (9)

O
Proposition 1.0.8. The following diagram of vector space isomorphisms is commutative
n Pn n
Tsym(g) — U (g)
n 6n (1.0.2)

S™(g) —— G"(g)
In (1.0.2), the function v, is induced by the projection map T(g) — U(g), 7. IS induced by the
projection T(g) — S(g); 0, is induced by U, (g) — Un(g)/Un—1(g) and ¢, by the isomorphism
S(g) = Gr(U(g))-
Proof. Lett= Y  P,(w) e T2, . (g), where w € T™(g). Note that in order to prove the proposition

sym
ocES,,
it usffices to consider the case when w = 21 ® - ® x,, with z, € gfor1 < k < n, is an

homogeneous monomial.
We have that:
(pnom)t)=nlz1 @ @xn +J +Un_1(9)
(On 0 thn)(t) = Z Py(w)+J +U,_1(9)

ocES,
Now, by Lemma 1.0.2 we have P,(w) — 21 ® --- ® @, + J € U,_1(g), and thus

Y (Po(w) =21 @ @) +J + Uno1(9) = Un—1(g)-
gES,

Hence (6, o ) (t) = (12n © 7a)(£). =

10



Example 1.0.4.
TR T+ T2 @ — e 1) @+ 2 @ Ty + T

- O,
1 @zo+x2@x1+J+U1(g)
2z T I
2@ T1+ Pn 2z2Qx1+J+U1(g)

Since 21 @as+ 2@ x; — 202 @x1+J =21 @9 — 2@ 11 +J = [11,22] + J € Uy(g). Hence
Ty @2 +x2@x1 +J +Ui(9) =222 @21 + J + Ui(g)

Definition 1.0.12. Let I,, be the map defined by I,, = 0, o ¢, and let us extend this map by
linearity to give

1
Ippw = S(g) 2 Ulg); Ippw(u1 @ ®@an+1)=— > o) ®@ - @ To(n) + -
" 0€S,

Ippw is called the symmetrization map.

Remark 1.0.4. Ippw is an isomorphism of vector spaces. The symmetrization map Ippw :
S(g) — U(g) restricts to an linear isomorphism on invariants, (S(g))? — (U(g))? = Z(U(g))
(see Definition 2.0.19). Unfortunately, this restricted map is not an algebra homomorphism.

Definition 1.0.13. A representation of a Lie algebra g on a vector space V is a morphism of Lie
algebras
p:g— End(V), p([z,y]) = [p(z), p(y)].

For z,y € g, v € V, we denote p(z)(v) by z.v and we say that V' is a g-module, or that g acts on
V' under the condition:
[z, y].v = z.(yv) — y.(z.v).

The importance of the enveloping algebra U(g) is that it has the same representation theory as g:
Indeed, given any Lie algebra homomorphism 6 : g — End(V), it can be extended to an as-
sociative algebra homomorphism ¢’ : T'(g) — End(V) in a natural way: 0'(z1 ® -+ ® x,) =
O(x1)o---00(xy). Let x,y € g. Then we have

OV(eoy-—yor—I|ry) = 0x)o0(y)—0(y)o0(z)—0(z,yl)
= [0(2),0(y)lo - 0([z,y])
=0

Since 0, is a Lie algebra homomorphism.

Thus all the generators of the 2-sided ideal J of T'(g) lie in the kernel of §’. This shows there is an
induced homomaorphism ¢ : U(g) — End(V).

Conversely, let ¢ be an associative algebra homomorphism, ¢ : U(g) — End(V'). We have a linear
map I' : g — U(g) such that I'([z,y]) = [['(x),I'(y)] for all z,y € g, and so I" is a Lie algebra

11



homomorphism. We now define 8 : g — End(V) by 6 := ¢ oI'. Then @ is a Lie homomorphism of
the required type.

Remark 1.0.5. The notation z; - - -z, for x1 ® - - - ® x,, + J will sometimes apply.

Example 1.0.5. Let (g,[, ]) be a Lie algebra. g acts on S(g) under the action

x.(x1-Tp) szr“[ﬂﬁ,xi}'“xn,

=1

where x € gand z; ---x,, € S(g). Thatis, S(g) is a g-module.

Definition 1.0.14. Let V and W be g-modules which are isomorphic as vector spaces. We say
that ¢ : V. — W, a linear isomorphism of V onto W, is an isomorphism of g-modules if

b(av) = 2ap(v)

for all x € g and for all v € V. In other words, v is an isomorphism of g-modules , if ¢ is
equivariant with respect to the actions of g on V and W, that is, if the following diagram commutes.

Vv p1(x) Vv

P P

w p2(x) w

Proposition 1.0.9. Ipgy : S(g) — U(g) is a isomorphism of g-modules.

Proof. It suffices to show that z.1ppw (p) = Ippw(x.p), for p = z1---x, € S(g), for z; € g and
x € g. Indeed,

1
rIppw(p) = - Ippw(p) — Ipw(p) -z = ol Z (T Zo(1) To(n) — To(1) *** To(n) - T) -
gES,

On the other hand,

IPBW(:Ep) = IPBW <Z ml...[$7xi]...xn>
i=1
= Ippw (@1 [x, 2] - - @)
i=1
= YL Y za)maem] o Tom
i=1 oeSy
= % Z To)y [T, To@)]  To(n)

q
3
-
Il
—

(T o) = To() - T) o To(m)

q
3
.
Il
-

3

|
3=

xo’(l) DRI xo_(” e xo_(n) — xa(l) cee xn(l) D IR "L‘O_(n)

Q

I
3|
o A o
M=
3]
Q
=

‘»—A
3
.
Il
Juy

(T o) To(n) = Tot) "+ To(n) * T) -

n

\

3
Q
m
195

Thus z.1ppw (p) = Ippw(x.p), and hence Ippw : S(g) — U(g) is aisomorphism of g-modules [
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Chapter 2
Lie Algebras

Let S(g)? be the subspace of all the elements of the symmetric algebra S(g), which are anni-
hilated under the representation of g on S(g) induced by the adjoint representation. The vector
space S(g)? is a graded subalgebra of S(g). Similarly, the subspace U(g)®? is a graded subalge-
bra of U(g). Neither the Poincaré- Birkhoff-Witt map from S(g) to U(g), nor its restriction to the
subspaces of invariants S(g)? and U(g)®? are algebra homomorphisms. However, the Duflo The-
orem states that the vector spaces of invariants, S(g)¢ and U(g)?, are canonically isomorphic
as algebras. This isomorphism is called the Duflo isomorphism and it happens to be a com-
position of the Poincaré- Birkhoff-Witt isomorphism (which is only an isomorphism at the level of
vector spaces) with an automorphism of the symmetric algebra S(g) (which descends to subspace
of invariants S(g)? ). The definition of this automorphism involves the formal power series on g:

adg

J(z) = det (1—57%), called Duflo element [9], where ad : ¢ — End(g) is the adjoint representa-
tion of g.

2.0.4 Derivations of Lie Algebras and Representations

Definition 2.0.15. Let g be a Lie algebra. A linear map D : g — g is called a derivation of g if for
all z,y € g, we have

D ([z,y]) = [D(z),y] + [z, D(y)]

The set of derivations of g is a Lie subalgebra of End(g).

Definition 2.0.16. Let g be a Lie algebra. For x € g, the linear map of g into g defined by
ad(z): g — ¢
y — [z

is a derivation of g, called an inner derivation of g.

Definition 2.0.17. If (g,[-,-]) and (b, [,']y) are Lie algebras, then a linear map ¢ : g — b is a
morphism of Lie algebras if ¢([z, y]) = [¢(x), ¢(y)]y, for all z,y € g.

Proposition 2.0.10. Let g be a Lie algebra, and consider the Lie algebra ( End(g), [, ]. ). We have
that,
ad([z,y]) = ad(z) 0 ad(y) — ad(y) o ad(z) = [ad(z), ad(y)]o;

That is, ad : g — End(g), * — ad(x) is a morphism of Lie algebras.
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Proof. Observe that ad([z, y])(z) = [[z, y], =], whereas the Jacobi identity
[, [y, 2]] + [z, [z, y]] + [y, [z, 2]] = O,
implies that
ad([z,y])(2) = [z, [y, 2]] — [y, [z, 2]] = ad(z) 0 ad(y)(z) — ad(y) o ad(z)(z).

O

Example 2.0.6. By Proposition 2.0.10 the mapping ad : g — End(g), + — ad(x) is a representation
of g in g called the adjoint representation.

Definition 2.0.18. Let g be a Lie algebra and p : g — End(V) a representation of g. A vector
subspace J of V is said to be stable under p if p(z)(J) C J, for all z € g. In this case, the mapping
x — p(x)|; is a representation of g in J, called a subrepresentation of g, and the g-module J is
called a sub-g-module. Moreover, the quotient V/J is a g-module, called quotient-g-module.

The adjoint representation of g extends naturally to a representation on 7'(g) as follows:
$($1®®$n+l) :Z.Il@"'@l‘j_l®[Z‘,J)j]®$]‘+1®"'®£n—|—l.
j=1

Remark 2.0.6. The above definition is valid if we considered the degree of the elements of g equal
to zero, otherwise you have to apply the convention the Koszul sign.

Now, we note that the ideal I of T'(g) (see definition 1.0.6) is also a g-module (sub-g-module of
T(g)) since, for x1,z4 € g, we have

(1 ®x0—22Qx1) = [2,21] @2+ 21 Q [T, 22| — [X,22] ® 1 — T2 @ [, 21]

= ([z,21] ® 20 — 22 ® [z, 21]) + (21 ® [2,22] — [2,22] ® 1) € I,

and so, S(g) has also a natural structure of g-module .

Example 2.0.7. Let g be a Lie algebra. The mapping g — End(S(g)) defined by
n
z-(u+1) ::Zm@--- R [z, U] @+ @uy + 1,
i=1

forz,u; €egandu+ I =u3 ® -+« ®u, + I € S"(g), is a representation of g in S(g) induced
by the adjoint representation

ad : g — End(g), x — ad(z).

Definition 2.0.19. Let V be a g-module. An element v of V is an invariant of the g-module V, or
an invariant of the representation of g in V/, if

plx)(v) =z -v=0, forall z € g.

We denote the set of invariants of V' by /9.

14



2.0.5 Universal Property of S(V)

We want to see that for any vector space V' the commutative algebra S(V) is free over V.

Theorem 2.0.11. ( Universal Property of S(V) ). Let A be an associative algebra, not neces-
sarily commutative, with unit element 14, and let © be a linear mapping from the vector space V
into A,

p: VA

such that
(@) - p(y) —p(y) - p(x) =0 forallz,y €V,

then o is uniquely extended to an algebra homomorphism,
0:5(V)— A

such that6(1) = 14 and 6 o i = ¢, where i is the inclusion mapping of V into S(V).

Proof. For every n > 2, define a n-multilinear mapping ¢, : V. x --- xV — A

(1, xn) = @(x1) oo o(Tn),

where - is the product of A.
By the Universal Property of the Tensor Product [7], ¢, induces a linear mapping

on: T™(V) - A
TR Qx, — @) ... p(x,)

Defining ¢1 = ¢ and ¢g(a) = alas (a € K), we extend by linearity and get an associative algebra
homomorphism ¢ from T'(V) to A.
By construction, ¢ is an associative algebra homomorphism. Now, let =,y € V, then

PzRy—yez)=d()d(y) — ¢(y).d(z) =0
Since
o) - oy) — p(y) - p(x) =0 forallz,y €V,

all the generators of the two-side ideal I of T'(V) lie in the kernel of ¢, and so I lies in the kernel of
¢, and therefore induces an algebra homomorphism 6 of S(V') into A suchthatfor = ¢
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Now we will consider dual representations. We denote by g* the dual space of g equipped with
its standard vector space structure. Henceforth, v = fi-+- f, in S(g*) denotes the element
[i®ee @ fn+1.

Example 2.0.8. Let g* be the dual space of g and let ¢ be the linear map

p: g° — End(S(g))
f—= el
defined by

o(f): S(g) — S(g)
TR Qu,+1 — Zf(l’i)fffl@"'@@@"'@xn"‘f
=1

o~

where ¢(f)(1) = 0, and the sign ~ above a letter indicates that it should be omitted.

We have

o(f) oplg) —w(g) op(f) =0,

Indeed,

P(fop(g)(@1®- - @zp+1) =Y Y g(1;) f(1)11®+ + » DF; @+ + RER+ +» D+ 1
i=1 j=1
G

=@ op(f)z1 @ @xp+ 1)

Hence the map ¢ extends, by the the universal property (Theorem 2.0.11) to an associative algebra
homomorphism 6 defined by:

0: S(g*) —  End(S(g))
1@ @ fe+1 — o(fi)o--op(fi).

Moreover, ¢(f) is a derivation of S(g) and it sends S™(g) to S"~1(g). If v € S*(g*), then (v) is a
differential operator de order £, that is, it annihilates every element of S(g) of degree < k, and it
sends S™(g) to S *(g).

Theorem 2.0.12. If g* is a finite dimension K-vector space of dimension n, then S(g*) is isomor-
phic to the polynomial algebra in n variables over K, Klz1, . .., z,]-

Proof. Take a basis &7, ...,&" of g*. Let ¢ be the linear mapping of g* into K[z, ..., z,] which
assigns z; to &7, this is,
vo: g° = Klz,..., 2]
& — oz
By Theorem 2.0.11, y induces an associative algebra homomorphism ¢ from S(g*) into K[z1, . .., z,],
given by
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o S(g*) = Klzy,...,z,)
[SARERY 3 A S TR A

For any polynomial P(z1,...,z,) € K[z1,...,x,], by construction of ¢, we get that

(P&, ., &) = Plx1,...,xn),

which implies that ¢ is onto, and that P(¢f,...,&") # 0 for P(zq,...,2z,) # 0.
All elements of S(g*) can be expressed in the form P(¢3,...,&5) for certain P(zq,...,2,) €
K[z1,...,x,]. Thus we have Kerf = {0}, and ¢ is an isomorphism.

Definition 2.0.20. Let p : g — End(V) be a representation of the Lie algebra g and let VV* be the
dual space of V. The map p’ : g — End(V*) defined by

x-f:=—fop(x), forall zegand fe V™,

is a morphism of Lie algebras. That is, V* is a g-module called dual g-module and /' is the dual
representation of p.

Example 2.0.9. Let g be a Lie algebra. The mapping g — End(S(g*)) defined by
n
x.v:Zﬁ@...(—fioad(:ﬂ))@... Q@ fu+1,
i=1
forzrcgandv = f1®--- ® f, + 1 € S"(g*) with f, € g%, for 1 <i < n, is a representation
of g in S(g*) induced by the coadjoint representation:
ad : g — End(g*), x> ad'(x),

where

ad' (x) : g*

g =
[ = (=foad(z)).

Lemma 2.0.13. Let g be a Lie algebra. The algebra homomorphism 0 defined in Example 2.0.8

0:5(g") = End(S(g)) L@@ fi +I"— o(fr) o op(fi)

satisfies the equality:

(@) (w1 @+ Qup+1) =0(x-0) (w1 @+ Quy + 140 () (- (W1 Q-+ @u, +1)),

for all elements x € g anduy @+ + - @u, + I € S(g), where x - v is the coadjoint representation:

k
rv=x-(fi®-- ®fk+l*)22f1®"' ®(—ficad(x)) @+ @ fr, + 1",

=1
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and

po(u ) = @ @] @ @uy A1
=1

is the adjoint representation.

Proof. It suffices to prove the lemma when v is of the form f* := f®---® f, with f € g* and k € N.
Fork=1,andu” :=u®--+- ®u -+ I where v € gand n € N, we have that:

2 (0(f) (™)) =z (nf(wu"") =nln — 1) f(u)z,u] - u"?,
On the other hand,
0(z - f) (") +0(f) (@-u") = O(=f oad(x)) (u") +0(f) (nfx,u] - ")
= n(—foad(@))(u) (u"") +
nf([z,u])u™t +nln —1)f(u)z,u] - u">
= n(n—1)fw)r,u) - unt.

