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Introduction

This work is on some cohomological aspects of the Lie algebras of formal pseudodifferential
operators in one and several independent variables. We are motivated by several previous
works on similar algebras such as the “Lie algebra of vectors fields on the circle” or the
“Lie algebra of differential operators” of importance for the theory of integrable systems,
symplectic geometry and abstract infinite dimensional Lie algebras, see for example [GF,
DK, D, KP].

One of the first infinite-dimensional Lie algebras of interest for physics is the Virasoro
algebra [V]. This algebra is a central extension of the Lie algebra of vector fields on the circle
(also called centerless Virasoro algebra). The cohomology of centerless Virasoro was com-
puted by Gelfand and Fuchs in [GF]. We note that this algebra appears naturally in physics.
For example, it has been observed in [HHR, GR] that the centerless Virasoro algebra appears
as algebra of nonlocal symmetries for the Camassa-Holm and Hunter-Saxton equations.

The Lie algebra of vector fields on the circle is included naturally in the Lie algebra of dif-
ferential operators on the circle equipped with the Lie bracket given by the standard commu-
tator of differential operators. This algebra, in turn, is included in the Lie algebra of formal
pseudodifferential operators on the circle which has been very carefully studied for example
by L. Dickey [D] and M. Adler [A] in connection with the algebraic and geometric theory
of the famous Korteweg-de Vires equation and other integrable systems. We also stress that
there exist some nontrivial generalizations of these works in connection with “twisted” and
“quantum” analogs of classical integrable systems [KLR, FM, PSTS, PSTS1]

Thus, it is a natural problem to study the cohomology of the algebras of pseudodiffer-
ential operators as an extension of the study of the cohomology of the centerless Virasoro
algebra. We mention that 2-cocycle of the algebra of differential operators on the circle was
conrstucted in [KP] and a 2-cocycle of the algebra of pseudodifferential operators on the
circle was constructed by Kravchenko and Khesin using logarithms in [KK, KW]. Also, a
2-cocycle for the quantum analog of the algebra of pseudodifferential operators was consid-
ered in [KLR].

In this Thesis we generalize some of these results and we also present classifications of
central extensions in a purely algebraic context. We have divided our work in three chap-



ters. The first chapter is on algebras of formal pseudodifferential operators in one variable.
(Hereafter we will speak of pseudodifferential symbols instead of “formal pseudodifferential
operators” as we will not consider them from an analytic point of view). The second chapter
is on the generalization of the theory in Chapter 1 to the case of several independent vari-
ables and, finally, our third chapter is on some applications to the contruction of integrable
systems using r-matrices and Manin triples [KW, KZ, RSTS, STS, STS1].

Let us describe in more detail what we do in each chapter:

Chapter 1

Chapter 2

Chapter 3

We introduce the main objects we will be using in this work. We define pseudodiffer-
ential symbols in one variable on an arbitrary associative and commutative algebra,
we study its associative and Lie algebra structures, and we construct the Kravchenko-
Khesin logarithmic 2-cocycle. Motivated by a recent thesis by Donin (see [DK]) we
investigate the relevance of cosidering logarithms of general pseudodifferential sym-
bols for the construction of central extensions. We prove that no new central extensions
are obtained using this method. We also construct a hierarchy defined by a chain of Lie
algebras of differential operators which admit nontrivial central extensions via the log-
arithmic 2-cocycle. This construction generalizes a theorem by Khesin [K] on hierachies
of Lie algebras of differential operators on the circle. Finally, motivated by [KLR], we
consider twisted pseudodifferential symbols on arbitrary associative and commutative
algebras following [FM], and we construct central extensions and hierachies.

We consider pseudodifferential symbols in several independent variables on an arbi-
trary associative and commutative algebra. We have been able to find only two papers
directly related to our work, one by Parshin, [P], in which he considers a “generalized
KP hierachy” and one by Dzhumadildaev, [D], in which he studies central extensions
in this general context. We construct central extensions using logarithmic cocycles and
we also exhibit full hierachies of differential operators in several independent variables
admiting central extensions. Finally, we present a new proof of the main result in [D]
on the classification of central extensions.

We apply our results to the construction of integrable systems roughly following the
techniques of [KLR, DK, P]. We introduce Manin triples, we define double extensions
for the algebras of (twisted) pseudodifferential symbols in one and several indepen-
dent variables and, using a purely algebraic theorem [B], we construct Manin triples
for these algebras. This result then allows us to introduce hierachies of integrable equa-
tions in our algebraic context following [RSTS,STS1].

We close our work with a chapter on conclusions and open problems, and with an ap-
pendix containing the some the technical details of our proof of the Dzhumadildaev classifi-
cation theorem.



Chapter 1

The Algebra of Formal
Pseudodifferential Symbols in One
Variable

1.1 Basic Definitions and Preliminary Results

In this section, we introduce some fundamental properties of the algebra of formal pseudod-
ifferential symbols and set up our notation.

Let A be an associative and commutative algebra, § : A — A a derivation on A, this is,
a linear map such that §(ab) = ad(b) + d(a)b for all a,b € A. The algebra of formal differential
symbols DO is generated by A and a symbol £ with the relation

Eoa=al+d(a) (1.1)

for all a € A. Abecome a subalgebra of DO and inductively, we can prove that

n

oa=7) ( ? ) & (a)e" ™ (12)

§=0
foralla € Aandn > 0.