Thus,
z - (0(f) (")) =0z - f) (u") +0(f) (x-u").
We now argue by induction on k. It is assumed that k£ > 1 and the formula is true for all v of the

form f7 with j < k. Let ¢ = f*~1, then

z- (0 (%) (W) = 2-(0(f)(0(q) (w)))

n
+0(f)(0(z-q)(v) +6(q) (x-w)

(q) (W) +0(f) (0 (z-q) () +0(f)(0(q) (z-u))
+O(f - (z-q) (W) +0(f)ob(q)(x-u)

+ /(@) (W) +0(fq) (x-u)

- (f+q) (u) + 0 (f*) (- u)
( 0

which completes the proof. O

Corollary 2.0.14. The restriction of 6 to the sets of invariants of S(g*) and S(g),

6: S(g*)? — End(S(9)?)
v — O(v)

is well defined. That is, S(g*)® acts on S(g)®.
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Proof. Letv € S(g*)? and u € S(g)?, then

z.(0 (v) (v) =0 (z.v) (u) + 6 (v) (zu) =0
for all z € g. Thus, the element 0 (v) belongs to End(S(g)?). O

Remark 2.0.7. Let I be the canonical mapping, * — = + J of g into U(g) considered in section
1.0.2. For all values of z,y € g we have

L(lz,y) = [2,9]+
(z®y— y®x)+J
= (e+Ny+J)—(y+NH(x+J)

I'(2)l(y) = T(y)T(=)
= [[(@), Tl

So, T': g — U(g) is a morphism of Lie algebras.
The ideal J of T'(g) is also a g-submodule since, for a, b € g, we have that
z-(a®b—b®a—a,b]) =[r,a] @b+ a® [x,b] — [2,0]®a - bR [z,a] — [z,[a,b]] € T,

and

[z, [a,0]] = [[z,a],b] + [a, [z, b]};

thus, U(g) can be given the structure of a g-module (quotient-g-module).

Definition 2.0.21. There is a g-action on U(g), g — End(U(g)), defined by:
x-u::Zm@--- ®[x,ui]®--- R Up + J = xu — u-z,

foranyz e gandu = u; ® -+ + @ u, + J € U(g), with u; € g for 1 < i < n. The action is
obtained from the adjoint action:
ad: g — End(g), 2z — ad(z).
Remark 2.0.8. Note that
U(g) ={ueU(g):zu=0forallzecg}
={ueU(g): zou—u-x=0forallz € g}

={uecU(g): zu=u-xforalzec g}

An element u lie in the center of U(g), denoted Z(U(g)), if, and only if, it commutes with all
generators x € g subject to relation x - y — y - © = [z, y]. Elements of the center are also called
Casimir elements.

Therefore, U(g)? = Z(U(g)) .
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2.0.6 Formal Power Series and the Exponential Series

Definition 2.0.22. Let A = @ A’ be an associative graded algebra with unit element. Then
7>0

A= {(ao,al,...):ajEAjforj:0,1»~--}7

is the set of formal power series on A. On A we consider a product defined by

J
(ao,al,...)?(bo,bl,...) = <a0'b0, al'bo+a0'b1, gy Za]‘_k'bk ,)
k=0

The space A with the product defined above, is a algebra called the algebra of formal power

series on A. The notation 3 a; for (a;),-, will sometimes apply.
7=>0

Lemma 2.0.15. The algebra @ of formal power series of S(g*) is a g-module with the action
given by:

z-(a5);50 = (T-a5) 50, forallzeg,
where

=> w @+ @(—upoad) @+ Quy+ 1

is the action of the representation
g — End(5(g7))-

Proof. Letz,y € g and (a;);>0 € S/(g\*). We have that:
v (Y- (a5)520) =y (@ (a)520) = (2 (¥ 05)) ;50— (W (27 05)) ;54

- (m yoa;) =y (@-a,)
(.

I
B
S
/\
\_/

<.
Vv
o

Remark 2.0.9. We have (a;),, € S( )¢ if, and only if, a; € S(g*)® for every j > 0.

Lemma 2.0.16. The algebra homomorphism

0: S(g*) —  End(5(g))
1@ @ fo+1 = @(fr)o--o0p(fi)

extends to an algebra homomorphism

)
e
©
=

l

)

3
2
=
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given by

~

0((a;);>0) : S(9) - S(g)
11 @xp+1 = D 0a)(r1 @ @a,)+ 1.
j=0

—

Proof. Let z™ € S™(g), (a;);>0 and (b;) ;>0 in S(g*). We get that:
(@) @)@ = (S asn-ta), )™

= 3 (5 By ) 0 BB am)).

7=0 k=0

On the other hand, we have that:

0((a)s) o B((by); ) ")

Il
)
/N
—
)
~
N
<
~——
—~
>
—~
S
&
S~—
—
8
3
S~—"
S—

i
el
S

3 <
Fo
> O
B
Il
o

<.
Il
o

£l
I
(=)
<.
I
=

Il
=
=

>
—~

S
<

|
o
~

(¢]

>
—~

=
Ead
~
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and thus we get
5((%‘%‘ : (bj)j> (z") = 5((%‘%‘) ° 5((%‘)]') (z").

Therefore, 8 is an algebra homomorphism.

O
Corollary 2.0.17. The restriction of f to the set of invariants of@ ,
8. S’ — End(S(g)?)
(a); = 0((a;),)
is well defined. That is, @g acts on S(g)e.
Proof. Letu € S(g)?, we have that:
e (@) () = (3 0(e) ()
- ij r.a;) (u) + 6 (a) () = 0,
for all z € g. Therefore, we get that 5((aj)j) (u) € S(g*)". O
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Definition 2.0.23. Let A = @ A’ be an associative graded algebra with unit element 1 4, satisfying
5>0

that A° = K. Define A, = {(an)n €A:iay=0,a, € A", foralln e N}. We set

Exp: Ay — 14+ Ao, Eap(a):= Y Ha",

k=0
o (DM ok
Log :1;+4 Ao — Ao, Log(1;+a):= ) ——a",
k=1
where a° ;= 1; = (1,0,0,...)and a* :== @ - - - - a. The set
——

k-times
14+ A4y := {(l,al,ag,...) cA:1eKand aj € A, forevery j > 1}

is a subgroup of A called the Magnus group.

Remark 2.0.10. With all the above notation, if a € Ay, then we have o™ = (0,...,0,un, Unt1,...)
——

n—times
for every n € N.
Example 2.0.10. Applying the explicit definition of Exzp for every element
U = (07 ai, az, as, a4, as, aﬁa"') S A07
we have that:
1 1 1 1 1 1
Exp(u) = (L ay, az + abm as + ab:s + 37€3: 04 + 554 + 3¢ + szu . --),
where
1.2 1 Rt
U™ = 5(0, O7 bg, b37 b4, b5, b()',...) ij = Z Ajo—jy * Qjy
Ji=1
1,3 _ 1 !
au = 5(0, 07 0, C3, C4, Cs, C6,..‘) Cjg = Z Ajs—jy *bj2
Jj2=2
Let us give the explicit description of some terms in the following sums,
J2—1 Jjz—1 Ja—1
bjz = Z Ay —jq ¥, for J2 > 2, Cjs = Z aj3_j2*bj2 for jz3 >3 and dj4 = Z A, —j5*Cjs for Ja>4.
Ji=1 J2=2 Js=3

by = a1 xay
bs = as xay + ag *xas
by =agxay +as *xag +ay *as

bs =agxay +as*xag +as *as+ ay *xay
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c3 = aq * by
c4 = ag x by + ay * bs
cs = a3 x by + ag *x bz +ay x by

66:a4*b2+a3*b3+a2*b4+a1*b5

dy = aq xc3
ds = as xc3+ ay *x ¢y
dg = az xc3+ ag *xcq + ay *cs

d7 =ag*xc3+asz*xcg+ag *c5+ ay *cg

2.0.7 The Duflo Isomorphism

Definition 2.0.24. Let g be a finite-dimensional vector space over a field K. A map
frg—=K
is called a polynomial function on g if for any basis &1, .. ., &, of g, there exists some polynomial
p € Klxy,...,zm]

such that
fl@)=plag,...,am)

forall z = a1& + - - - + amé&m € g. We denote by K[g] the algebra of polynomial functions on g.

Example 2.0.11. Let g be a finite dimensional Lie algebra and let x € g be the element =z =
a1éy + -+ amém, a; € K. We have that:

(ad(2))” (y) = (ad(x) 0 ad(z)) (y) = [z, [z, y]].

(ad(x))* (y) =

151 + -+ O"rng'ma [06161 +-- amfm: y]
SRV ORY)

1j5=1

Mz

3

That is, (ad(x))? is the function

(ad(x))” = iy (ad(&) 0 ad(&;)) from g to g.
i=1 j=1
The function ¢; : g — K given by
co(x) :i=tr ((ad(x))Q) = Z Z tr (ad(&;) o ad(§;)) asiaj,

for all z € g, is an homogeneous polynomial function of degree 2.
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Lemma 2.0.18. Define the map h : S(g*) — Klg] as the unique linear homomorphism such that

WM @@ fo+ D)= fi(z) - fole),

forx e gand fi,..., f, € g*. The linear map h is an algebra isomorphism

Proof. Let &,...,&, be a basis of the vector space g. For an element z € g such that x =
a1&1 + -+ amém, a; € K, we have that:

@ fu@) = A (Eans) £ )

[ m

= [ ann @)} @) fula)

Lii=1

= [ ann <s,»1>f2<x>} (@) fu(a)

Liz=1

[ m m

S 1a¢1ai2f1<sh>f2<fi2>] @) fal)

Lii=11i2=

=S A fal) o 0n, = plan, ),

i1, yin=1

where p € K[z, ..., x,,] is homogeneous of degree n.

Proposition 2.0.19. The linear map i : T"(g*) — (T™(g))* determined by

p(fi®- @ fu)(xr @ @wp) = fr(z) fa(z2) ... fulzn)

is an isomorphism of g-modules. Here x4, ... ,x, lieing and f1,..., f, belong to g*.

Proof. The linear map . is injective: u(f1 ®---® f,) = 0ifand only if f; ® ---® f,, = 0. Moreover,
T"(g*) and (T™(g))* have the same dimension, and so ;. must also be surjective. Thus p is an
isomorphism of vector spaces. We must also show equivariance, that is

w(x.(fr ®®fn)) = x'/u(fl ®---® fn)
for all z € g. Indeed, we have
p (L@@ f) =Y i@ ®(—fioads) @ @ fp.
i=1
Thus

u(x.(f1®-~-®fn))=Zu(fl®~--®(—fioadz)®---®fn)
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and

pa (i@ fu)) e @ @an) = =[fi(lz,21]) - ful@n)] — - = [fi(@1) - fullz, 20))]
On the other hand,

(@u(fi@ @ f)) @ ® - ©zn) =—p(fi @& fo)(@.(z1®
=—u(fi® ®fn)(Z1 1® @ [T,T] Q@ @ xp)
Jn)(x1 ®-

Sl ® )@
= =3 fi@n) - il z) - fa(@n).

=1

- ® xy)) (see Definition ??7?)

R r ] ® - ®an)

<
Il
i

Therefore

(@p(h@- @ f))(e1@ - @zp) = pa(fr @ @ f)) (11 @ @ zn)

So the result follows. O

Definition 2.0.25. An element f € (T"(g))* is called symmetric if

f1® - ®zn) = f(To1) @ @ Ty (n))

forall zq,...,z, € gand all 0 € S,,. The set of symmetric elements of (7" (g))* will be denoted by
(T™(8))sym-

Lemma 2.0.20. Consider the maps S™(g*) By pn (g*) & (T™(9))sym given by

sym

Z fo(l) ®-® fn(n) - = ' Z fo(l) ®-® fn(n))
JESn oES,

Then, the subspaces T, (g*) and (T™(g))*

sym

are g-submodules and the maps 3, u are isomor-

sym

phisms.

Proof. Let f = L > u(foq) ® -+ ® fomy) and fix 7 € S,. Since fy(;j)(2+(j)) = fou (k) for

ocES,

() =k, (i.e., j = 771(k)), then fo;)(@,(j)) = for—1(0)(xx) and

f(#r0) @ ®Tr(n)) = % Z fo(l)($7(1))~-~fg(n)($7(n))
= n' ; fUT 1)(x1) faT‘l(n)(xn)

= f(:l?l ®--® l’n).

Thus f € (T™(g))%,..- Now we have

sym*

B(frry Frimy) = ; Z (1(For() @ @ forny) = B(f1-+ fn)

T oeS,
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Lemma 2.0.21. Letg be a Lie algebra and &4, . .., &,, be a basis for g. The map

cn g K,z tr((ad(z))"), (x =a1§+--+ ozm{m) given by

cn(x) = tr ((ad(z))") = Z tr(ad(&,) o oad(§,)) iy - -, -

11,0000 =1

is an invariant polynomial function on g which is homogeneous of degree n, that is z.c, =

0 forall z € g, and so c,, € S(g*)9.

Proof. Let us recall that ad is the linear map
ad: g — End(g)
Tz — ady,

defined by ad,(y) = [z, y] for all z,y € g. We define the following map f : T"(g) — K,

1
flr1® - @x,) = ] Z tr(ady,, o+ oadg,,)
‘T oEeS,

1@ @an) = f(2;0)® - Q@xrny) forall zy, ...z, € gandall 7 € S, then f € (T"(g))
By Lemma 2.0.20 we have that f corresponds to ¢,, and

flx®@---@r) = ca(x) = tr((ad(z))") .

sym*

We wish to show that ¢,, € S(g*)? , that is ¢, is an invariant polynomial function. We shall make

use of the isomorphism S™(g*) = (T (g))5m-
We recall that 7" (g) may be regarded as an g-module under the action

n
x.(a:1®~--®xn)=Zm1®~--®[z‘,a}i]®-~-®xn.
i=1

Its dual space (7" (g))* then becomes an g-module under the action
(@ fz1®@ - @xp) =—flr(r1®@ - Qx,)).

We now consider z. f where f € (T™(g))%,,,,, is the function defined above.

sym

We have

(a:f)(x1®®xn) = _;f(xl®"'®[$,$i]®~'-®xn)

n
= —% Z Z t?“(adwg(m 0--+0 ad[x’zgm] 0...0 adajd(n))

g€eS, i=1

n
_ 1
= Tl 29 Z:1 tr(ad%m o--oadgoady,; 00 ad%(m)
oES, i=

n
+% >3 tr(ad%(l) 0---0 ad,;dm oad,o0---0 ad%(n))

geS, i=1

= % Zs:* (tr(adma(l) o---0ady,,, © ady)—
oESH

t'f‘(adm o adm’(,(l) ©.--0 adzn(n)))
= 0 since tr(AB)=tr(BA).
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Thus z.f =0forall z € g. O

Definition 2.0.26. Let us define, inductively, a sequence of rational numbers {B,, } by the following
recursion formula:

n—1
By,
By:=1, Bp:==-nl) ——— >1).
0= n};k!(n—&—l—k)! (n=1)

The B,, are referred to as the Bernoulli numbers.

Definition 2.0.27. Let g be a Lie algebra and x € g; we define an element
J2 ¢ S/(g\*),
called Duflo element as the formal power series:
Exp ((0, 0, a2, 0, a4, 0, ag, O, as, 0, ajo, 0, ...)),
where a,, € S™(g*) is such that

Bn
an(x) = (

i tr((ad(x))"), an € Kg]",

in which B,, are the Bernoulli numbers.

Remark 2.0.11. Modulo terms of orden > 12, one finds that

JU2 = (1,0, as, 0, a4+%(a2*a2), 0, a6+%(a4*a2+a2*a4)+%(a2*a2*02), 0,

as+g7 (a6 * az + ag * ag + az x ag)+3; (a4 * ag * az + ag * ag * az + ag * az * ag)+37 (a2 * ag x az * az) , 0,
a10+%(ag*ag+a6*a4+a4*a6+a2*a8)+%(aa*az*az-Faz*ae*az+a2*a2*a6)+

L Ay * A9 * A9 * A + G * G4 * G * Ao + A9 * A9 * Qg * Ao + Ao * A9 * A9 * A4 +l Qo * a9 * G *x as *as), 0,...
4! 51

Theorem 2.0.22. (The Duflo isomorphism, [26, 27]). Ipgw © §(J 1/2), defines an isomorphism
of algebras
S(g)* = Ul(g)®.

The proof for semisimple Lie algebra and finite-dimensional solvable Lie algebras is given in [26].
Duflo’s Theorem is valid for arbitrary Lie algebras. In recent years, new proofs for the general case
have been found using Kontsevich’s theory of deformation quantization [17], and more recently by
AlekseevTorossian [6] in their approach to the KashiwaraVergne conjecture [16]. Some of these
proofs are given in [9].
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Chapter 3
Left Pre-Lie and Dendriform Algebra

Right-symmetric algebras [8, 11], or RSAs in short, are also called Gerstenhaber algebras, or
pre-Lie algebras. Left-symmetric algebras, or LSAs, arise in many areas of mathematics and
physics and are known under many different names. LSAs are also called Vinberg algebras,
Koszul algebras or quasi-associative algebras. Based on the results of the previous chapter, we
give some similar conclusions for Left-symmetric algebras and dendriform algebra. This third part
of the thesis contains our next main results: Theorems 3.0.23, 3.0.24, 3.0.28, 3.0.29, where,
we identify properties similar to the over of chapter 2 for Dendriform algebra and Left-symmetric
algebras. This means that we should be able to investigate in the context of dendriform algebra in
parallel with Lie algebras. The obstacle that did not allow continue with an analogue of the Duflo
theorem was that we could not give an invariant in this context.

3.0.8 Left Pre-Lie Algebra

Definition 3.0.28. An algebra A over K with a bilinear product ( , ) is called Left-Symmetric
Algebra or Left Pre-Lie Algebra, if the product satisfies the following identity:

<<.’IJ,y>,Z> - <l‘, <y,z>> = ((y,x>,z> - <Z/, <Z‘,Z>>,

forall z,y,z € A.

An Left-Symmetric Algebra A is endowed with a structure of Lie algebra with commutator [z, z] =

(z,2) — (x, 2).

Definition 3.0.29. A vector space M is said to be a module over the left-symmetric algebra
(A, (), if itis endowed with a left action . : A x M — M such that

[z,z].m = z.(x.m) — z.(z.m) ,forany z,z. € A,m € M,
and with a right action o : M x A — M such that
mo (bya) = (mob)oa+b.(moa)— (b.m)oa

forany b,a € A,m € M.

Definition 3.0.30. Let M be a module over a left-symmetric algebra (A, (, )). The subspace

M?:ass = -{m c M : <b, a>.m = b.(a-m)’ va’a b € A}
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is called the right associative invariant subspace of A/ and
M™" ={m e M :a.m =0, Va € A}
is called the right invariant subspace of M.
Example 3.0.12. Let A be a left-symmetric algebra, then T(4) = @ A®™ is an A-module with left

n>0
and right actions given by:

n

a.(a1®~~.®an) = Za1®...®<a,ai>®...®an
1=1

(@®-®a)oa = a1 ® - (an,a)

We check the, n = 3 case. We have,
ym=y.(a®@b®c)= (y,0)bRc+a® (y,b)®c+a@b® (y,c)
z.(ym)= (x,{y,a)) @b@ c+ (y,a) ® (x,b) ® c+ (y,a) b X (x, c)

+ {(z,a) @ (y,b) @ c+a® (x,(y,b)) ®c+ a® (y,b) @ (x,c)

+(2,a) ®b® (y,¢) + a®@ (2,b) ® (y,¢) + a® bR (z, (y,c))
y.(zm) = (y,(z,a)) @b c+ (z,a) @ (y,b) ® c+ (z,0) b (y,¢)

+(y,a) ® (2,b) @c+a®(y,(z,b)) ®c+ a® (x,b) ®(y,c)

T {a) @b (,¢) +a®(y,b) @ (z,¢c) +a@b® (y, (x,¢))

Thus
€. (ym) -y (xm) = (<.’E, <yva>> - <y7 <£U, a’>>) RbR®c+a® (<1’, <y7 b>> - <yv <$7 b>>) ®c

Ta®b® ((z,(y,c)) — (v, (z,0)))
= (wylay@boctae((r,y,b) ©c+ta@be ([z,yc)

= [z,y].m
since

(2, (y,a)) — (v, (z, @) = ((z,y),a) — ({y,2),a) = ([, Y], a).
On the other hand,
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(mox)oy+z.(moy)—(zm)oy = a®b® {(c,z),y)+ (z,a) bR {c,y) +
a® (z,b) ®{c,y) +a@b® (x,(c,y)) +
—((2,0) @b @ c+a@(x,D)@c+a®@b® (x,c)) oy
= a®b® (((c,2),y) + (2, {c.9)) — ({z.¢),9))
= a®b® (¢ (z,y))
= (a®b®c)o(x,y)
= mo(x,y) .
In the lemma below we will use the following construction:
Let A* be the dual space of A and let ¢ be the linear map

p: A* — End(T(A))
[ = elf)
defined by

e(f): T(A) - T(A)

mn
i=1

where ¢(f)(1) := 0, o(f)(z) := f(z) forall z € A, and the sign ~ above a letter indicates that it
has been omitted.
The map ¢ extends, by the the universal property to an associative algebra homomorphism 6
defined by
6: T(A*) —  End(T(A))
@ @fi = @(fi)o--op(fi).

Moreover, o(f) sends T"(A) to T"~1(A). If v € TF(A*), then 0(v) is a differential operator de
order k, that is, annihilates every element of T'(A) of degree < k, and it sends 7" (A) to T"~*(A).

Lemma 3.0.23. Let (A, (, )) be a Pre-Lie algebra. Then, for the algebra homomorphism
0:T(A*) = End(T(A))
defined above, we have
2.0 () (11 @ Qup)) =0(x0) (W1 @ Qup) + 0 () (z. (W1 @+ D uy))

for all z € A, where x - v is the action:

k
zv=a- (i@ @ fi) =) L@ @(fioL@)® & fi
i=1
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and
(U @ @ uy) Zul (T, wi) - @ up

is the left action of the left-symmetric algebra A on T(A), where L(x) : A — A, is the linear map
defined by L(x)(y) := (z,y).

Proof. It suffices to prove the lemmawhenv = f1®---® fi, with f; € A*and u1 ® - - - Q@ uy,, € T(A)
where u € Aand n,k € N. For k = 1, we have

2 (0(f) (@ @uy)) = x.<§1f(ui)u1®~~®ﬁi®~~®un) .

We define w; i, == uyg, if 1 <k <i—1andw; = ugs1, ifi <k <n-—1 Foreach1l <i<n,then
we have

z.(0(f)(wm @ - Qu,)) = . (E:le fluw; 1 & -+ ®w¢,n1)

=1

> f(u )(ng wil ® - ® (x, wz,j>®-~-®wi7n_1> i

On the other hand,

0(x.f) (w1 @ @ua) +0(f) (2 (W1 ®@---Qun)) = O(=fol(@))(t®@: - Qun) +

INgE

=1

() (£ oo o o)

n

= —Zf(<x,ui>)u1®--~®@®-~-®un+0(f)(Zn)(u1®~--®<x,ui>®---®un)>

=1 i=1

n

= Y f{ru)u® - @00 - ®un+2f(<xuz>)u1®-~-®ﬁi®~-~®un+

1=1 =

ﬁ: f(ul) (nzl w1 ®-® <$,wi,j> R wi,nl)

. ® <x’wi,j> ® ce . ® wi,nl)

I
M=
ST
1]
&
&

Thus, 2.(6 (f) (u1 ® -+~ @ 1)) = 0 (2.f) (g @ -+ @ un) + 0 () (2. (11 @+ D up))

We now argue by induction on k. It is assumed that k£ > 1 and that the formula

z.(0(0) (1 ® - Quyp)) = 0@0) (w1 @ @uy) +0 (V) (@ (u1 @ @uy))

is true for all v of the form f; ® --- ® fr_1. Letq¢=f1® - ® fx, then
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2.(0(0) (1 @+ @uy)) = x(@()o@ ) ( ®un)
- x.(@(v)(@ (1 ® - ®un>
= (@) (00 (e @un) +00) (2.(0(f) (e ©un)))
- (zv)(@( W) (@ @un) ) +
) (0@ (0 @ @) + 0 (fi) (2. @ -+ @ up)))
= (xv)(( )(u1®-~~®un)>+9(v)(0(x.fk)(u1®~~®un))+
0 (i) (2.t @+ @ un)) )

= 0(xv) 0 (fr) (w1 @ - Quy)+0(v)0b(z.fr) (u1 © - Duy) +

= 02 (U1 ®  Q@up)+0(Q) (z.(u1 @ - Ruy)) .

This complete the proof. O
Example 3.0.13. Let A be a left-symmetric algebra; then T'(A) is an A-module:

n—1
a.(a1®---®an) — a1®...®<a7an>+Za1®...®[a,ai]®...®an
i=1
(a1®...®an>oa = a1®"'®<ama>
where [a, a;] = (a,a;) — (a;, a).

Indeed, we check the n = 3 case:
zm=z2(a@b®y)= [2,a]@bRy+a® [z, Ry+a@bR (z,y)
w.(zm) = [w,[z,d] @by +[z,a] @ [w,b] @y +[2,a] @b (w,y)

+ [w,a] @ [2,b] @y +a® [w,[z,b] @y + a® [z,b] ® (w,y)

+ [w,a] @b R (2,y) + a @ [w,b] ® (2,9) + a @ bR (w, (2,y))
zo(wm)= [z, wa]@bRy+[w,al® [z, @y + [w,al ®bX (z,y)

+ [2,0| @ [w,b] @y +a® [z, [w,b] @y + a® [w,b] @ (z,y)

+ [z,a] @b @ (w,y) + a @ [2,b] @ (w,y) + a @b (z, (w,y))
Thus
w.(zm) — 2. (wam) = [e,a]] — (2w ) ©b® y + a® (fu [2,5] — 2, [, ) © 9

+a®@b® ((w,(z,y)) — (z,(w,y)))

[[w,2],a] DR Y+ a® [[w, 2], @y +a @b (((w, 2),y) — {z,w),y))

= (w,z).m— (z,w).m
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since

[w7 [va]] - [Za [w,x]] = [[wvz]vx} and <wa <Z’a>> - <Z7 <w7a>>

<<wa Z>’ a> - <<Z,’LU>, a>

Also, we have

(mox)ow+az.(mow) — (xm)ow = a®@b® ((y,z),w)+ [r,a] ®b@ (y,w) +
a® (2,0 ® (y,w) +a®@b® (x, (y,w)) +
—([z,0]®b@y+a®z,b]@y+a®@b® (x,y)) ow
= a®b® (((y,2), w) + (x, (y,w)) — ((z,9),w))
= a®ba(y (z,w))
= (a®b®y)o (z,w)

= mo (z,w).

Example 3.0.14. Let A* be the dual space of A and let ¢ the linear map

’

v A — End(T(A))
f= elf)
defined by

e (f): T(A) — T(A)

1R Rz, — 7§f(xi)$1®"'®@®“'®$n
where ¢ (f)(1) := 0, ¢ (f)(z) := f(z) forall 2 € A, and the sign ~ above a letter indicates that it
has been omitted.
The map ¢ extends, by the the universal property to an associative algebra homomorphism ¢
defined by:

0: T(A*) —  End(T(A))

he@f = ¢(f)e0@(fi)

Moreover, ¢ (f) sends T™(A) to T" (A). If v € T*(A*), then 6,(v) is a differential operator de
order k, that is, annihilates every element of T'(A) of degree < k, and it sends 7" (A) to T"~*(A).

Lemma 3.0.24. Let (A, (, )) be a Pre-Lie algebra, then for the algebra homomorphism
0:T(A*) — End(T(A))
defined above, we have

z.(0(v) (w1 @ Qup)) =0(z0) (U1 @+ Qup) + 0 (v) (z. (W @ R uy))
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for all x € A, where x - v is the coadjoint representation,

k
x.v:x'(f1®“-®fk):Zfl®"'®(_fi°ad(m))®'”®fk’
i=1
and —1
x.(ul®...®un):ul®-~-®<.’L‘,Un>+zul®"'®[xaui]"'®un
i=1

is the left action of the left-symmetric algebra A on T'(A).

Proof. It suffices to prove thiswhenv = f1 ®---® fi, with f; € A*and u; ® - - - ® u,, € T'(A) where
u; € Aandn,k € N. For k = 1, we have

OO wu) = o (L iwueshe o)

We define w; , == uy, if 1 <k <i—1land w;y :=ugs1, ifi <k <n-—2foreachl <i<n-1,
then

2.(0(f) (e ®u,)) = = <n§ Fu)win ® -+ @ Wi @ un>

=1
= "il Fu)wint @ @ W g @ (T, Up) +

i=1

n—1 n—1

> f(wi) (Z W1 Q- ® [z, w; ;] ®-~®wi,n—2®’un> .
i=1 j=1

On the other hand,
0(ef) (W@ Suy) +0(f) (@ (W@ ®u)) = 0(—foad@)) (@ @uy) +

n—1
i=1

n—1
i=1

0(f) (ul®"'®<x,un>+nil(u1®~--®[%Ui]@"'@un))

=1

n—1 n—1
= — 2 fruw)u®  Que - Qu,+ 3 flu)ur @ QU @+ @ (x,un) +
i=1 i=1

n—1

n—1 n—1

il w)u® - QUG- Qup+ Y, flu) (Z w1 ® - @ [, wy4) ®"’®wi,n2®un>
i=1 =1

i=1 i=1

n—1 n—1 n—1
= Z f(ul)u1®®@®®(x,un>+ Z f(uZ) (Z wi71®~~-®[m,wi,j]®~'®wi7n2®un>
j=1

Thus,
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2. (00F) (0 @+ @) = 0(@.) (1r @+ @ ) +0.(f) (2. (w1 @+ D )

We now aim to argue by induction on k. It is assumed that £ > 1 and the formula

z.(0(0) (1 ® - Quy)) = 0@v)(u @ @uy)+0 () (@ (u1 @ @uy))

is true for all v of the form f, ® - @ fy_1. Letq=fi ®---® fy, then
2.(0() (11 @+ @uy)) = x.(&(v)o&(fk)(ul®--~®un)>
= 2 (00) O () (m @+ @)
= (@) (0(k) (@ @u)) +0 ) (.00 () (@ @uy)) )
= 0@0) (0 (m e @uy))+
0(0) (0(@fi) (w0 @ @) + 0 (fy) (2.1 -+ B )
- G(x.v)(ﬁ(fk)(u1®~-~®un))+9(v)(0(x.fk)(u1®---®un)>+
0() (0(f1) (@ @ @un)))

= 0(2:0)00(fi) (w1 @ @up) +0 () 00 (. fi) (w1 @~ @ uy) +

This complete the proof. O

3.0.9 Dendriform Algebra

Definition 3.0.31. A dendriform algebra over K is a K-vector space H endowed with two binary
operations -, <: H ® H — H satisfying the following properties:

1. (z<y)<z=2<(yx*xz)

2. (x-y)<z=x>(y<=2)

3. (xxy)=z=x> (y = 2)
for any elements z,y and zin H;herezxy:=xz > y+x <y, forany z,y € H.
Remark 3.0.12. If (H, >, <) is a dendriform algebra, then (H, x) is an associative algebra. Den-
driform algebras were introduced by Loday [20] in 1995 with motivation from algebraic K-theory,
and have been further studied with connections to several areas in mathematics and physics, in-

cluding operads [22] homology [1, 2] Hopf algebras [12, 15, 31, 23], Lie and Leibniz algebras,
combinatorics [18, 24, 5, 4] arithmetic [21] and quantum field theory [18].
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Theorem 3.0.25. Let (D, -, <) be a dendriform algebra. Then D is equipped with a left pre-lie
algebra operation ( , ) given by

(xyy) = =y—y<zx

forall z,y € D.