We can extend the algebra DO to obtain the algebra of formal pseudodifferential symbols
U DO by introducing the differentiations with negative exponents;

o0

£ loa=Y (1))

=0



so that a general element of ¥ DO is a formal series D of the form
D= Z a;&; ,where a; € A.
—00
The multiplication on ¥ DO is generalized using (1.2) to all n € Z by
"oa= i ( " > 6 (a)em.
— J
7=0
Here the binomial coefficient is defined by

nin-l)--n=j+1) if nezZt,je’Z

n . 4!
( j > "] 6;0(the Kronecker delta) ifn=0
0 otherwise
IfD;= ) aif*and Dy = ) b;¢/, wehave that:
1=—00 j=—00
DyoDy = ( > az-§l> > bgd
1=—00 j=—00
M N

IPTL
17]\—400 ]7];00

D3 Zz’(z’— 1)...]€(!¢—k+1)a5,€ (5,) 6-*el

i=—00 j=—00 k=0

00 1 6k M A N N .
= E(Tfk ( Z az’?) Z 4 (bj)fj

k=0 1=—00 j=—o00
.1 o*

=2 %l 9gk (D) 6" (D2)
k=0

(1.3)

(1.4)

The Lie algebra structure on ¥ DO is given by the usual commutator [A4, B] = AoB—BoA,

so that, for instance

€% ag"l = i ( j > 87 (a)gotn

=N

(1.5)



Lemma 1. For any non-negative integer m, and a,b € A, we have

m

5™ (ab) = <?> 5™ (a)87 (b). (1.6)

=0
Proof. By induction. O

Let 7 : A — C be a J-invariant trace on A, this is, 7 is a linear map, 7(ab) = 7(ba) and
7(6(a)) =0foralla,b e A.
The Adler-Manin nonconmutative residue [A, M], res : WDO — C is defined by

res (Z ai§i> =7(a_1)

We can prove that the res is a trace, i.e, res[A, B] = 0 forall A, B € \IJDO For example if
A = C>(8"),6 = d/dz, the linear functional 7 : C**(S') — C givenby 7(f) = [, f(z)dz is
a )-invariant trace.

Lemma 2. Let A be an algebra, 6 a derivation on A, T a -invariant trace on Ay m a positive integer.
Then for all a,b € A, we have

7 (b8 (a)) = (=1)™ 7 (ad™ (b)) . (1.7)

) =ad (b) + 0 (a)b, then, 0 = 7 (5 (ab)) = 7 (ad (b)) +
We proceed by induction on m. Let us assume that
(—1)"7 (ad® (b)) . Then

Proof. By definition, we have that J (ab
7(0(a)b) then —7 (ad (b)) = 7 (6 (a) b).
(1.7) is true for m = kji.e, 7 (b6* (a)) =

(1) (1)



Proposition 4. Let A be an algebra, § a derivation on A and T a é-invariant trace. Then the linear
map res : WDO— C defined by

M .
res (Z aifz> =71(a-1)

is a trace, that is, res is linear and it satisfies res(AB) = res(BA) for all A, B € VDO. This is the
Adler-Manin noncommutative residue [A, M].

Proof. Since res is clearly linear, it is sufficient to show that for any a,b € A; m,n € Z
res (a&" o b&™) = res (b€ o a&")

We consider several cases:
Letmn >0

res (agn o bgm) = res ( ( ;L > CZCS] (b) gm—&-nj)
7=0

= ires <( ? > as’ (b) gm+”—ﬂ'>

7=0
_ n m+n+1
=T <m+n+1>a5 (b)>
=0
since we obtain the coefficient of ¢! when j = m + n + 1, and ( " ) = 0. On the
m-+n-+1

other hand,

res (b€™ o a™) = res (i( T >b6j (a) 5“”’”’)

J=0

= ires (( 'rj” ) as’ (b) gm+"j>

7=0
m m+n—+1
<m+n+1>“5 (b))

=T
=0



If m,n <0,thenm+n —j <n+m < —1(j a positive integer), and

res (a§"b§™) = res (;io ( ? ) ad’ (b) €m+nj) .

But, as m +n — j < —1, the coefficient of {71 is 0,and then res (a"b¢™) = 0. Analogously
res (bMa&™) = 0. Now assume thatn > 0,m < 0. If n +m < —1 then

res (a€"b¢™) = res (i ( ;L > ad? (b) §m+nj) =0

J=0

because n +m — j < —1 — j < —1 and then n + m — j < —1. Analogously res (b{"a&") = 0.
Finally, if n +m > —1, we let kK = m + n. Then,

res(a& o b&™) = Zres (( ;L ) ad’ (b) §m+"j)
=0

:T<( kil >a5k+1(b)>
()

and on the other hand,

res (b€™ o af™) = i res << T ) b7 (a) gm+"j>

=0

<



Remark 5. The algebra W DO as vector space, has a direct sum decomposition
VDO = DO @ INT where

n -1
DO = {Zaz{ﬂal S A} and INT = { Z ai§i|ai € .A}
i=0 i=—00
are Lie subalgebras of VDO.

Proposition 6. res([A, B]) = 0 for all A, B € YWDO. This implies that the bilinear form (A, B) =
res(Ao B) is invariant, i.e it satisfies ([A, B], C) = (A, [B, C]). Also the subalgebras DO and INT
are isotropic subspaces of VDO, i.e, the restrictions of this form to both DO and INT vanish.

Proof. Let A, B € DO, res([A, B]) = res(Ao B) —res(B o A) = 0 because res is a trace. On
the other hand,

([A,B]oC) =res((AoB)oC) —res((BoA)o(C)
=res(AoBo(C)—res(BoAoC()
=res(AoBo(C)—res(AoCoB)
=res(Ao(BoC —C o B))
=res(Ao[B,C]) = (A,[B,C])

Also, if a™, b{™ € DO then
n n B
af"obe™ =" (k) ad® (b)e" =k
k=0

and therefore a&™ ob¢™ does not have a ¢! term because m-+n—k > 0. Thus res(a&™obt™) =
0. Analogously we prove that if af”,b¢™ € INT then the ¢! term in a&™ o b¢™ is zero. [

1.2 Topics on Lie Algebras

This section is devoted to studying some concepts of cohomology of Lie algebras.

1.2.1 Cohomology of Lie Algebras

Suppose g is a Lie algebra and A is a module over g. Then a g-dimensional cochain of the
algebra g with coefficients in A is a skew-symmetric g-linear functional on g with values in
A; the space of all such cochains is denoted by C(g, A). The differential d = d,, : C(g, A) —
C7t1(g, A) is defined by the formula

10



dc(gl7"'7gq+1) = Z (_1)s+tilc([gsagt])glu"°7g8)°")gt7"'agq+l)
1<s<t<q+1

+ Z (*1)5950(91,«-',927'--gq+1) (1.9)

1<s<q+1

where ¢ € C(g,4), g1,...,94+1 € g. We complete the definition by putting C9(g, A) = 0
for ¢ < 0,and d; = 0 for ¢ < 0. We can check that d,; o d;, = 0 for all ¢ and therefore
{C1(g, A),d} is an algebraic complex. This complex is denoted by C*(g, A), while H9(g, A)
denotes the g-cohomology space of the algebra g with coefficients in A. If A is a field and a
trivial g-module, then the second sum of in the right-hand side of formula (1.9) vanishes and
may be ignored. Usually in this case, the notation for C%(g, A), H(g, A) are abbreviated to

C(g), H(g).

Summarizing, if A is a module over a Lie algebra g, then the space of cochains C(g, A)
with ¢ > 0 consists of multilinear skewsymmetric maps in ¢ arguments and C%(g, A) = A.
For small values of ¢ the coboundary operator d : C9(g, A) — C%"!(g, A) acts as follows:

(@) ¢=0, dm(z) =z(m), m€ C%g,A) = A
B) =1, df(z,y) = —f([z,y]) + = f(y) — yf(z)
() =2, dp(z,y,2) = —P([z,y], 2) =P ([y, 2], 2) =P ([2, 2], y) 2 (y, 2) +y (2, 2) 21 (2, y).

We consider the following sets:

Z(g,A) ={¢Y € C¥g,A) : dip =0} (cocycles)
Bi(g,A) = {dr:reC?!} (coboundaries)
Hi(g,A) = Z9(g,A)/B%(g,A) (group cohomology)

We say that two 2-cocycles ¢, ¢ are equivalent or cohomologous if ¢ — ¢is a 2-coboundary.
In general, we say that two n-cocycles c, ¢ are equivalent if ¢ — ¢'is a n-coboundary.

1.2.2 Algebraic Interpretations of Cohomology

In this section we recall some algebraic interpretations of cohomology that are important for
this work. The proofs of the following proposition are in [FD], chapter 1, section 4.

A derivation § of the Lie algebra g is a linear map ¢ : g — g such that §([z, y]) = [0(x), y]+
[,0(y)]. A derivation is inner if 6 = §,(-) = [z,-] where = € g is a fixed element. Exterior
derivations are by definition elements of the quotient space of all derivations module the
subspace of inner derivations.

11



Proposition 7. H'(g,9) = Z'(g,9)/B'(g, 8) can be interpreted as the space of exterior derivations
of the algebra g.

Definition 8. A central extension of a Lie algebra g by a vector space n is a Lie algebra g whose
underlying vector space g = g & n is equipped with the following Lie bracket:

(X, ), (Y,v)] = ([X, Y], ¢(X,Y))
for some bilinear map ¢ : g x g — n.

Note that ¢ depend only on X and Y, but not on v and v. This implies that the extension
g @ nis central, i.e n is the center of the Lie algebra g.

The skewsymmetry, bilinearity and the Jacoby identity on Lie algebra g are equivalent to
the antisymmetry, bilinearity and the following cocycle identity for the map c:

([X,Y)],Z) + (12, X),Y) + (Y, Z], X) = 0. (1.10)

for any X,Y, Z € g. This identity corresponds to identity in (v) in the case that g is a trivial
A-module.

A 2-cocycle ¢ on g with values in n is called 2-coboundary if there exist a linear map
a: g — nsuch that ¢(X,Y) = o([X,Y]) for all X,Y € g. Therefore in describing different
central extension we are interested only in the 2-cocycles modulo 2-coboundaries, i.e., in the
second cohomology H?(g,n) of the Lie algebra g with values in n: H?(g,n) = Z2(g,n)/B?(g,n),
where Z2(g, n) if the vector space of all 2-cocycles on g with values on n, and B(g, n) is the
subspace of 2-coboundaries.

Remark 9. In general, a central extension of a Lie algebra g by a vector space n is a Lie algebra g
whose underlying vector space g = g & n is equipped with the following Lie bracket:

(X, w), (Y, 0)] = ([X, Y], (X, Y) + p(X)v = p(Y)u)

for some bilinear map ¢ : g x g — nand a function p : ¢ — End(n). In our case, definition 8, the
action p is trivial.

Proposition 10. There is a one-to-one correspondence between the equivalence classes of central
extensions of g by n and the elements of H*(g,n).

Proof. See [FD] page 33 or [DI] page 236. O

The proof of the principal theorem of Section 2.4 is based in the following result, the proof
isin [D1].

Proposition 11. Let H(g) be the subspace of Z'(g, g) generated by of cocycles ¢ € Z'(g, ¢') satis-
fying (¢(x),x) = 0 forall x € g, where (,) : ¢’ x g — C is the natural pairing. Then there is an
isomorphism H(g) = H?(g, C). In particular, if g possesses a nondegenerate form, then the space of
central extensions H?(g, C) is a direct summand in the space of outer differentiations.

12



1.3 OQOuter Derivations and central extensions of VDO

In this section we go back to the algebra W DO considered in the section 1.1. We recall that £
is a symbol and the multiplication on ¥ DO is given by (1.4).

Following [KK], we can write formally the identity ¢ = e!'°9¢. This implies that

d t
— = log€.
dt ‘tzog 09t
Hence, setting o = t and differentiating both sides of equation (1.5) at t = 0, we obtain

(-1p!

; 69 (a)En 7, (1.11)

log&,ag" =

J=1

(e 9]

that is, an element of Y DO.
We will use the following combinatorial identity (see [FM]):

Lemma 12. Let s > 1 and k > 0 be integers and 3 € Z. Then

SR 2

J=s

Proposition 13. [log¢, -] defines a derivation of the (both associative and Lie) algebra W DO.