Proof. We have
((z,y),2) = ((,2),2) = ([2,9],2)
[z,y] = 2 — 2z < [z,y]
= (zxy—y*xax)=z—z<(rxy—yx*x).
On the other hand,
(,(y,2)) = (v, (2,2)) = x> (y,2) —(y,2) <z —y> (x,2) + (x,2) <y
= z>(yrz—z=<y)—(y=z—2=<y)<zx
—y>(z>-z—z<2)+(@>2—2<12)<y
= z-yr2)+ <y <z—y=(x=2)—(z<z)<y
(xxy)=z+z<(yxx)—(y*z)=2—2=<(z*y)

= (zry—y*x)=z—2z<(rxy—y*zx).
Thus

<<a:,y>,z> - <<y,])>,2’> = <$, <y,2>> - <y7 <$,Z>> .

Therefore (D, (, }) is a left-symmetric algebra.

Example 3.0.15. The graded vector space T'(B) = ®,,>, B¥" endowed with the products - and
=< defined as follows:

1- (Ul R ® 'Un) > (Un+1 K- & U71,+7n,) = ((Ul K- & Un) * (Un+1 Q- ® Un,+7n,—1)> & Un+m-
2. (Ul Q- 'Un) < (Un+1 [N U71,+7n,) = ((Ul R ® Un—l) * (U7L+1 X ® Un+m)> X Uy

3. * => 4 <. ( xis called shuffle product )

is a dendriform algebra.

Definition 3.0.32. Let B be a K-vector space. The cotensor algebra 7'(B) is the K-vector space
T(B) = @D, B®" equipped with the shuffle product. The shuffle product is associative and
commutative.

Now we concentrate on a special type of dendriform algebras which we will use in the following
chapters.
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Definition 3.0.33. A planar binary tree is an oriented planar graph drawn in the plane with one
root, n 4+ 1 leaves and n interior vertices, and such that each vertex is connected by three edges,
two incoming edges and one outgoing edge.

An edge can be internal (connecting two vertices ) or external (with one loose end). The external
incoming edges are the leaves. The root is the unique edge not ending in a vertex.

The integer n is the number of internal vertices and is called the degree of the tree. We denote
by Y,, the set of trees of degree n. For example,

Yo={1}, n={V} ywn={V, " ySZ{W,W,\/,W,V}
vi={ N XN NN RSN NV N N N N

One can show that the cardinality of Y,, is given by the n-th Catalan number,

Definition 3.0.34. Let B be a vector space and X be a basis of B. We denote by Y,, x the set

of all planar binary trees with n 4 1 leaves whose vertices are labeled by the elements of X. The
K-vector space generated by Y,, x is denoted K[Y,, x|.

Definition 3.0.35. Lett € Y, x and w € Y;,, x be labeled trees, and let = be an element of X. The
tree t V, w € Y, 1m+1,x is called the grafting of ¢ and w over z, and it is obtained by joining the
roots of ¢t and w in a new vertices, which is labeled with .

W

X ¢ a

DS AV
X

Remark 3.0.13. For any tree t € Y, x there exist unique elements t; € Y,,_j x, t2 € Y,_1 x and
x € X, such that
t=11 Vg to

Definition 3.0.36. We define recursively operations - and < over the graded space

Dend(B) == P K[V, x]

n>1

as follows:
1. t>|:=0,and |< ¢t := 0 for ¢ #|
2. |~ t:=t,and ¢ <|:=t for t #|
3. Ift =1t Vy te and w = wy V,, wo, then

t<w:=t1 Vg (tzxw) and ¢ > w:= (t*xwi) Vy wo
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4. txw:=t-w+t<w

The following result is due to J-L Loday [19]

Theorem 3.0.26. For any finite set X, the space Dend(B), with the products < and - defined
above, is the free dendriform algebra on B spanned by X.

Definition 3.0.37. Let (D, >, <) be a dendriform algebra; for any n > 1 define the operations w?,
w™ from D®" into D as follows: wl (z) = w(z) := x,

wl (x1,...,xn) = (- ((x1 = 22) = x3) > -++) > Tp_1) > T,

Wi (21, ., mp) =21 < (02 < (T2 < (Tn—1 < T0)) 1),

and define also (z1,...,z,,x), € D by the formula

n

(T1,... &, ) = z:(—l)”_iwf< (T1,...,2) = x < w’;_i (Tix1, -5 2Tn)
i=0

for any family of elements x4, ..., z,,z of D.
Example 3.0.16.

r T ' '
C (& C e C e
5) = — 9 n Y _ Y n Y

(e,7,¢, Y)penap) =~y < ((e=r)=c)+e=y<(r=c)—(e<r)=y=<c+e<(r<c)>y

<€, rc, y>Dend

Definition 3.0.38. Let (B, -, <) be a dendriform algebra and let

Dend(B) == P K[V;.x]

n>1

be the free dendriform algebra on B. Denote by I the two-sided ideal of Dend(B) spanned by
the elements

(T1,. s T, ¥)B — (L1, -+, Tn, Y) Dend(p), TOrallz,y € B.

The quotient Dend(B)/1p is a dendriform algebra called the enveloping algebra of B; we denote
it by Udend(B)

Let (B, (, )) be a left-symmetric algebra; then Dend(B) is an B-module, that is, there is a B-action
on Dend(B) defined in each tree as in the following examples, for all x € B:

NN
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a a z, al
a\<'/ [:v,aW W
e b _ b + @b

x. b = b + <$, b> + b + b ,

Let J the two-side ideal of Dend(B) spanned by the elements

(x,9) = {(2,Y) Dena(p), forallz,y € B.

This action satisfies z.J C J.

The following result is due to M.Ronco [30]

Theorem 3.0.27. Let (D, -, <) be adendriform algebra. Ifx1, ..., 2y, 2nt1, ..., 2ntm are elements
of D then:

m
w>(x1, s 7xn) * w>—(zn+17' .- 7Zn+m) = Zw>-($1a ceey Ty = w>—(zn+1a .- ~7Zn+j)a .- -7zn+m)
=0

Example 3.0.17. we have, for example,

w>(a7ba C) * w>($ay72’) =

w>(a‘7bvcaxay7'z) +w>(a7bac = x,y,z) +w>(a’ab7c = ’U)>(Z‘,y),2’) —|—w>(a,b,c = w>($ay72))~

In the case of D = Dend(B) we have:
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Theorem 3.0.28. We can express the shuffle product as a recursive procedure as follows:
(x1®®mn)*(zn+l®®zn+m) = (x1®"'®xn—1*Zn+1®"'®zn+m)®mn +

(xl®"'®xn71*ZnJrl®"'®Zn+mfl)®mn®zn+m +

(371 R Tp—1* Zn+1 ®-- Zn+m72) ® T ® Zn4+m—1 & Zn+4+m +

(371 QDT * Zn+1) R xy &® Zn+2 K- @ Zn+m—1 ® Zn4+m +

-771®"'®$n®zn+l®"'®Z’n+’m

Proof. If we compare the calculations of the example 3.0.15, the result is obtained. O

Example 3.0.18. Let T(V) be the cotensor algebra, Definition 3.0.32 . f a®@b®cand z @y ® z
are elements in (V) then:
(a@b@c)x(z2@yz) = (a®@b)*x(2Ryz)Qc +

(a@b)x(z@y)®c®@2z +
(@) *xx)RcRYyRz  +

ARbRCRTRYR 2

Theorem 3.0.29. Let (B, >, <) be a dendriform algebra. Then every element in the enveloping
algebra of B, Ugy.a(B) can be written as a finite sum of elements of the form

w>(x1a"'7xn)

m—1
where x; € B,, = span{(yl,...,ym> YL, Ym € U Bq-} and B; = B.
i=1

K2

Proof. We use the following equalities in Uge,q(B), Definition 3.0.37 and Example 3.0.16.

\/ = <JJ1, sy Ty y>Dend(B)

<:c1,...7a:n,y)B

For instance,

] _ Y _ (=mwys

and therefore
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o
Y X
Z _ Y o Z
— ( Yy _ <:C1y)B ) — z
W <x»y>w
Yy
— z _ z
Example 3.0.19. The following equalities are satisfied in D = Ugena(B)
LA T
(z,c)

a z a x a (z,a)
b 5 3 (x,b) b
C _ C + C _ C _ C
o _ (z,z4) _ (=) . a
P _ ({x.2).0) B P L (w.z0) _ (z0) L o
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Chapter 4

Construction of Ballot"-Algebras from Associative Algebras with
a Rota-Baxter Operator of Weight Three and Two

In this chapter we give a generalitation of Rota-Baxter Operators and introduce the notion of a
Ballot™-algebra. Combinatorial objects such as rooted trees that carry a recursive structure have
found important applications recently in mathematics. This is the case for free Rota-Baxter alge-
bras. It was shown in [3, 14] that free Rota-Baxter algebras on a set can be constructed from
a subset of planar rooted forests with decorations on the angles. We now give similar construc-
tions for obtain an associative algebra in terms of planar binary trees with a modified Rota-Baxter
Operator, and so we construct a Ballot™-algebra.

Definition 4.0.39. A Ballot™-algebra over K is a K-vector space H endowed with m + 1 binary
operations {x; }o<;j<m satisfying the following properties:

1. 2% (y*j2)=(T+y)* 2, for 0<i<j<m,

2. xx9 (Y*p2) = (T xoy+ -+ Tk y) *0 2,

B.z# (Yroz+ - +y*i12)= (T 1Y+ +Thpy)x 2, for 1<i<m-—1,
4. Ty (Y*o 2+ + Y *m 2) = (T *m Y) *m 2,

for all x,y and z in H.

Example 4.0.20. The properties of a Ballot*-algebra are

x *g (Y *1 2) = (%0 y)
x *q (Y *9 2) = (x *
zxy (Y x2 2) = (@ % )

x*g(y*oz+y*1z+y*2z) (x *2y)*227
x 1 (Yo 2) = (T *oy) 1 2

m*o(y*oz):(:L'*Oy—i-w*ly—i-x*Qy)*oz,

@
~—

Q
N

Remark 4.0.14. If 1 < j < m—1, then, the operations =7:= xg+*;+- - -+x; and <= *; 1+ - 4%y,
equips to a Ballot™-algebra A of m — 1 dendriform algebra structures given by: (A, =7, <7).
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4.0.10 Rota-Baxter Operator of Weight )\

Definition 4.0.40. Let (A,-) be an associative algebra. A linear map R : A — A is called a
Rota-Baxter operador of weight A on A if R satisfies

R(z)-R(y) = R(R(x) -y +x- R(y) + Az -y),
for all z,y € A. A Rota-Baxter algebra (also known as a Baxter algebra) is an associative

algebra A with a Rota-Baxter operador.

Example 4.0.21. Let A be a K-algebra. For a given \ € K, define Ry : A — A, x — —Ax, for
all z € A. Then (A, R,) is a Rota-Baxter algebra of weight \. In particular, id is a Rota-Baxter
operator of weight -1.

Example 4.0.22. The Rota-Baxter relation finds its most prominent example in the integration by

parts rule for the Riemann integral on a suitable function space, denoted by cont(R) the ring of

continuous function on cont(IR) with the standard pointwise multiplication. For a given f € cont(R),

define R(f) € cont(R) by R(f)(z) = ff(t)dt, for all z € R. Then (cont(R), R) is a Rota-Baxter
0

algebra of weight zero. Indeed, for f,g € cont(R), let F(z) := [ f(t)dt = R(f)(z) and G(z) :=
0

R(f - R(g))(x)

I
~—~
-
=
S—
Q
=
S—
QU
s

= (R(f) - R(9))(x) — R(R(f) - 9)(x)
Thus, R(f - R(g)) = R(f) - R(g) — R(R(f) - g), which is just the Rota-Baxter relation for weight 0.

The following result provides the construction of dendriform algebras from associative algebras
with a Rota-Baxter operator of weight zero.

Proposition 4.0.30. Let A be an associative K-algebra and R : A — A be a Rota-Baxter operator
of weight zero on A. Define new operations on A by

x>=y:=R(x)-yandx <y :=z- R(y).
forall z,y € A. Then (A, -, <) is a dendriform algebra.

Proof. We verify the last axiom in 3.0.31; the others are similar. We have
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z>=(y>2 = R

R(R(z) -y +z- R(y))z
= Rl-y+zx=<y) =
= (z-y+tax<y >z

Definition 4.0.41. If alinear map D : A — A satisfies
D(x-y)=D(z)-y+z-D(y) forallz,y € A,

then D is called a derivation on A. More generally, a linear map d : A — A is called a derivation
of weight \ and g if

d(z-y) =d(z) - y+z-dy) + Md(z) - d(y) + Bd(d(z) - d(y)), forall z,y € A.
Take in the definition 4.0.41 a derivation of weight A and 3, that is

d(x - y) = d(z) -y +z - dy) + Ad(z) - d(y) + Bd(d(z) - d(y))-

We can use the definition 4.0.41 recursively in the last term and thus we have

o) =305 (@) )+ ) ) A @) ) ).

Define the operator
S(z,y) =d(x) -y +x-d(y) + Ad(z) - d(y),

then

oo

d(x-y) =y B 'S(@ (a),d" " (y)).

n=1

Denote S, (z,y) = S(d"~(z),d""*(y)) for each n > 1. If we defined z x y = z - y + Bd(x - y), then

zry=xz-y+» B "Sn(z,y).

n=1
Therefore the definition 4.0.41 give a deformation of the product in A, with deformation parameter

.

Example 4.0.23. Let A be an commutative algebra with unit 1, and D : A — A be a derivation
on A . Let ¢ be a formal variable not in A. The algebra of pseudo-differential symbols over A is the
vector space
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= {Zaugyzal, €A, VGZ}
—0o0
with the relation
o0 1 ¥ V
Z P &)
0
Foralla € A and v € Z, for instance

§30a = -+15DYa)¢ " —10D3(a)éC +6D%*(a)é® —3D(a)é~ 1 + a3
Eoa = -+0+0+D*a)+4D3a)t +6D%*(a)é? +4D(a)é® + agt

We extend o to the associative multiplication on ¥(A) given by
n , m A _ o0 1 m ) A n a] ,
(ner)o (ae) - > 31 (2 Pt (b gg€)
Where D°(a) = a, 5%(5”) = ¢” and if we denote v(v — 1) --- (v — j + 1) by (%), then

(ipj(ak )(wagu)_;(zpmk ())5#7

k+v=p

The derivation D on A extends to a derivation D on ¥(A) via
D> a,") =Y Dla,)e
If D is invertible, then D~! a Rota-Baxter operator on W(A).

For the following proposition see definition 4.0.42.

Proposition 4.0.31. Let ( A,-) be an algebra over K. An invertible linear mapping P : A — A is a
Rota-Baxter operator of weight \ and 3 on A if and only if P~ is a derivation of weight A\ and 3 on
A.

Proof. If an invertible linear mapping P : A — A is a Rota-Baxter Operator of weight A\, and g
then
P(z)-P(ly)=P(P(z) - y+z-Ply)+ \x-y)+Px-yforallz,ye A

Set z = P(z),w = P(y). Then by last equation we have

P (zw) =2 P~ w) + P (2) - w+ AP (2) - P~ (w) + 8P (P(2) - P (y)).

Therefore P~! is a derivation of weight \ and /.
Conversely, let P be a derivation of weight A\, and 3 then
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P(P7'(z)- P (w)) :Z'Pil(w)-FP*l(z)~w+)\z-w+P(z~w) forall z,w € A

Therefore

Plz)- P Y w)=P z- P Y w)+ P (2) - w+ Az-w) + Bz-wforall z,w € A

This proves the result. O
Proposition 4.0.32. Let (A, -) be an associative algebraand R : A — A be a Rota-Baxter operator
of weight one on A. That is,
R(z)-R(y) = R(R(z) -y +z-R(y) +z-y),
for all z,y € A. Define three new operations on A by
xxoy =R(x) -y, axxy:=x-y and xzx*9y:=z-R(y),
for all z,y € A. Then, (A, o, *1,*2) is a Ballof’-algebra.

Proof. We have for all z,y,z € A

zx(yx12) = R(x) (y-2) vx1(yxoz) = - (R(y) =z
(R(x)-y)- 2 (z- R(y)) - 2
= (zxoy) % 2 = (zxy)x 2
Txo(y*22) = R(z) (y- R(2)) xxo (Yy*o2) = R(x) (R(y)-2)
= (R(z)-y)- R(2) = (R(z) R(y)) =
= (z*oy)*22 = R(R(xz) y+z-y+a-R(y))- =
rx1(y*22) = x-(y-R(2)) = (Eroytoaytosny)s

(z-y) - R(z)
= (z*1y)*22

T (Y*roztyx12+y*ez) = - R(R(y) - -z+y-z+y-R(2))

[
®®
=
—

<

Example 4.0.24. Let K[Y,,] be the vector space generated by the set Y,, of all planar binary trees
with n + 1 leaves. For any ¢t € Y, and w € Y,, we define recursively the following product on
@ KJY,,] extending it by linearity:

n>0
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t, it w=]|,

w, if t=|,
t-w:=
By(ti, ... tn-w) + B+(t-wi,..., wm)
+ Bi(t1y. o ytn - Wiye oy W), if t=DBy(t1,...,tn) andw = By (ws,...,wn),
where B, associates to the planar binary trees ¢4, ...,t,, the tree obtained by the joining of the

root of each ¢;, 1 < j < n with a new vertex on a unique edge, drawing a new internal edge for
each j, this is.

B () -
Observe that any planar binary tree of degree bigger than one can be written in a unique way as

t= B+(t1,...,tn).

As an example we have

NN B (1 ) s (N L) (1 v 1)

We define the operator

R(t) = By (t), forallt € P K[Y].
n>0

Then, R is a Rota-Baxter operator of weight one on @ K[Y,,].

n>0
Proposition 4.0.33. Lett = By (t1,...,tn), w = By (w1,...,wy) andz = By (z,...,z;) be planar
binary trees in the algebra ( P KI[Y,],- ). Suppose that

n>0
t-(w-z1) = ({t-w)- -z
tp-(w-z1) = (tp-w) -z
th-(w-2) = (tp-w)- -z

Then,
t-(w-z)=(t-w)- =

Proof. (t.w).z = (B+(t1,...,tn-w)+ By(t-w1,...,wm) + By(t1, ...ty -w1,...,wp)) - 2
(By(t1,. . ytp-w)) - 2= Bi(tr,...,(tn -w) 2)+

By (Bi(t1,- o ytn-w)-21,...,28) +

Bi(ti, ..., (tn-w) 21,...,2k) .
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(By(t1, o stp w1, ywi)) 2= By(ty,... ty-wi,..., w0y - 2) +
By (By(ti,. sty - Wiyeony W) 21,...,28) +

Bi(t1, . tn - Wiye oy Wiy 21, .-y 2k) -

We can simplify the second term of the previous development by B ((t - w) - z1,. .., zx), Since

Bi((t-w)-z1,...,28) = Bi(Bi(t-wi,..., W) 21,...,2k) +
Bi(Bi(tisytn-w) 21, 2) +

Bo(By (s sty W1,y ) - 21, 2)

Thus,

(t-w)-z= Bylty,...,(tn-w)-2)+
Byi(ty,...,(tn-w)-21,...,25) +
By(t-wiy,...,wp-2)+
Bi(t-wi,... Wy - 21,.--,25) +
Bi(t1, . sty w1, .., wy - 2) +
Byi(ty, ..oty -wiyeo oWy - 21, .., 2k) +

B+((t'w)'213"'azk)'

On the other hand, we have

t(w.z) =t (By(wy,..., W -2)+B(w-21,...,25) + B (w1,..., W - 21,...,2x)), and
t-(By(wyy..ywpm-2)) = Byt -wi,...,wm-2)+

Bi(ty. ...ty By(wi,...,wym - 2)) +

By(ty ... )ty wi,..., Wy - 2) .
t-(By(w-z1,...,2k)) = By(t-(w-z1),...,2K) +

Bi(t1,...,tn - Bi(w-21,...,2;)) +

By(ty, ..oty (w-21),...,2k) .

t- (By(wiyeo oy Wi - 21y0.52k)) = Bi(t-wi,...,wm - 21,...,2k) +
Bi(t1, .. sty - Be(w, ..o ywm - 21,...,28)) +
By(t1, .o ytn - Wiyeo oWy 21,0, 2K) -

We can simplify the second term of the above development by B, (t1,...,t, - (w - z)), since
Byi(t1,...,tn-(w-2))= By(ty...,tn Bi(wi,...,wm-2))+
Bi(t1,... tn - By(w-z1,...,2;)) +

Bi(t1, .. tn By(wy, ..., wm - 21,...,2k))-

Thus,

t-(w-z)= By(t-wy,...,wn-2)+
Bty ... ty-wy,...,wy,-2) +
Bi(t-(w-z1),...,28) +
B,
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Finally, if we compare the calculations of the two parts, the result is obtained. O

Corollary 4.0.34. Lett = By (t1,...,tn), w = By (ws,...,wy) and z = By (z1,...,z) be planar
binary trees in the algebra ( P K|Y,,], - ). Suppose that
n>0

tn:|22’1.

Then,
t-(w-2z)=(t -w)-z.

Proof. We have that by proposition 4.0.33 with ¢,, = | and z; = |, the corollary is satisfied.

Corollary 4.0.35. Lett = By(t1,...,tn), w = By (ws,...,wy) and z = By (z1,...,z) be planar
binary trees in the algebra ( P K|Y,], - ). Suppose that
n>0

tn, = By(tn1,- -, ton) With t,,, = | and that

z21 = B+(211,.. .7Z1k/) with Z11 = ‘ .

Then,
t-(w-2)=(t w)-z

Proof. We have that by corollary 4.0.34 with t,,,,, = | and z;; = |, the equality
bty (w-2z1) = (tn-w) - 21

is satisfied.
Thus we have that the equations

t~(w~z11) = (t-w)-zn
tn-(w-zu) = (fn”w)'Zn
tp - (w-2z1) = (th-w) 2z

are true, and therefore by proposition 4.0.33 we have
t-(w-z1)=(t-w)- 2.

In the same manner, we have that equations

tn - (w-21) = (th-w) -2z
ton - (W-21) = (tpn -w) - 2
o - (W-2) = (tpn -w) -2
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are true, and so by proposition 4.0.33 we have
tn - (w-2) = (ty, - w) - 2.

Finally by proposition 4.0.33, the equalities

t-(w-z1)=(t-w)- 2.
ty - (w-2z1) =ty (w-21)
ty - (w-2) = (t, - w) - 2.

imply that
t-(w-z)=(t w)-z.

Remark 4.0.15. All planar binary trees of degree n can be expressed in terms of

|7 B+(|)’ B+(|7 |)’ e '7B+(|’ ) ‘)7
——

n—1
For instance, The set planar binary trees of degree 4 is:

Y4={B+(|7|7|7|)7 Bi(B+(|,11)), Be(B+(B4+(l:1)) ), B+(B+(B+(B+(])))),
By (B (B+(1):1)), B+(B+(|,B+(1))), B+(B+(1)1,1), B+(l,B+(1)1), B+(l ], B+(1)),

Bi(B(L1):1), B+(l, B+(:1)), Be(,B+(By(1))), B(By(By(])) 1), B+(B+(|)7B+(|))}

Corollary 4.0.36. The algebra (P KIY,], - ) is associative.
n>0

Proof. We have that by corollaries 4.0.34 and 4.0.35 and by remark 4.0.15, this corollary is satis-
fied. O

4.0.11 Rota-Baxter Operator of Weight X and 3

Definition 4.0.42. Let (A,-) be an associative algebra. A linearmap R : A — A is called a
Rota-Baxter operador of weight A and 5 on A if R satisfies

R(z)-R(y) = R(R(z) -y +z-R(y) + Az -y) + Bz -y,

forall z,y € A.
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Example 4.0.25. Let Y be the set of planar binary trees and let F = {(¢1,...,t,) : t1,...,t, € Y,n € N};
each element of F' is called a forest. We are going to define a product - on the vector space gen-
erated by the set F, K[F]. We define - by given a set map

Y xY = K[F],

and then extending it bilinearly. First assume that ¢t and w are planar binary trees. Then we note
that a tree is either | or is of the form B, (¢4, ..., t,) for unique trees ¢4, ..., t,. Thus we can define

t, if w=|,
w, |f t:|,
t-w:=1< By(ti,...,tn w)+Bi(t-wi,..., wn)

+BB+(t1,...,tn~w1,...,wm)+2(t1,...,tn~w1,...,wm), if t:B+(t1,...,tn)and

w = Bt(wi,...,Wn),

Now, consider arbitrary forests (¢1,...,t,) and (ws,...,w,,) we define

(t1y.oostn) - (W1, .. wm) = (t1, .oty (W1, .. w0))
(t1y.oy (b - wry oo W)

((t1y. ooy tn) - Wiy e s W)

((t1y eyt wr)y ey W)

= (F1yeenstn  Wiyeony Wiy).

Extending - bilinearly, we obtain a binary operation
- K[F] x K[F] — K[F].

Define
R((t1,...,tn)) = By(t1,...,tn), forall (t1,...,t,) € K[F].

Then, R is a Rota-Baxter operator of weight three and two on K[F]. We will check this fact in
several steps. First of all, we need to check that (K[F].) is really an associative algebra:

For m # 1 the associativity
((t1y e tn) - (Wrye oo ywim)) - (21,00 28) = (E1y e ooy tn) - ((W1y ey wim) < (21,004 28))
is satisfied in the algebra ( K[F],- ). We have to verify associativity for planar binary trees.

Proposition 4.0.37. Lett = B4 (t1,...,tn), w = By (w1,...,wy) andz = By (z,..., zx) be planar
binary trees in the algebra ( K[F],- ). Suppose that

t-(w-2z1) = (t-w) 2z
tn-(w-21) = (tn-w)- 21
ty-(w-2) = (tp,-w)-z

Then,
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Proof.

(tw).z = (B+(t1,...,tn~w)+B+(t~w1,...,wm)+SB+(t1,...,tn~w1,...
2(t1, . otn W1, W) - 2
(By(t1,. . ytp-w)) 2= Bi(tr,...,(tn -w) 2) +
By (Bi(t1,- o ytn-w)-21,...,28) +
3By (t1y.-oy (tn-w) 21, .., 25) +
2(t1,y .oy (b w) - 21,0y 2k) -
(Bi(t-wi,...,wm)) 2= Byt -wi,...,wny-2)+
Bi(By(t-wiy...,Wm) - 21,...,2) +
3Bi(t-wi, ..., Wy - 21,...,2k) +
2(t-Wiye. oy, Wyy - 21,y 2K)
(BBi(t1y - stn - wi,yeeeyWim)) 2= 3By(t1, .. by -wi,..., Wy 2) +
3B (Bi(t1y e ostn - Wi,ee oy W) 21,y 2k) +
9By (t1y.. by - Wiyee oy Wy - 21, .., 2k) +
6 (61, v ybp W1y e ey Wi * 21,y 2k) -
2 (tyee gty Wiy, W) 2= 2 (1, ybn W1,y Wiy - 2)

We simplify some terms of the previous development by B ((¢t - w) - 21, ...

, 2k, Since,

Bi((t-w)-z1,...,28) = Bi(Bi(t1,. . ytn-w)-21,...,25) +
By (By(t-wi,. .. W) 21,...,25) +
3B (Bi(t1y - ytn - Wiyeey W) 215+ 2k) -
2B4 (t1ye eyt Wiy eony Wiy * 21,500y 28) -
Thus,
(t-w)-z= Bi(tr,...,(tn -w) 2)+
3Bi(t1,. oy (tn-w) 21,...,2k) +
21, ooy (tn - w) - 21,00, 21) +
By(t-wi,...,wp-2)+
3B (t-wi,..., Wy 21,...,2k) +
2(t Wi,y Wiy * 21, -+ 2k) +
3By (t1y - ytn W1y Wiy - 2) +
TBi(t1ye e stn - Wiyen oy Wiy - 21, .-y 2) +
6 (t1,.eybp W1y eeny W » 21,5 2k) +
6 (1, ytp - W1,y Wiy - 2) +

By((t-w) -2, ..

.,Zk) .

On the other hand, we have

t.(w.2)

Wt 2) + By(w-21,...,2k) + 3 By (wy,. .
,zk)) , and we compute each term in turn:

t- (B+('LU17..

2(wy, ... Wy + 21, ..

Wi Ry - -

7wm) +

azk) +
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t-(Be(wi,...,wm-2))= Bi(t-wi,...,wp-2)+
Bi(t1...,tn - By(wi,...,wm - 2)) +
3Bi(t1 ... ty w1, Wy - 2) +
2(t1 e yty W1,y Wiy - 2)
t-(By(w-z1,...,2;)) = Bi(t-(w-z1),...,21) +
Byi(t1,. sty - Bi(w-21,...,2;)) +
3Bi(t1y- - stn - (w-21),...,2) +
2(t1, . ytn (W 21), .00, 2k)
3t (Bi(wi, ... yWm - 21,...,2k)) = 3By(t-wi, ..., Wy 21,...,25) +
3Bi(t1,.. ytn  By(wi,..., Wy - 21,...,2k)) +
9B (t1,.. by Wiy oy Wy * 21, .+, 2k) +
6 (1, e esbp Wy ee ey Wiy * 21,5 2k) -

2t (W, ooy Wiy 21y ey 2k) = 2(E- W1, Wiy * 21y e ey 2) -
We simplify some terms of the above development by B (t1,...,t, - (w - 2)), since

Bi(t1,...ytn-(w-2))= Bi(ti...,tn - Be(wi,...,wm-2)) +
By(ti,...,tn - By(w-z1,...,2)) +
3By(t1y. . ytn  By(wi,...,wm - 21,...,2k)) +
2B (1, yty - Wi,y Wiy * 2150 v ey 2) -
Thus,
t-(w-z)= By(t-wi,...,wy - 2)+
3-Bi(t1...ytn - Wiyeoo, Wy - 2) +
2(t1 .o yty W1, .oy Wiy - 2) F
By(t-(w-z1)y...,2) +
3By (t1,. . sty (w-21),...,25) +
2(t1y e oytn - (W 21),.. 0y 28) +
3B(t-wi,...,Wn21,...,2k) +
TBy(ty,. ..ty Wi, W+ 21, ..,28) +
6 (1, sty Wy ee ey, Wi " 21,5 2k) +
2(t Wiy ..oy Wiy » 21,5 2k) +
Bi(t1, ...ty (w-2)).