Proof. In this proof, we use the combinatorial identity 1.12. It sufficient to prove that for any
a,be A, m,n € Z.

log &, ag™ o bg™] = [log &, ag"] o bE™ + ag’ o [log &, bE™] (1.13)

For the left side of (1.13) we have:

log ¢, ag™ o bg™] = llog&z ( i )aaj(b)f”m_k]
k=o
= N n (_1)j+1 j n+m—k—j
_ZZ< L) @)

For the right side of (1.13)we have:

o0 (_1)j+1 ) ) o0 (_1)j+1 ‘ '
[log &, ag"|obs™+ag oflog &, g™ = | > ~———067 (a) &7 | b¢+ag" | > ———0 () ¢

j=o J j=o J

13



o oo . 1yl o >© X n _ 1)+l . .
=2 ( ”;J ) ( 1]?J &7 (a) 5k(b)§"+m’”+22( . > (i 1;] ad® (87 (b)) TR

j=1 k=0 j=1 k=0

o oo . 1yl o X® X n _ 1)+l . .
_ ZZ ( n;] > ( 1]?3 57 (a) 5k(b)§n+m—kfj+zz ( L ) ( 1]?1 a5k+] (b) £n+mfkfj'

j=1 k=0 j=1 k=0

(1.15)
For any integer r > 1, the coefficient of R in (1.14) is

= (7)< o)

where the summation is over all integers 57 > 1,k > 0 such that j + & = r. Using (1.6) we
have

Zi < i ) ( ; ) (_Ewéf%a)é”’“(b)
“TE (1) () a0 T (1) Y o

where both summations are over all integers j > 1,k > 0 such that j + k£ = r. On the other
hand, for r > 1, the coefficient "5~ of (1.15) is

£ (") £ (1) s o

where the sum is over all integers s > 1,1 > 0 such that s + [ = r. Therefore, in order for
(1.16) and (1.17) to be equal it is enough to show that for fixed integers s > 1,/ > 0 such that

s+ [ =r, we have
Z(Z)(?)(—lyﬂ ) ( nes ) o
1 j k

where the sum is over all integers j > 1,k > 0,7 > O such thati = j — s,i 4+ k = [. This
amounts to showing that

0.0 () ()

J=s

and this is consequence of (1.12). O

14



Theorem 14. The map ¢ : VDO x YDO — C given by
¢(A, B) =res([log&, Al o B)
defines a Lie algebra 2-cocycle on W DO.
Proof. We have to prove the cocycle identity
¢([A, B]C) + ¢([C, A]B) + ¢([B,C]A) =0 (1.18)
This a direct calculation using that [log &, - is a Lie algebra derivation:
(A, BIC) = res([logé&, [4, B]] o C)
=res([[log&, A], B] o C) + res([A, [log&, B]] o C)
=res([log&, A] o [B,C]) + res([log&, Bl o [A,C])

Analogously, ¢([C, A] o B) = res([log&, C] o [A, B]) + res([log&, A] o [C, B]) and
c([B,C|A) = res([log&, B] o [C, A]) + res([log&, C] o [B, A]), these equations imply (1.18) [

Remark 15. If A = C*°(S"), § = 9y, the linear functional T : C>°(S') — C given by [q f(x)dx
is a d-invariant trace. If we use our notation, we have the following:

n

res(A) = res ( Z ai(x)f)i> =T1(a_1(z)).

i=—00

We remark that in the literature [KK, K, KW, DK] on infinite-dimensional groups a different nota-
tion is used:

res(A) = a_i(x)and T(a_1) = tr(a_y) = / a_1(x).

sl

In this work we follow the conventions of [D].

Remark 16. If we apply Theorem 14 on WDO(SY), then c(A, B) = res([log 0, A] B). We obtain the
following 2-cocycle:

( (=D (ot )
c(A,B) =Tr ZTAxk)a B. (1.19)
k>l

gives a nontrivial central extension of the Lie algebra WDO(S") of pseudodifferential symbols on
SY. The restriction of this cocycle to DO(S') gives a nontrivial central extension of DO(S'). The
restriction of this cocycle to the subalgebra of vector fields is the Gelfand-Fuchs cocycle

c(f(@)0.9(2)0) = § [ £'a)g" @)z

15



of the Virasoro algebra. It is know that the Gelfand-Fuchs cocycle is non trivial [GF] and therefore the
central extension of WDO(S1) and DO(S') are non trivial [KK].

Remark 17. The Lie algebra DO(S") of differential symbols on S' has exactly one central extension
[L], but the Lie algebra W DO(S') of pseudodifferential symbols on S* has two independent central
extensions [W|. The second cocycle has the following form:

c¢(A,B) =Tr([z,A]|B)

We will reprove this result as a corollary of our classification of central extensions of formal pseudod-
ifferential operators in several variables appearing in Section 2.4.

Remark 18. The restriction of the 2-cocycle c given by (1.19) to the subalgebra of differential operator
DO C ¥DO is a multiple of the Kac-Peterson cocycle [KP] :

n!m!

n my\ __ (m+1) ,(n)
c(f9". 99 )_(m+n+1)!/slf gdo

Remark 19. Let ¥ be a compact Riemann surface and let M be the space of meromorphic functions on
Y. Fix a meromorphic vector field v on the surface 3 and denote by D, the operator of Lie derivative
L, along the field v: locally, in a neighbourhood U with local coordinate x, the field v is given by
v(z) = f(x)0/0x and then Dg = L,(g(x)) = f(x)g'(x) where ¢'(x) is the derivative of g with
respect to x.

The associative algebra of meromorphic pseudodifferential symbols is [DK]

n

MUDS = { > aiDy'|a; € M}
1=—00

The multiplication in MY DO is defined in the usually form (1.4). We can now consider the Lie

algebra structure of MW DO and the residue map resp (31— _ . a;D%) = a_1D;*, where D! is

understood as a meromorphic differential on . Also we can define the trace associated to the point

P eXbyTrA =respresp(A). Then as a consequence of theorem 14 we have a nontrivial 2-cocycle

on MY DO given by ¢,(A, B) = Tr([logD,, A]B).

1.4 log X and Outer derivations

In this section, we generalize [log¢, -] to [log X, -], where X is any elements of ¥ DO. Moti-
vated by [DK] we would like to investigate if this generalization yields further central exten-
sions of ¥ DO. We consider an algebra A such that foralla € A,a # 0,a~! € A. This is very
important because the inverse appears in the definition of [log X, A] of the pseudodifferential
symbol X 1. The next proposition justifies the existence of X L.

Let A = apé" + an_1" 1+ ...bea pseudodifferential symbols. If a,, # 0 and a,, = 0 for
all m > n, then n is called the order or degree of A.
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Proposition 20. 1. The vector spaces (¥ DO),, = {A € ¥DO : ord(A) < n} define a filtration
on YDO.

2. Forany X = xp§" + Tn_1E" L + ..., there exists a unique inverse operator, X t=qa, "+
U1 & V4 suchthat XX 1= X71X = 1.

Proof. 1. From the definition, we have that (VDO),, C (¥DO),+1. Also a simple calcula-
tion show that [(VDO),,, (VDO),,] € (YDO)ysm.

2. Let X = 2" 4+ 216" 1+ and X' = 4" + ap_ 16" 4 - - - ,we need to solve the
equation X X! = 1 for the unknown coefficients a,, a,_1, .... Expanding XX ! =1,
we obtain

Tnan = 1; Tnap—1 + Tp_1a, + nxpd(ay) =0; ...

the first equation implies that a,, = z,;!, the second equation can be solved for a,,_; in
term of x,,, etc,etc,.
O

Definition 21. For any pseudodifferential symbol X we define log X : WDO — W DO, where the
bracket of log X with a pseudodifferential symbols A ,[log X, A] is defined by means of the formula
(1.4).

Recall that [log¢, A] = logf o A — A o log¢ (here the multiplication is defined by the
same formula 1.4 ). Similary, one can regard [log X, A] = logX o A — A o log X, where,

log(1+X)=>_ (_T'l)ij‘ We can check that is X is an integral symbols then log(1 + X) is
j=1
well pseudodifferential symbols.

For example, to any a € A, we can associate the operator loga : ¥ DO — ¥DO given
by:

[loga,b"] = nb(s(aa)gn—l +n(n— 1)ba(52(a))a; (5(a))2€n_2 4.

Remark 22. Let g be a Lie algebra, the Baker-Campbell-Hausdorff-Dynkin formula is

ooV — et tytgleul+ iz ([ eyl + . [yal) -+ T,y €g (1.20)

Note that z +y + L[z, y] + S ([z, [z, v]] + [y, [y, 2]]) + -+ = = +y + 0(x,y) where 6(z,y) is a
series only of (iterated) commutators of x and y. In this formula, the exponentials are defined by the
usual power series, and 1.20 is understood as an identity among formal power series. We also note
that if G is a Lie group and g is the Lie algebra of G, then the exponential is the standard exponential
function exp : g <— G and 1.20 is an equation on G. [H, Ha]

The next theorem is a generalization of the theorem 2.8 of [DK].
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Theorem 23. The map X — log X € HY (W DO, V¥ DO) is nontrivial and, the derivation log(XY)
is equivalent to the sum of the derivations log X +log Y. Also, the derivation log(X +Y') is equivalent
to the derivation log X if the degree of the symbols X if greater that the degree of Y.

Proof. We can rewrite the product XY of two symbols as XY = el°¢Xelos Y Using the Baker-
Campbell-Hausdorff formula (1.20) we have:

XY = elog X+log Y+6(log X,logY)

Note that the term 6(log X, log Y) is a pseudodifferential symbol, because only commutators
of log X and log Y appear in it, but not the logarithms themselves. (note that the [log X, log Y]
defined by (1.4) is a pseudodiferential symbol) Then,

log XY =log X +1logY + 6(log X,logY)

Thus the derivation log XY is cohomological to log X +log Y, since §(log X,logY"), defines a
inner derivation (Note that, 6(log X, log ) = -5 ([log X, [log X,log Y]]+ [log Y, [log Y, log X]])+
-+ -, this is, only commutators of log X and logY). On the other hand, let X = "\" a;&’,
then we can write X = (a,,§™) o (1 +Y') where Y is an integral symbol. Then, log X is co-
homological to log(a,£™) + log(1 + Y'). But, the derivation log(1 4 Y') is inner: indeed, for
definition log(1+Y) = Y72, (_1]1k+1 Y*, the right-hand side is well defined integral symbol,
because degree of Y* < —k. Thus log X is cohomological to log(a,&™). O

Corollary 24. For any pseudodifferential symbols X and Y, the logarithmic 2-cocycle cxy is equiv-
alent to the sum of the 2-cocycle cx + cy

Proof. This is a direct consequence of [D1] and theorem 23. O

This Theorem and its corollary imply that we do not obtain new central extensions by
considering log X instead by of log€.

1.5 A Hierarchy of Centrally Extended Lie Algebras
In this section, we define a whole hierarchy of Lie algebras admitting nontrivial central exten-
sions. This work is a generalization of [K]; also, we consider the bilinear form <, > defined

in proposition 6.

For any positive integer m, let ¥ DO,,, be the subalagebra of ¥ DO consisting of differen-
tial operators of the form Y™ ;¢ for some non-negative integer M and a; € A.
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Theorem 25. Suppose that the bilinear form defined in the proposition 6 is nondegenerate on W DO.
The restriction of the 2-cocycle ¢(A, B) = res([log§, A|B) to WDO,, defines a nontrivial central
extension of this subalgebra.

Proof. Using (,) defined in the proposition 6, we can to identify ¥ DO with the dual space
U DO*. Then a pseudodifferential symbol A € ¥ DO can be considered as a linear functional
in WDO*. The dual space for the subalgebra ¥ DO,,, can be viewed as subspace in VDO* =~

UDO. VDO, ~ { gt € A}. If we assume that ¢(A, B) is a coboundary then for

A=Y 0B =" bt € VDO, and for some L € WDO};,, L = ;" 1€, we
have that
c(A,B) =res([A, B]L)
M ' M . —m—1
=res Z a;€', Z b;&’ Z I&"
i=m j=m k=m
=res Z ((Coefficient ) 5(5)(ai)5(t)(bj)5(u)(lk)§i+j+k_(t+“+s)>
1,7,t,k,8,u
=m,m,0,—00,0,0
= 7(coefficient _)
then the coefficient of ¢! satisfy that
itj+k—(t+u+s)=—1 (1.21)
fors,t,u >0k < —m— 1.
Also, we have that
(A, B) = res([log &, A] B)
= res llogg, > az'{’] > b
i=m j=m
=res| > (coefficient)s®)(a;)d") (b;)¢ 7~ ()
1,5,t,8
=m,m,0,0
= 7(coefficient _;)
then the coefficient of ¢! satisfy that
i+j—(s+t)=-1 (1.22)
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comparing (1.21) and (1.22) for any A, B, we find k = u, and this is contradicts the condition
for k and w. O

1.6 The Algebra of Formal Twisted Pseudodifferential
Symbols in One Variable

In this section we introduce the algebra of twisted formal pseudodifferential symbols, the
logarithmic cocycle and we prove theorems analogous to Theorem 23 and Theorem 25.