Finally, if we compare the calculations of the two parts and suppose that

t-(w-z) = (t-w)zxn
ty-(w-2z1) = (tn-w) -2z
ty-(w-2) = (th-w)-z

the result is obtained.

Corollary 4.0.38. Lett = By (t1,...,tn), w = By(wi,...,wy) and z = By(z,...,z;) be planar

binary trees in the algebra ( K[F], - ). Suppose that



Then,
t-(w-z)=(t w)-z.

Proof. We have that by proposition 4.0.37 with ¢,, = | and z; = |, the corollary is satisfied.

Corollary 4.0.39. Lett = By (t1,...,tn), w = By(ws,...,wy) and z = By (z,...,z) be planar
binary trees in the algebra ( K[F], - ). Suppose that

tn = B+ (tnh v atnn’) with tnn’ = |

zZ1 = B+(Z]_1,...,Zlk/) with Z11 = |

Then,
t-(w-2)=(t-w)-z

Proof. We have that by corollary 4.0.38 with ¢,,,,» = | and z;; = |, the equality is satisfied.

bty (wW-21) =ty (- 21)

and the proof continues in the same way as in the corollary 4.0.35, using in this case the corollary
4.0.38 and proposition 4.0.37.
O

Corollary 4.0.40. The algebra ( K[F], - ) is associative.

Proof. We have that by corollaries 4.0.38 and 4.0.39 and by remark 4.0.15, this corollary is satis-
fied O
Proposition 4.0.41. The linear map R : K[F] — K[F],

R((t1,...,tn)) = By(ty,... tn), forall (ti,... t,) € K[F].
is a Rota-Baxter operator of weight three and two on K[F.
Proof. We just need to prove that

R((t1,...,tn)) = Bi(t1,...,tn), forall (t1,...,t,) € K[F].

is a Rota-Baxter operator of weight three and two on K[F]. This is immediate from equation
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t, it ow=|,

w, if t=|,
t-w:=9 Bi(ti,...,tn -w)+ By(t -wi,..., wm)
+3B+(t1,...,tn-wl,...,wm)+2(t1,...,tn-wl,...,wm), if t:B+(t1,...,tn)and
w = Bt(wi,...,wWn),
O

Proposition 4.0.42. Let (A, -) be an associative algebraand R : A — A be a Rota-Baxter operator
of weight three and two on A. That is,

R(z)-R(y) = R(R(z) -y+z-R(y) +3z-y) + 22y,
for all x,y € A. Define four new operations on A by
Ty =R(@) - y+x-y, TRy:=z-y, Troy:=-—x-y and xzx3y:=x  R(y)+2z-y,
forall z,y € A. Then, (A, xq, %1, %2, *3) is a Ballot’-algebra.

Proof. We have for all z,y,z € A

zH(Yx3z) = R(x) (y-R(z)+2y-2)+z (y R(z)+2y-2)
= R(@) (y-R(z)+z-(y R(z)+R(x) 2y -2)+z-(2y-2)
= (R(z)y) R(z)+ (z-y)  R(2) + (R(z) - 2y) - 2 + (- 2y) - 2
= (R(z)-y+z-y) Riz)+2R@) y+z-y) =z
= (zx0y)*32
zH(yx12z) = R() (y-z)+z-(y 2) rx1(yroz) = z-(-y-2
= (R(z)-y)-z+(z-y) =z —(z-y)-2
= (R(z) y+z-y) = = (x*1y)*22
= lrou)n e (yrsz) = o (y-R()+22)
(x-y) R(2) +2(z-y) 2
= (T*1y)*32
Tk (yx22) = R(x) (-y-2)+z-(-y-2) xx(yxz) = -z (y R(z)+2y-2)
= —(R(z)-y) - z2—(z-y) = = —z-(y R(z)—z-(2y-2)
= —(R(z)-y+z-y) = = —(z-y) - R(z) —2(z-y) 2
= (zx0y)*22 = (vx2y)*32
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w3 (yxozt+yxiz+y*roz+y*sz) = x-R(R(y) z2+y-z2+y-z2—y-z+y-R(z)+2y-2)
+25-(R(y) z+y-z2+y-z2—y-2+y-R(z)+2y-z)

= z-R(R(y)-z+y-R(z)+3y-=2)
+2z- (y-R(2) + R(y) -2+ 3y - 2)

= x~(R(R(y)'z+y~R(z)+3y'z)+2y~z)
+2z-(y-R(2))+2x- (R(y)-2)+4z- (y-2)

= x-(R(y) R(2)) + 2z (y- R(2)) + 2z (R(y) - 2) +4z - (y - 2)
= (z-R(y) R(z)+ (2z-y) - R(2) + 2z - (R(y) - 2) + 42 - (y - 2)
= (z-Ry)+2z-y) -R(z)+2(x Rly)+2z-y) 2

= (z*3y)*32

Ty (Yroz+y*x12) = —x-(R(y)-

¥ (Y*02) = z-(R(y)-z24+y-2)

|
A/T/‘\
* B
<
+
H
:U'
/—\
+
[\
&
Qﬁ
~

2y+$*39)*12

ko (yxo2) = R(x) (R(y) z+y 2)+z- (R(y) z+y-2)

= R(z) - (R(y)-2)+ R(x) (y-2)+z- (Ry) -z+y-z)

= (R(z) - R(y)-z+ (R(z) y) 2+ (z - R(y) +z-y) 2

= (R(R(z) y+z-R(y) +3z-y)+2z-y) 2+ (R(x) - y+z - Rly) +z-y) 2z
= R(R(z)-y+z-Rly)+3z-y) -2+ (R(z) - y+x -Rly)+3z-y) 2
R(z)-y+az R(y)+32-y) %oz

Joytaz-yt+a-y—z-y+a-Ry)+2z-y) o2

0Y +THLY +TH2Y + T *3Y) *¥0 2

S
*

Theorem 4.0.43. Let (A, -) be an associative algebra andlet R : A — A be a Rota-Baxter operator
of weight three and two on A. That is, let us assume that

R(x) - R(y) = R(R(z) -y +x- R(y) + 3z - y) + 2z - y,
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forall z,y € A. If m is odd, we define m + 1 new operations on A by

xxoy:=R(x) y+z-y,
zxjy:= (-1 z.y, for 1<j<m-—1and
THmy:=x- Ry)+ 2z -y,

forall z,y € A. Then, (A, {x;}1<i<m) is a Ballot™ -algebra.

Proof. We need to prove z x; (y *j z) = (x *; y) *; 2, for 0 <i < j < m.

We have for all x,y,z € A

2)+2y-z)+x-(y-R(z)+2y-2)
z))+z-(y-R(2)+ R(x) (2y-2)+x-(2y-2)

xx (Y*mz) = R

R(z)-y) - R(2) + (z-y) - R(2) + (R(z) - 2y) - 2 + (z - 2y) - 2

(
(R(z)-y+z-y) R(z) +2(R(x) - y+z-y) 2
(

Let1 < j <m,then
zxo (y*j2) = R(z)-((=1)/T1y-2)

Let1 <i<j<m-—1,then

wxi(y*jz) = (D)™ ((-1)*y - 2)
= (D)D" zy) 2
= (zxy) %2

Let1 <j<m—1,then

wxj (Y*m2) = (1w (y R(z)+2y-2)
(=1)*1z - (y- R(2)) + (=1)/ 2 - (2y - 2)
((= 1)j+1 y) R(z) +2((-1)*z-y) -2
= (z%y) - R(z)+2(x*y)- 2
= (T y)*m2

Now, we shall prove x *;

—~

Fori=m

As m odd, we have y %1 z +--- + y *,,_1 2 = 0 and,

yxoz+-+yxz)=(xxy+- -+ T*k,y) %2, fori=mandi=0
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Ty (Ykoz+y*12+...+Ykmo12+y*mz) = z-R(Ry) - z2+y-z2+y-R(z)+2y-2)
+2z-(Ry)-z+y-z2+y-R(z)+2y-2)

= z-R(R(y) -z+y-R(z)+3y-2)
+ 2z (y-R(z)+ R(y) -2+ 3y - 2)

= x~(R(R(y)-z+y~R(z)+3y-z)+2yoz)
+2z-(y-R(2))+ 2z (R(y) - 2) +4z - (y - 2)

= - (R(y)- R(2)) + 2z (y- R(2))
+2z-(R(y)-2z)+4x - (y - 2)

= (z-R(y)) - R(z) + (2z-y) - R(2)
+2z-(R(y)-z) +4x - (y - 2)

= (z-Rly)+2z-y) - R(z)+2=z Rly)+2z-y)- 2
- (x *m y) *m 2

For: = 0.
We have z %1y + -+ + x *,,_1 y = 0, since m is odd,

zx(Yyxoz) = R(x) (Ry)-z+y-2)+a-(Ry) z+y-z)
= R(z) - (R(y)-2)+ R(x)-(y-2)+z- (Ry) 2+y-z
= (R(z)-R(y)-z+ (R(x)-y)- 2+ (z - R(y) +x-y) - 2
(R(R(z) y+x-R(y)+3z-y)+2x-y)- 2+ (R(z)-y+a-Rly)+z-y) 2
= R(R(z)-y+z-R(y)+3z-y) -2+ (R(z) - y+x -Rly)+3z-y) 2
(R(x) -y +a-R(y) +3z-y) %o 2
= (R(z)-y+z-y+z Ry +2z y)*2
= (Txoyt+TxiyY+- FTHmo1 Y+ THpY) %2

Now, we shall prove = «; (y gz 4+ -+ yxi—12) = (T 1 y+ -+ T xpy)* 2z, for 1 <i<m-—1:
Ifiiseven,theny*; 24+ -+ y*_1z=y-zandx * 41y + - -+ T *y,_1y =0. Thus

T (Yroz+-tyx-12) = —x-(Ry) 2+y-z+y-2)
—z-(R(y) +2y) 2
= —(z-R(y)+2z-y) 2
= (T#my)*2
(

TR Y+ T T A Y) K 2

Ifiisodd,theny; 2+ - +y*x_1z=0andz* 1 y+- -+ 2 *,_1y=—x-y. Thus
zH; (Yroz+-Fyxi12) = z-(Ry) 24y 2)

(- R(y)+z-y) 2

(—z-y+a-Rly)+2z-y) 2

(THpr Y+ FTHp 1Y+ T Y) ¥ 2
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Therefore, (A, {*;}1<i<m) is a Ballot™-algebra.

The following results can be similarly demonstrated.

Proposition 4.0.44. Let (A, -) be an associative algebraand R : A — A be a Rota-Baxter operator
of weight three and two on A. That is, assume that

R(z)- R(y) = R(R(z) -y + - R(y) + 3z -y) + 22 -y,

for all z,y € A. Define five new operations on A by

xxoy = R(x)-y+x-y, Txy:=x-y, Txy:=—x-y, Txzy:=x-y and xzxgy:=x -R(y)+z-y,
forall z,y € A. Then, (A, o, %1, %2, %3, *4) is a Ballot*-algebra.

Proposition 4.0.45. Let (A, -) be an associative algebraand R : A — A be a Rota-Baxter operator
of weight three and two on A. That is, assume that

R(z)-R(y) = R(R(z) -y + = - R(y) + 3z - y) + 2z - y,
forall x,y € A. If m is even, define m + 1 new operations on A by

rxoy=R@) y+z-y,
zxjy:= (=1 z.y, for 1<j<m-—1and

forall x,y € A. Then, (A, {x;}1<i<m) is a Ballot™ -algebra.
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Chapter 5

Construction of Rota’-Algebras from Associative Algebras with
a Rota-Baxter Morphism

In this chapter we introduce the concepts of a Rota-Baxter Morphism and a Dyck™-algebra. We
present examples of Rota-Baxter Morphism from associative algebras with a left identity that simul-
taneously is a element idempotent. An element « is said to be idempotent with respect to product
-in the algebra if: = - « = x and is left identity if z - « = « for all element z in the algebra. Finally,
we give a constructions with a Rota-Baxter Morphism, and so we construct a Rota™-algebra.

5.0.12 Dyck™-Algebras

Definition 5.0.43. A Dyck™-algebra over K is a K-vector space H endowed with m + 1 binary
operations {x,}o<;<m satisfying the following properties:

1. 2% (y*j2)=(T*y)* 2, for 0<i<j<m,

2. xx(Ykoz+yx1z+--tyxz)=(@xy+Tripy+- -+ Tk, y) %2, for 0<i<m,
forall x,y and z in H.
Remark 5.0.16. Observes that the products xq, *1, ..., *,,, are not associative andif 1 < j <m —1,

then, the operations =7:= % + x1 + - - + *; and <7:= %, 11 + - - - + x,,,, €quips to a Dyck™-algebra
A of m — 1 dendriform algebra structures given by: (4, =7, <7).

Example 5.0.26. The properties of a Dyck?-algebra are

o (Y*12) = (T y) *1 2,

x *q (Y *2 2) = (T %0 yY) *2 2,

x#1 (Y *o 2) = (T #1 Y) *2 2,
Txo (Yo 2z +Y*1 2+ Y*o2) = (T %2 y) %2 2,
w1 (Yxozty*12) = (Tr1y+r*2y)* 2,

THg (Yo 2) = (T oY+ T %1 Y+ T x2Y) *q 2,

Definition 5.0.44. A Rota™-algebra over K is a K-vector space H endowed with m + 1 binary
operations {x,}o<;<m satisfying the following properties:

1o (yxj2)=(r*y)*z for 0<i<j<m,and0<i=j<m-1
2.0=(zxy+- -+ 2*ny) %o 2,

B.xx; (yroz+--ty*xi12)=(@ i1 y+- -+ T*kny) %2, for 1<i<m-—1,
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4' x*m(y*02+"'+y*mz):(x*my)*mzv

for all x,y and z in H.

Example 5.0.27. The properties of a Rota®-algebra are

x* (y*1 2) = (T %0 y) *1 2,
*0 (Y *2 2) = (T %0 y) *2 2,
1 (y %2 2) = (@ %1 y) %2 2,
*0 (Y %0 2) = (@ %0 ) %0 2,
x#1 (y*1 2) = (T *1 y) %1 2,

*
Trg (Yroz+yx12+y*e2)=(TH2y)*2 2,
z 1 (y*o 2) = (x*2y) %1 2,

0= (z*0y+a*1y+z*y)*o2,

Remark 5.0.17. If 1 < j < m—1, then, the operations =7:= xg+*;+- - -+x; and <= %1+ -+,
equips to a Rota™-algebra A of m — 1 dendriform algebra structures given by: (4, =7, <7).

Definition 5.0.45. For m,n > 1, a m-Ballot path of height n is a path on the real plane R?
from (0,0) to (nm,n) made from vertical steps (0, 1) and horizontal steps (1, 0) which always stays
above the line my = . Note that the initial and terminal points of each step lie on N x N.

m-Ballot path can be also interpreted as words on a binary alphabet by replacing vertical steps by
the letter 1 and horizontal steps by 0.

00100 — I —>\</

An oriented planar graph drawn in the plane with one root, n - (m — 1) 4+ 1 leaves and n interior
vertices is called an m-ary tree if every internal vertex has exactly m incoming edges and one
outgoing edge.

Also, there is a bijection between (m + 1)-ary trees with n interior vertices and m-ballot paths of
height n. The number of m-Ballot paths of height n is given by the Fuss-Catalan number:

Clm.n) = 1 (mn+n>

mn+ 1 n

Definition 5.0.46. For m,n > 1, an m-Dyck path of size n is a path on the real plane R?, starting
at (0,0) and ending at (nm,0), consisting on up steps (m,m) and down steps (1, 1), which never
goes below the line z-axis. Note that the initial and terminal points of each step lie on N2.
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m-Dyck path m-Ballot path (m + 1)-ary trees

If D is a m-Dyck path, we can obtain the m-Ballot path B by replacing each sequence of m
consecutive up steps by one vertical step and each down step by an horizontal step. We wish
to describe in the examples below, operations xg, x1,*> on 3-ary trees; these operations were
defined by Ronco on m-Dyck paths, which are in bijection with m-Ballot paths.