We note that examples of twisted formal pseudodifferential symbols have appeared in
[FM] and in [KLR] in connection with noncommutative differential geometry.

Definition 26. Let o : A — A be an automorphism of fixed algebra A.
1. A o-derivation on A is a linear map 6 such that

d(ab) = d(a)b+ o(a)d(b)

2. A o-trace on A s a linear map 7 : A — C such that

7(ab) = 1(o(b)a), foralla,be A.

Given a triple (A, §, o) as in the above definition, we define the algebra of twisted formal
pseudodifferential symbols, denoted by WDO,, as the set of all formal Laurent series in ¢
with coefficients in A:

N
WDOW:{EZaﬁzNEZﬂneA}

1=—00

Thus, as a module, ¥ DO, is equal to ¥DO. However, we define multiplication in a
different way. We impose the relation

¢a = o) +6(a)

Using the above multiplication rule, we have for all n > 0,

§"a =" Pinlo,0)(a)¢, (1.23)
=0

where P, (0, §) is some noncommutative polynomial in o and § with (7) terms of total
degree n such that the degree of o is i. For example, £?a = 6%(a) + (0o (a) + 0d(a))€ + 02 (a)&>.
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We use induction to extend (1.23) for n < 0. We have then

ra= o 3 (DI e T ) (@) T (L24)
11=0 in=0

Let A = Zé\[:_ " and B = Z%:_OO bn&™, then we have the following formula for
the multiplication:

M
AB= 3 3OS (1)l 1) gt i o (o g

m=—oon<0 i>0

M n
+ D DD anPin(0.0)(bm)E"™ ",

m=—00n<0 j=0

where i = (i, - , i) is an n-tuple of integers and [i| = i1 + - - - + ip.
The next proposition and theorem are proved in [FM].

Proposition 27. Let A an algebra, o a automorphism of A, T a o-trace on A, 6 a o-derivation on
A. If T 06 =0, then for any a,b € A, and any m-tuple i = (i1, ..., %) of non-negative integers, we
have:

T(bafl(&f*l)il e 071((5071)"’”((1)) = (—1)i1+"'+1m7(a5ima(5¢m‘1 e 05i1(b))

Theorem 28. Let A an algebra, o a automorphism of A, T a o-trace on A, and 6 a o-derivation on
A. If T 0§ = 0, then the linear functional res : VDO, — C defined by

res ( Z ai§i> =71(a_1)

i=—00
is a trace.

Remark 29. Note that if 6 o 0 = o o 6, the multiplication formulas (1.23) and (1.24) in W DOy,
imply that the multiplication is given by

o

ra=Y (7;) 57 (0" (@))€ (1.25)

j=0
A special case of (1.25) is the g-pseudodifferential symbols on the circle defined in [KLR]. In this

case, A= C*(SY), o(f) = f(qz) and 6(f) = W
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Hereafter we assume that § and o commute. Let o, be a 1-parameter group of automor-
phisms of A with 01 = 0. We can define an algebra of twisted pseudodifferential symbols
with elements of the form Y% a;£"~",t € R. We can replace the integer nin (1.25) by t € R
and obtain

o0

fa- o =3 (1)oitoe,

Jj=1

By differentiating above formula in ¢ at ¢ = 0, and using the identity &' = e/1°2¢ and derive
att = 0, we obtain

d
=| &= togg)g’|  =1loge,

t=
and the commutation relation
o

log €.l = | orla) + > s (1.26)

j=1
We note that [log &, = 0].
Proposition 30. The map [log¢&, | : WDO, — VDO, define by
d X (=11 .
fog€.ae”] = | _ ol + Y T o a)e (127)

dt lt=0 =

is a derivation.
Proof. See [FM]. O

Theorem 31. The 2-cochain
¢(A, B) = res([log €, A]B)

is a Lie algebra 2-cocycle.

Proof. See [FM]. O

Remark 32. The algebra Y, as vector space, has a direct sum decomposition
DO, = DO, ® INT,, where

n —1
DO, = {Zaﬁ' a; € A} and INT, = { Z ;' |a; € «4}

=0 1=—00

are Lie subalgebras of U,,:
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Indeed, if a£™,b™ € DO, then

ag"be™ = f: <Z> ad® (0" H(p)) g

k=0
but, n +m — k > m > 0. Similarly the case for a&",b™ € INT5.
Proposition 33. res([A,B]) = 0 for all A,B € VDO,. This implies that the bilinear form
(A,B) = res(AB) is invariant, i.e it satisfies ([A, B],C) = (A,[B,C]). Also the subalgebras
DO, and INT, are isotropic subspaces of VDO, i.e, the restrictions of this form to both DO, and
INT, vanish.

Proof. This is analogous to Proposition 6. O

Let A=Y"" ;& € ¥DO, ,if ay, # 0, then n is called the order of the A.

Proposition 34. 1. The sets (VDO,), = {A € VDO, : ord(A) < n} define a filtration on
U DO,.

2. Forany X = x,£" + Tp_1E" 1+ .., such that x,, is invertible, there exist the inverse operatot,
X V=@ +a_pn & '+ Lsuchthat XX 1= X"1X =1
Proof. The proof is similar to nontwisted case . O
Similarly, to the ¥DO case, for X € VDO, we can define log X : VDO, — VDO,
where the bracket with a A € VDO, is defined for the formula (1.25), and log (1 + X) =

3 (_T.l)ij is well defined.
=1

Theorem 35. The map X — log X € H'(VDO,, VY DO,) is a nontrivial cocycle and it is such
that, the derivation log(XY) is equivalent to the sum of the derivations log X + logY. Also, the
derivation log(X +Y') is equivalent to the derivation logX if the degree of the symbols X is greater
that the degree of Y.

It is also possible define subalgebras VDO, ,, of VDO, by

M
UDOg = {Z ai€'la; € A} :

Then, we have a analogous to Theorem 25:

Theorem 36. Suppose that the bilinear form defined in proposition 33 is nondegenerate on W DO, .
The restriction of the 2-cocycle c(A, B) = res([log&, A|B) to VDO, ,, defines a nontrivial central
extension of this subalgebra.
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Chapter 2

The Algebra of Formal
Pseudodifferential Symbols in Several
Variables

2.1 Preliminaries

In this section, we describe the algebra of formal pseudodifferential symbols in several vari-
ables, denote by ¥, DO.
We use the notation of [D]. Let I = {1,2,...,n} and

Ip={a=(.,a,..) €Zicl}; T ={acl,:a;€Z,icl}

& = (0’ - 0, 1’0’--')0); U= Zsi el'y; al = Hai!,ai S F;l;
% )

We also set £ = £ -+ €97, 67(b) = 67 (b) - - - 6,7 (b) and
(6 (673
( g ) B H( Vi >

and the binomial coefficient is defined as in Chapter 1.

Let A be an algebra on C and let §; with i =1, -- , n, be derivations on .A. The algebra of
formal differential symbols in several variables DO, is, by definition, the algebra generated
by A (as a subalgebra)and the symbols ¢;, with the relations,

&a = a&; + 51‘((1), (2.1)
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foralla € Aandi =1,---,n. The elements of the DO,, are of the form
A= Z aa&®
ael’y
Using (2.1), we can prove that
agbe? = Y ( @ >a5’y(b)§a+ﬁ—7. 2.2)
very 7

We extend the algebra DO, to obtain the algebra of formal pseudodifferential operators
VDO, introducing the differentiations with negative exponent via

&la=Y (-1l (a)g .

>0

We define a the structure of Lie algebra on ¥ DO,, by the usual commutator

A,B]=AB—BA=Y" (;) (;;(A)W(B) 5;(3)57(140 23)

yerd
Where for A = a®,

T aewy =1 (“Vager and  §(ag®) = 57 (a) - 57 (a)e®
g7 gl ! " ’

2.2 The Logarithm Of a Symbol and the Logarithmic 2-cocycle

We are interested in having a similar definition to 1.11, but in several variables, i.e, we want
define logé foralli =1,...,n

We know from Chapter 1 that log £ does not belong to W DO, but [log &, X] € ¥ DO for all
X and that [log&, -] is a derivation. We can define the action of log¢; on the algebra ¥,, DO
using the commutator [log§;, -] (2.3) in the following form:

logé, X1 = 3" 2 (log)67(x)

e |8€7
1
=y = b 5% (log &8 (X) (2.4)
=0 !

forall X € ¥,,DO.
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Proposition 37. [log¢;, -] defines a derivation of the (both associative and Lie) algebra W,, DO for all
1=1,..,n.

Proof. One readily verifies,as in Chapter 1, that for any two symbols A and B in ¥ DO
[log &, AB] = [log¢&;, A]B + Allog &;, B]

so log &; is a derivation of the associative algebra . This also implies that log &; is a derivation
of the Lie algebra structure. O

Let 7 a trace such that, 7(ad” (b)) = (—1)77(bd”(a)) this is,
7(ady" (b) -+ 6" (b)) = (=1)77(b6y" (a) - - - 6" (). (2.5)

Proposition 38. Let A be an algebra, 6; derivations on Aand T as in (2.5). Then the linear functional

res:W,, DO—C defined by
res (Z aa§a> =T1(a_y)

OéEFn

is a trace.

Proof. 1t suffices to prove that for any a,b € Aand o, 5 € 'y,
res(afo‘bfﬁ) = res(bfﬁago‘) (2.6)

Let o, B € I';, such that for some o, 3;, we have o, 8; > 0 0 o, f; < 0, then verifies (2.6) for
the proposition 4.
Without loss of generality, suppose that for all 7, o; > 0, 5; < 0. If o; + 5; < —1,then using

the proposition 4 we have the equality. Now, suppose that «; + 5; > —1 ans let k; = oy + ;.
This case is similar to the case n = 1, then

res(agvbeP) = ( k—(iy—ﬁ )T(aék'w)
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Also,
res (bf%{“) - (( . f ) ) pak+ (a)>
_ ( ’;J‘rg ) 7 (0057 (@)

(=1)F*? ( “ ) T (békw (a)) aplicando (1.8) n-veces

k+9

= (—1)FF (1)t < . >T ("7 (5)) por 25)

AGARCD

Theorem 39. The 2-cochains
ci(A, B) = res([log&;, A]B)

are Lie algebra 2-cocycles of ¥,,DO.

Proof. We have to verify the cocycle property

Ci([Av B],C) - res([log@, [A BHC)
= res([[log &, A], B]C) + res([4, [log &, B]|C)
= res([log&;, A][B, C) + res([log &, BJ[C, A]).

Also, res([log&;, A][B,C]) = res([log&;, C][A, B]) +r ([log &i, B][A, C]), these identities im-
ply that ¢;([4, B], C) + ci([C, Al, B) + ¢i([B, C], A) = O

2.3 A Hierarchy of Centrally Extended Lie Algebras

In this section, we define subalgebras of ¥, DO and prove that they have nontrivial cen-
tral extensions. Similar to the proposition 6, we consider that the bilinear form < A, B >=
res(AB) for A, B € ¥,,DO is nondegenerate and we can prove that is symmetric and invari-
ant.

In ¥DO, we constructed one hierarchy of subalgebras admitting nontrivial central ex-
tensions. But, in this case, ¥, DO, we have a hierarchy of subalgebras ¥,, DO,, admitting
nontrivial central extensions given by log¢; for a fixed ¢ and we have another hierarchy of
subalgebras ¥,, DO, admitting nontrivial central extension given by log ; for each 1.
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Let L = 3 cr, @a€® = X (ay,an)er, @&i & € ¥, DO, then we define the subalge-
bra ¥,,DO,,, of ¥,, DO with element of the form ) el bﬁgﬁ, such that 8; > a; > 0.

Theorem 40. The cocycle c; defined by log &; is a cocycle for the subalgebra ¥,, DO,,,.