Now we describe operations xg, %1, %o :

Example 5.0.28.

N N
N N T N

.

Vo N7 = N

Example 5.0.30.

I G N = N

VouN = N N N

Example 5.0.31.

\l/*0°.:“\l/+\l/+\l/
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NN NS N A RN,

Now we describe the operation x = %y + *; + %o on 3-ary trees.

Example 5.0.32. \J/
\(V N N N
7% = v 4 v+ v + v+ . + “
Example 5.0.33.

PN TR

Example 5.0.34.

WY,

Example 5.0.35.
v Xy X,
Example 5.0.36.
Example 5.0.37.

\1>‘/* v = \1>V+ w)‘/+ y/+ \y/+ W}/
finally,
Example 5.0.38.

%\9 vy VY y
v * \w = L3 + v + L3 +
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v + v + . + ¢ + . +
N
! + !

Example 5.0.39. The operations =, *1, *, described in the above examples determines a Dyck?*-algebra
on 3-ary trees.

5.0.13 Rota-Baxter Morphisms

Definition 5.0.47. Let (A,-) be an associative algebra. A linear map R : A — A is called a
Rota-Baxter Morphism on A if R satisfies

forall z,y € A.
The following lemma gives an elementary example of a Rota-Baxter morphism.

Lemma 5.0.46. Let (A,-) be the associative algebra defined by x -y = y forallz,y € A, and
R: A — A any linear map, then R satisfies

forall z,y € A.

Proof.

forall z,y € A. O
Less trivial constructions are given in the following propositions.

Proposition 5.0.47. Let (A, -) be an associative subalgebra of an algebra B, and suppose that
there exists u € B such thatz-u € Aandw-x = x forallz € A . Then the linearmap R: A — A
defined by R(x) = x - u satisfies

R(a-b) = R(R(a)-b) = R(a)- R(b) foralla,b € A
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Proof. Letz,y € A, then

8
S

S~—

<
S

AA,-\
5
=
S
~—
S~—
S

On the other hand,

R(R(z)-y) = R((z-u)-y)
Rz - (u-y))
= R(z-y)
Therefore R(z - y) = R(R(z) - y) = R(z) - R(y) forall z,y € A.
O

0 1
Example 5.0.40. The element u = ( ) satisfies u -z = z for all x in the algebra of matrices
10

(1))

considered as a subalgebra of B = M, 45 under the usual matrix multiplication. Indeed,
0 1 b a b a
U-Tr = = ,
1 0 b a b a

If we definethemap R: A — A by

b a b a 0 1 a b
b a b a 1 0 a b
then R satisfies R(z) - R(y) = R(R(x) -y) = R(z - y); forall z,y € A.
Proposition 5.0.48. Let (A, -) be an associative algebra and suppose that there exists u € A

such that u?> = w and z -u = x for all € A. Then the linear map R : A — A defined by
R(z) = u - x satisfies

R(a-b)=R(R(a)-b) =R(a)- R(b) foralla,b e A

Proof. Let x,y € A, then
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On the other hand,

Therefore
R(z-y)=R(R(z)-y) = R(z)-R(y) forallz,y € A

0
Example 5.0.41. The element v = ( 0 ) is an idempotent in the algebra of matrices

1

{0 3) e}

under the usual matrix multiplication, that is u?> = u. Observe that 2 -« = z for all 2 € A, and if
x € Awitha #0,thenu-x £ x :

()G G060

If we definethe map R: A — A by

“(ai)=(02)

then R satisfies R(x) - R(y) = R(R(z) - y) = R(z - y); forall z,y € A.

0 1
Example 5.0.42. The element v = ( 01 ) is an idempotent in the algebra of matrices

A1)

under the usual matrix multiplication, that is v?> = v. Observe that z.v = z forallz € Aandifz € A

with a # b, then v.z # x :
0 b
0 b

DO =00
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If we definethemap S: A — A by

(i)=()

then S satisfies S(x) - S(y) = S(S(z) - y) = S(z - y); forall z,y € A.
Remark 5.0.18. If we consider the last two examples, then we have the following relation:
S(x) - T(y) =S(T(x)-y) = S(z-y), forall z,y € A. This is a general fact:

Proposition 5.0.49. Let ( A, -) be an associative algebra and suppose that there exists u,w € A
suchthatx -u=xandx-w = x forallx € A. Then the linear maps T, S : A — A defined by
T(x) =w- -z and S(x) = w -z satisfy

T(a-b)=T(S(a)-b)=T(a)-S(b) foralla,be A.

Proof. Let x,y € A, then

T(x)-Sly) = (u-z)-(w-y)
u-((z-w)-y)
u-(z-y)
= T(z-y)
On the other hand,

rS(x)y) = T(w-z) y)
u-((w-z)-y)
= (u-(w-2))-
= (v w)-z)-
u-(z-y)
= T(z-y)

Y
Y

Therefore
T(x-y)=T(S(x) y)=T(z) - S(y) forall z,y € A

Proposition 5.0.50. Let A be an associative algebra and let R : A — A a linear map such that
R(a-b)=R(R(a)-b) =R(a) - R(b) foralla,bec A.
Then we can define a dendriform algebra structures on A given by

a<b:=a-b—R(a)-b, a>b:=R(a)-b
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Proof.

(a<b)=<c = (a-b—R(a)-b)<c
b)-c—

R
= (a-b—R(a)-b)- R(a-b— R(a)-b)-c
= (a-b)-c—(R(a)-b)-¢c—R(a-b—R(a)-b)-c
a<{b<c+b=c) = a=<((b-c—R(b) -c+R(D) ¢
= a<(b-c

= a-(b-¢c)—R(a) (b-c)

R(a-b—R(a)-b)=0,then (a <b) <c=a<(b<c+b>c)

a>b=<c) = a>0b-c—R(b)-c)

(a>=b)<c = (R(a)-b)=<c

R(R(a)-b) = R(a)-R(b),thena > (b<c)=(a>b)<c

a> (b>c) = R(a)(R()-c)
(a=b+a=<b)=c = (R(a)-b+a-b—R(a)-b)>c
= (a-b)>c
= R(a-b)-c

R(a-b) = R(a) - R(b),thena > (b>c)=(a>=b+a=<b)>c.

Remark 5.0.19. Note that of the definition a > b := R(a) - b, we have (a > b) = c=a > (b > ¢).

Proposition 5.0.51. Let (A,-) be an associative algebra andletT : A — AandS: A — A be
linear maps such that

T(a-b) = T(T(a) - b) = T(a) - T(b) foralla,b € A,

S(a-b) =S5(S(a)-b) =S(a)-S(b) foralla,be A,
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S(a) - T(b) = T(S(a) - b) foralla,b € A,

T(a)-S(b) =S(T(a)-b) foralla,be A.

Define three new operations on A by

zxy = T(z)-y,

zxry = S)-y—-T(x) y,
xxoy = T(x) -y—S(x) -y and
rHzy = z-y—T(z) y

forall z,y € A. Then, (A, xq, %1, %2, *3) is a Rota®-algebra.

Proof.
a*o(b*lc) = a*o(S(b)C—T(b .

(axgb)x1¢c = (T(a)-b)x*1c

T(a)-Sb)—T(a)-T(b) =S(T(a)-b) —T(T(a)-b),then a*q (b*; c) = (a*¢b) *1 ¢

axg(bxac) = axq(T(Ob) - c—Sb)-c)

(axgb)xac = (T(a)-b)*sc

T(a)-T(b)—T(a)-Sb)=T(T(a)-b) —S(T(a)-b),then axq (b*zc) = (a*gb) *2 ¢

axg(bxsc) = axp(b-c—T()-c)
= T(a)-(b-c—=T(b)-c)
= T(a)-(b-¢)=T(a)-(T(b) - ¢)

(axgb)xsc = (T(a)-b)x*sc
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T(a)-T(b)=T(T(a)-b),then axg (bxzc) = (a*gb)*zc

axy(bxac) = ax (T(b) -c—Sb)-c)
S(a)- (T(b)-¢c=8(b)-¢c)—T(a) - (T(b)-c—S()-c)
= S(a)-(T(b)-c)—5S(a)- (SOb)-c)=T(a) (T(b) -c) +T(a)- (S(b) - c)
(ax1b)*2c = (S(a)-b—T(a)-b)*3c

S(a) - T(b) — S(a) - S(b) — T(a) - T(b) + T(a) - S() = T(S(a) - b — T(a) - b) — S(S(a) - b— T(a) - b),
then a *1 (b *9 C) = (a *1 b) *o C

axy (bxgc) = ax (b-c—T(b)-c)
= S(a)-(b-c—=T®)-¢)—T(a) - (b-c—T(b)-¢)
= S(a)-(b-¢)=S(a)- (T(b) - ¢c) = T(a)- (b-¢c) +T(a)- (T(b) - ¢)

(ax1b)x3c = (S(a)-b—T(a)-b)*5c
= (S(a)-b—=T(a)-b)-c—=T(S(a)-b—T(a)-b)-c

S(a) - T()—T(a) - Tb)=T(S(a) -b—T(a)- b),then ax; (bxsc) = (ax1b)*3¢
a*g (bxgc) = axg(b-c—T(b)-c)
= T(a) - (b-c=Tb)-c)—8S(a) - (b-c—=T()-c)
= T(a)-(b-¢)=T(a)- (T(b)-¢c) = S(a)-(b-c) = S(a)- (T(b) - ¢)

(ax2b)x3c = (T(a)-b—S(a)-b)x*3c
)-b—S(a)b)-c—T(T(a) -b—S(a)-b)-c

|
—~

S
—~

S

T(a)-T(b)— S(a) - T(b) =T(T(a)-b—S(a)-b),then axg (b*zc) = (a*2b) %3¢
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axi(brc) = ax (SB)-c—T0)- <)
— S(a)- (S(b)-c—T(b) - ¢) — T(a) - (S(B) -~ T(b) - ©)
— (S(a)- S(b) = S(a) - T(b) = T(a) - S(b) + T(a) - T(H)) -

(ax1b)x3¢ = (S(a)-b—T(a) b)*c
= S(S(a)-b—T(a)-b)-c—T(S(a)-b—T(a)-b)-c
= (S(S(a)-b—T(a)-b) —T(S(a)-b—T(a) b)) ¢

S(a) - S(b) — S(a) - T(b) — T(a) - S(b) + T(a) - T(b) = S(S(a) - b— T(a)-b) — T(S(a)-b—T(a)-b),

then a x1 (b1 ¢) = (a*1 b) % ¢

ax*g (bxgc) = ax*g (T(b)-c—S()-c)
= T(a)-(T(b)-c=5(b)-¢) = S(a) - (T(b) - ¢ = 5(b) - ¢)
= (T(a)-T(b) = T(a)- S(b) = S(a) - T(b) + 5(a) - S(b)) - ¢
(axab)x9c = (T(a) -b—
= T(T(a)-b—S8(a)-b)-c—ST(a)-b—S(a)-b)-c
= (T(T(a)-b—S(a)-b)—S(T(a)-b—S(a)-b))-c

T(a) - T(b) — T(a) - S(b) — S(a) - T(b) + S(a) - S(b) = T(T(a) - b— S(a) - b) — S(T(a) - b— S(a) - b),

then a xo (bxa¢c) = (a*2 b) *a ¢

ax3(bxgc+b*xic+bxac+bxsc) = axs3(b-c)
= a-(b-c)—T(a) - (b-¢)

(a-b—"T(a) b)*3c
(a-b=T(a)-b)-¢c=T(a-b—T(a)-b)-c

(a*3b) %3¢

T(a-b—T(a)-b)=0,thenaxz (bxgc+bxic+bxgc+bxzc) = (ax*3b)*gc
axg(bxgc+bxic) = ax*x(S(0)-c)
= T(a)-(S(b)-c) = S(a)-(S(b)-¢)

(a*3b) % c = (a-b=T(a) b)*3c
= T(a-b—T(a)-b)-c—S(a-b—T(a)-b)-c

T(a) - S(b) — S(a)- S(b) = T(a-b—T(a) -b) — S(a-b—T(a) - b), then

axg (bxgc+bxyc) = (ax3b)*c
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ax1 (b*gc) = ax (T(b)- ¢
= S(a)- (T(b)- )~ T(a) - (T(8) - )

(axeb+axs3b)x1c = (a-b—S(a)-b)xc
= S(a-b—S(a)-b)-c—T(a-b—S(a)-b)-c

S(a) - T(b) — T(a) - T(b) = S(a-b— S(a)-b) — T(a-b— S(a) - b), then

axy (bxgc) = (a*xa b+ ax3b)*c

(ax1b+axeb+axsb)xgc = (a-b—T(a) -b)*pc
= T(a-b—T(a)-b)-c
= 0

T(T(a)-b) =T(a-b),then 0= (a*1 b+ a*2b+ax*gb)*gc

Proposition 5.0.52. Let (A, -) be an associative subalgebra of an algebra B, suppose that there
existu,0 € B suchthatu-u=u,0-0=0,u-0=20,0-u=u,furthermore thatu-x € A,0-x € A
andx-u=ux,z-0=ux forallx € A. Then the linear mapsT : A — A defined by T'(y) = u -y and
S : A — A defined by S(x) = 0 - x satisfy

S(z) - T(y) =T(S(x)-y) forall z,y € A
T(x)-S(y) =S(T(x)-y) forallz,y € A

Proof. We observe the following equalities:

Sa)-T(y)=(0-2) (u-y)=0-((z-u)-y)=0-(z-y),
T(S(x)-y)=T(0-2)-y)=u-((0-2)-y) = (u-0) (x-y)=0-(x-y),

and
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0 0 1 a 0 1—a
Example 5.0.43. Theelementsu=| 1 1 -1 [andé=| 1—-a 1 a—1 |whereaeR
0 0 1 a 0 1—a

are idempotents in the algebra of matrices M3 3. We consider the subalgebra
y y O

A= n n 0 cryn,y €R
0

T or

under the usual matrix multiplication. In fact,

0 0 1 0 0 1 0 0 1
u’ = ~1 -1 | = 1 -1 |=u,
0 0 1 0 0 1 0 0 1
and
a 0 1—-a a 0 1—-a
>’=|1-a 1 a—1 |- 1-a 1 a-1
a 0 1—-a a 0 1—a
a?+ (1 —a)a 0 a(l—a)+(1—a)?
=| l-aa+(1-a)+(a—1a 1 (1-a)’+(@-1)+(@—-1)(1-a) | =0.
a?+(1—-a)a 0 a(l—a)+ (1 —a)?

We observe that x - u =wuwand z - 0 = x for all x € A, since

y y 0 0 0 1 y y 0
ru=|n n 0 |- 1 1 -1 |=] n n 0 |=2
r r 0 0 0 1 r r 0
y y O a 0 1-a ya+y(l—a) y y(l—a)+yla—1)
0= n n 0| | 1-a 1 a=1 |=| na+n(l—-a) n nl—-a)+nea—1) |[|==
r r 0 a 0 l—a ra+r(l—a) r r(l—a)+r(a—1)

If we definethemaps T: A — Aby T(y) =u-yand S, : A — Aby S,(z) =0 -xfora €R.
Then we have that:

0 0 1 y y 0 r r 0
T)=u-z=| 1 1 -1 nnO|=]|y+n—-n y+n—-7r 0 | €A,
0 0 1 r r 0 r r 0
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a 0 1—a y y 0
Se(x)=0-2=| 1—a 1 a-1 n n 0

a 0 1—-a r r 0

ay+r —ar ay +r—ar 0

=| y—ay+n+ar—r y—ay+n+ar—r 0 | €A

ay +r—ar ay +r —ar 0

Moreover, the elements « and ¢ satisfy:

00 1 a 0 1-a a 0 l1-a
uf0=111 -1 1-a 1 a—1 |=|a+(1—-a)—a 1 1—a4+a—-1—(1—a) [=0
0 0 1 a 0 1—-a a 0 l1-a
a 0 1-a 0 0 1 0 0 a+(l1—a)
fou=|1-a 1 a—1 |- 11 1 |=|11 @a-a-14G-1) |=u
a 0 1-a 0 0 1 0 0 a+(1—a)

Therefore, we have that A is a subalgebra of M;.3 and the elements u,6 € M;j,3 satisfy the
hypothesis of the last theorem.

Proposition 5.0.53. Let (A,-) be an associative algebra and letT : A — Aand S, : A — A
1 < n < k linear maps such that

)

T(a-b) = T(T(a)-b) = T(a) - T(b) for alla,b € A

Sp(a-b) = Sn(Sn(a) - b) = Sn(a) - Su(b) foralla,be A

Sp(a) - T(b) = T(Sy(a) - b) foralla,b € A

T(a)- S, (b) = S,(T(a)-b) foralla,b € A

Sq(Sn(a)-b) = Sp(a)-Sq(b) foralll <n <g<kandabec A

Ifm is odd, m = 2k + 1 define m + 1 new operations on A by

Ty = T(z)-y,

T o1y = Sp(z)-y—T(z) -y, and

X *op Y = T(x) - y—Sp(z) -y forl<n<k
wmy = awy—T(x)y
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forall z,y € A. Then, (A, xq,...,*y ) is a Rota™ -algebra.

Proof. We need to prove z ; (y *j z) = (% y) %j z,for0<i<j<mand0<i=j<m-—1

We have for all x,y,z € A

o (Yxmz) = xx9(y-2—T(y)-2)
= T(x) (y-2—T(y) =)
= (T) y-T@) T)
(@roy)smz = (T(x)-y)*mz
= (T(x)-y) 2=T(T(x)-y) 2
= (T(@)-y-T(T(x)-y))- 2

T(z) - T(y) =T(T(z) y), then x x¢ (y *m 2) = (T *q y) *m 2 .

Let1 <n <k, then
xHg (Y*om—12) = x% (Sn(y)-2—T(y)- 2)

(x*oy) *an—12 = (T(x)-y)*on-12
= )

(xx0y) xon 2z = (T(x)-y)*2n 2

T(x) -T(y) —T(x)  Sn(y) =T(T(x) - y) — Sp(T() - y), then x xq (y *x2n, 2) = (z %0 Y) *an 2.

X *op—1 (y *2n Z) = I *p_1 (T(y) 2 Sn(y) : Z)
= Sp(@) - (T(y) -2 = Sn(y) -2) = T(2)  (T(y) -z — Suly) - 2)
= (Sn(2) T(y) = Sp(x) - Suly) = T(z) - T(y) + T(z) - Sn(y)) - =

(fE *on—1 y) *op 2 = (Sn(x) Y- T(:L') : y) *op 2
= T(Sn(x) y—T(x) y) 2= Sn(Snlx) -y —T(2) y) 2
= (T(Sn(x) y—T(x) y) = Sn(Snlx) -y = T(x)-y)) 2
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Sp(2) T(y)—Sn(x) - Sn(y) =T (x)-T(y)+T(x)-Sn(y) = T(Sn(z) y—T(x)-y) = Sn(Su(z) y—T(z)-y),

then @ xo,_1 (Y *opn 2) = (T *2n—1 Y) *an 2.

X *2p—1 (y *m Z) = T *2p—1 (yZ_T(y)Z)
= Sn(@) (y-z2—T()  2)—T(x) (y-2—T(y) 2)
= (Sp(x) - y—Sn(x) T(y) —T(z) - y+T(x) T(y)) =2

Sn(@) -y = Sn(x)-T(y) = T(x) y+T(x) - T(y) = Sn(z) -y = T(x) -y = T(Sn(x) -y = T(z) - y), then

X *op—1 (Y *m 2) = (T *2—1 Y) *m 2 .

Tkon (Yhm 2) = Top (y-2—T(y)-2)
= T() (y-2—T(y) 2)—Su(x) (y-2—T(y) - 2)
= (T(z)-y—T(x) T(y) — Sn(z) -y + Su(z) - T(y)) -2

(@ *2ny) ¥m 2z = (T(2)-y— Sal
= (T(z)-y=Sn(2)-y)- 2 =T(T(x) -y = Su(@) - y) - 2
= (T(z)-y—Su() -y =T(T(x) -y = Su(x)-y)) -2

>

N
*
3
w

T(x) y—T(x) T(y) — Sn(x) y+Su(z) T(y) =T(x) y— Su(z) y —T(T(x) y — Su(x) - y), then

X *op (Y *m 2) = (T %2, Y) % 2 -

T (yx0z) = xx(T(y)-2)
= T(z) (T(y) - 2)

(xxoy)*x0z = (T(z)-y)*o2

T(x) -T(y) =T(T(x)-y), then x xq (y*0 z) = (x*0 y) *o 2.

Tkon_1 (Y*on—12) = X1 (Sn(y) -2—-T(y)-2)

= Su(@) (Snly) 2 =T(y) 2z) = T(x) (Suly) -2 =T(y) - 2)

= (Sul@) - Sn(y) — Sn(x) - T(y) = T'(x) - Suly) + T(z) - T(y)) - =
(T *2m—1Y) *2n—12 = (Sp(2) y—T(2) y)*2m—12

= Su(Sn(z) -y z)-y) 2 —T(Sp(z) y—T(x) y) =z

T(
= (Sa(Sn(@) -y =T(2)-y) =T(Sn(z) -y = T(2) - y)) - 2

S () Sn(y) = Sn () - T(y)=T(x)-Sn(y)+T () T(y) = Sn(Sn(x)-y—T(z)y) =T (Sn(z) y—T(x)-y),

then « xon_1 (Y *2n—1 2) = (T *2n—1 Y) *2n—1 2.
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Ty (Y*on 2) = @ xon (T(y) - 2 — Sp(y) - 2)

(x#2n ) %2 2 = (T(x) -y — Sn(x) y) *2p 2
= T(T(z) y—5Su(z) y) 2= Su(T(2) y—Snlz) y) 2
= (T(T(z) y—Sn(x) y) = Sn(T(x) -y — Snlz) ) 2

T(2)-T(y)—T(z) Sn(y)—Sn(@) T (y)+5n(2)-Sn(y) = T(T(2) y—Sn(z) y) = Sn(T(x) y—Sn(x)-y),
then x xa, (y %2, 2) = (@ %25, Y) *an, 2.
Now, we shall prove x x; (y*g 2+ -+ y*;—12) = (@ *p1y+ -+ T xpny) x 2, for 1 <i <m—1:

lfiiseveni=2n 1<n<k,thenyxjz+---4+y*_12=S,(y)-zandxx 1 y+ - -+ x*,y=
z-y—T(x)-y. Thus

xH;i(Yyxoz+ - Fyx_12) = xx(Sp(y)-2)

(Yrip1 2+ Fyrmz)rxiz = (z-y—T(x) y)*z
= T(@y-T@) y) 2= (z-y-T() y) =
= (T(x-y—T(@) y) = Sulz-y—T(x) y)) 2
T(2) - Su(y) = Sul@) - Su(y) = T(x -y = T(x) - y) = Sula -y — T(x) - y), then

xH (Ykoz+ - Fyki—12) = (Ykiz1 2+ F Yk 2) % 2
lfiisoddi=2n—-1,1<n<kthenyxoz+---4+y*x_12z=T(y)-zandzx1y+ - +T*,y=
x-y— Sp(z)-y. Thus

xx;i(ykoz+ - Fyx_12) = xx(T(y)-2)

(@*ip1 Y+ TR y) Rz = (T-y—Su(x) y)* 2
= Sn(@-y—5n(@)-y) z2—T(x -y—Sul(z) y) 2
= (Sulz-y=Su(@)-y) =T(x-y—5u(x) y)) -2

Sp(x-y—Sp(x)-y)—T(x-y—Sp(x)-y) = Sp(z) - T(y)—T(x)-T(y) then xx; (yxoz+ - +y*;_12) =
(kg1 Y+ -+ Tk y) *; 2.

Now, we shall prove x %, (yx0 z 4+ -+ Y *m 2) = (& % Y) *m 2.
We have forall z,y,z € A, y*gz+---+y*, 2 =1y -z, then
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Thm (Yo 2+ Fy*mz) = Txn(y-2)

(@ %, Y) *m 2 = (z-

zy—T@)y=x-y—T(x) y—T(x-y—T(x) -y)then x s, (y*oz+ - -+ yxm2) = (T *kn Y) *m 2 .

Finally, we need to prove (z#, y+ -+ 2 #mm y) %0 2 = 0,
we have, x x1y+ - +x*xpy=xa-y—T(z) -y, then
@Esy+-+rrmy)xoz = (v-y—T(x) y)*o2

— T(ay-T()-y) >
T(x-y)=T(T(x) y),then (xx1y+ -+ xxpy)* 2=0.

Therefore, (A, {*;}1<i<m) is @ Rota™-algebra.

The following result can be similarly demonstrated.

Proposition 5.0.54. Let (A,-) be an associative algebra and letT : A — A and S, :

1 < n <k linear maps such that

T(a-b) = T(T(a) - b) = T(a) - T(b) foralla,b € A

Sp(a-b) = Su(Sn(a) -b) = Sp(a)- Su(b) foralla,b € A

Sy(a) - T(b) = T(Sy(a) - b) foralla,b € A

T(a) - Sp(b) = Sp(T(a)-b) foralla,be A

Sq(Sn(a)-b) = Sy(a) - Sqb) foralll <n<g<k-1landabec A

If m is even, m = 2k define m + 1 new operations on A by

Tx0Y = T(x)-y,

T o1y = Sp(x)-y—T(x)- -y, and

T %9, Y = T(x) - y—Sp(z)-y forl1<n<k-1
rHop—1y = Sp(z)-y—T(x) y

T ¥ Y = x-y—Si(z) -y

forall z,y € A. Then, (A, %, ...,*n ) is a Rota™ -algebra.

78



Bibliography
[1] A.Frabetti, Dialgebra homology of associative algebras, C. R. Acad. Sci. Paris 325 (1997),
135-140.

[2] , Leibniz homology of dialgebras of matrices, J. Pure Appl. Alg. 129 (1998), 123-141.

[3] M. Aguiar and W. Moreira, Combinatorics of the free baxter algebra, Electron. J. Combin. 13
(2006), R17. arXiv:math.CO/0510169.

[4] M. Aguiar and F. Sottile, Cocommutative Hopf algebras of permutations and trees, preprint
arXiv:math.QA/0403101. (March 2004).

[5] , Structure of the Loday-Ronco Hopf algebra of trees, preprint (May 2004).

[6] A. Alekseev and C. Torossian, The kashiwaravergne conjecture and drinfeld’s associators,
Annals of Mathematics 175 (2) (2012), 415-463.

[7] A. Bonfiglioli and R. Fulci, Topics in noncommutative algebra the theorem of campbell, baker,
hausdorff and dynkin, Springer-Verlag Berlin Heidelberg, London New York, 2012.

[8] D. Burde, Left-symmetric algebras, or pre-lie algebras in geometry and physics, Central Eu-
ropean Journal of Mathematics 4 (3) (2006), 323-357.

[9] D. Calaque and C. A. Rossi, Lectures on Duflo Isomorphisms in Lie Algebra and Complex
Geometry, European Mathematical Society. Series of Lectures in Mathematics, Zurich, 2011.

[10] R. Carter, Lie Algebras of Finite and Affine Type, Springer-Verlag Berlin Heidelberg, New
York, 2013.

[11] P. Cartier, Vinberg algebras and combinatorics, Institut des Hautes Etudes Scientifiques,
Bures-sur-Yvette, France, (2009).

[12] F. Chapoton, Un théoreme de Cartier-Milnor-Moore-Quillen pour les bigebres dendriformes
et les algebres braces, J. Pure Appl. Alg 168 (1) (2002), 1-18.

[13] J. Dixmier, Enveloping algebras, Grad. Stud. Math. 11, Amer. Math. Soc., Providence,
RI,1996. 2.

[14] K. Ebrahimi-Fard, , and L. Guo, Free Rota-Baxter algebras and rooted trees,
arXiv:math.RA/0510266.

[15] R. Holtkamp, On Hopf algebra structures over operads, preprint (July 2004),
arXiv:math.RA/0407074.

[16] M. Kashiwara and M. Vergne, The Campbell-Hausdorff formula and invariant hyperfunctions,
Invent. Math. 47 (3) (1978), 249 — 272.

79



[17] M. Kontsevich, Deformation quantization of poisson manifolds, Lett. Math. Phys. 66 (3)
(2003), 157-216.

[18] L.Foissy, Les algebres de Hopf des arbres enracinés décorés I, Bull. Sci. Math. 126 (2002),
249-288.

[19] J.-L. Loday, Dialgebras, Prepublication de I'lns.de Recherche Math. Avancée, Strasbourg,
1999.

[20] J.L. Loday, Dialgebras, in Dialgebras and related operads, Lecture Notes in Math., 1763
(2001), 7-66.(preprint 2001, arXiv:math.QA/0102053).

[21] , Arithmetree, J. Algebra 258 (2002), 275-309.

[22] , Scindement d’associativite et algebres de Hopf, Proceedings of the Conference in

honor of Jean Leray, Nantes, Seminaire et Congres (SMF) 9 (2004), 155—-172.

[23] J.L. Loday and M. Ronco, Algébre de Hopf colibres, C. R. Acad. Sci. Paris 337 (2003), 153—
158.

[24] , Trialgebras and families of polytopes in Homotopy Theory: Relations with Alge-
braic Geometry, Group Cohomology, and Algebraic k-theory, Contemporary Mathematics 346

(preprint May 2002, 2004), arXiv:math.AT/0205043.

[25] J.L. Loday and M. O. Ronco, Hopf algebra of the planar binary trees, Adv. Math. 139 (2)
(1998), 293-309.

[26] M.Duflo, Caractéres des groupes et des algébres de lie résolubles, Ann. Sci. Ecole Norm.
Sup (4) 3 (1970), 23-74.

[27] , Opérateurs différentiels bi-invariants sur un groupe de Lie, Ann. Sci. Ecole Norm.

Sup (4) 10 (1977), 265—288.

[28] E. Meinrenken, Clifford Algebras and Lie Theory, Cambridge University Press, New York,
2005.

[29] lan M. Musson, Lie superalgebras and Enveloping algebras, Grad. Stud. Math. 131, Amer.
Math. Soc., Providence, RI,2012.

[30] M. O. Ronco, Primitive elements in a free dendriform algebra, In New trends in Hopf algebra
Theory, (La Falda, 1999), Contemporary Mathematics 267 (2000), 245—263.

[31] , Eulerian idempotents and Milnor-Moore theorem for certain non-cocommutative Hopf

algebras, J. Algebra 254 (1) (2002), 152—-172.

[32] B. Shoikhet, On the Duflo formula for L. -algebras and Q-manifolds, arXiv:math/9812009v2
[math.QA] (7 Dec 1998), 1—-11.

80



[33] P. Tauvel and Rupert.W.T.Yu, Lie Algebras and Algebraic Groups, Springer-Verlag Berlin Hei-
delberg, Germany, 2005.

[34] Tuong Ton-That and Thai-Duong Tran, Poincaré’s proof of the so-called Birkhoff-Wiff theorem,
Revue d’histoire des mathématiques, Société mathématique de France 5 (1999), 249-284.

81