Proof. Thebilinear form (, ) is symmetric, nondegenerate and invariant. Then we can identify
v, DO* with ¥, DO. The dual space for the subalgebra ¥,, DO, can be viewed as subspace
in U, DO*. Then we have that U, DOy,* ~ {3 e 19€? : 6; < —a; — 1}. Let A, B € ¥,,DO,,
and we assume that ¢;(A, B) is a coboundary. Then

c(A, B) =res([A, B]L)

= res ({Z e, Y bﬂgﬁl i119§9>

a€el'y, pely, el
= res (Z ((coefﬁcient ) 6®) (ag )8 (bg) 5 (ze)ga+ﬂ+9—<T+ﬂ+¢>))

= 7(coefficient _)
The coefficient of £_y verifies that
o+ Bi + 0+ (1o + i + i) = —1 (2.7)

on the i-th position .
On the other hand, we have that

c(A, B) =res([log&;, A] B)

= res ([log&, > aaga] > bﬁgﬂ)

ael'y, gerly
=res <Z(coefﬁcient)5i(wi)(aa)é(”)(b5)£a+ﬁ_(¢i+7))
= 7(coefficient _y)
The coefficient of £_y satisfy that
o + B+ (1i + i) = -1 (2.8)

on the i-th position. Comparing (2.7) with (2.8) for arbitrary A, B we have that ;; = 6;, and
this is a contradiction, because 0; < —a; — 1y p; > 0. ]

Now we say that a > S if a; > f3; for alli. Let a € '}, ¥,,DO,, and let us define as the
subalgebra of ¥,, DO with elements of the form > 5. bsé? such that 8 > a.
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Theorem 41. The cocycle generated by log&; for each i, is a cocycle in W, DO,,.

Proof. The proof is analogous to the proof of theorem 40. We see that if the cocycle generated
by log &; were trivial, then equations (2.7) and (2.8) would be are true in all n-components,
and we would have y; = 6; for all 4, this is impossible. ]

2.4 The Dzhumadil’daev Classification Theorem

In this section we present a new proof of the principal theorem of [D]. We use our notation
from section [2.1].

Let P = {>°, Maz®a € It} be the algebra of polynomials in variables 1, ..., 2,, and
let P, be the algebra of Laurent power series of the form ) . Aqz® such that the num-
ber of a € I’} with nonzero ), is finite. The action of the derivation 9; in these algebra is
0i(z%) = az® %, with o € T,.

Let U be an other algebra with derivations 0y, ...,0,. The tensor space D,, = U ® P,
becomes an algebra if we endow it with the multiplication rule

(ue fHlloeg) = > (ud*(v)®*(f)g) /a!
aeFi

D,, is an associative algebra and it contain D;} = U ® P, as a subalgebra.

Proposition 42. There is a isomorphism between the associative algebra of formal pseudodifferential
symbols W, DO and D, given by

v, DO — D,
ué® — u ® z®
Corollary 43. The Lie algebra ¥,, DO and D,, are isomorphic.
Let ,, be the Lie algebra associated to D,, with &/ = P,,. Then an element of H,, is of the

form
Z /\a,gw?‘rxé
a:ﬁern

2’ ~ o @ 2B ) and the Lie bracket on #,, is given by

« o, B 1 « o B
[m+x€,x+x’ﬂ = Z <7'> (8_/\8+)(x+3:’§,x+x’§)

yery

(note that we are identifying =<
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where 0., 0_ are derivations acting on H,, as follows:

8z(aza+x€) = ! <5> azixg_’y , 81(ma+x€) = ! <3> a:?f__ﬂ/xg

Theorem 44. Consider the linear map res : H,, — C given by

res Z )\a”gaﬁmé =A_y_y
a,Bely

If we set (D1, D2) = res(DyD3), then <, > is a symmetric bilinear nondegenerate invariant form.
Proof. See [D] O
Lemma 45. 93?9:5:19 ¢ [Hn, Hn)

Proof. Let A, 5:5133@ and A\ Ezixé € H,. We can prove that the coefficient of xjr’ga:jf is 0 in

the bracket [\, gz%z” , Aaﬁmixé].lndeed,

7 ! &\ (B aracr pri-
[)\a,gx?‘,_l‘é,)\@ﬂx‘}rxﬂ = Z 'ﬂ)\a’ﬁ)\“757!<7>7!<7> xi—'ra 7 BB
af.afery
- Z Aaﬂ)\dﬁ'y! (a) ! (B> mfra*ﬂ/x’é%éf’y
a,B.a,8€r; v v
Aa,ﬁ)\* 8 _ _
= X (0@ - (Bl
a,ﬂ,o'z,ﬁ_el"ﬁ )

The coefficient of x;ﬁx:ﬁ in this commutator is equal to

)\0175)\07 _(5a+@+195 B+ _ —
A=) TR (8)y(@)y ~ (Blyle)y)
o,B.a,BElt

where we set (a), = a(a—1)...(a—r+1), a,r €R, r>0and(a)o=0.Leta,b, a,b e Z. We
can prove that a+a = b+bimplies (b)y, 411 (@)a+a+1 = (0)p1p41(@)ata+1- Thus, if at+a = S+
then ()5, 519(@)arars = (8) g4 519(@)atary- This implies that A = 0. O

We shall consider the following Lie subalgebras of H,,:
Hi = Z /\aﬂxix’é‘a er,,Bely)

a,Bely
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Ho =3 3 AapatellacTy ger,
O‘?ﬁel—"n

Hi, = Z )\a,ﬂx‘j“rxg‘a,ﬁ el
a?ﬁer’n

Lemma 46. The Lie algebra generated by 1\ | and the elements a7t .., x, ! coincides with M.
1

Similary, the algebra H,, ;. is generated by the subalgebra H} | and the elements x_, ..., x”; finally,
the Lie algebra H,! ., and the elements T 1y T generate [Hp, Hy).

Proof. See [D] O
Definition 47. Let fo: 277 — land fo : 2% — 0if a # —9. We can prove that f is a derivation.

The following result is the main theorem of this section. Its proof is long. We have
divided it in three lemmas and we have left some import technical details in an appendix.
We consider the case in one variable Wy, this is, the basic element of the Lie algebra are
Ty =xy41 and x_ = z_1. We write H instead H;.

Theorem 48. The first group of cohomology of the Lie algebra H,, with coefficients in Hp, H' (Hn, Hn),
is generated by fo, [log xy, -] and [logz_;, | fori=1,...,n.

Lemma 49. [logz, | and [log z_, -| are outer derivations.

Proof. We have that [logz_,z4] = z_.
If log_, -] is a inner derivation, then [log z_, -] = ady~ 4, ,,27 2™ (+) for some coefficient dy, i,
then

logx_,x4] =2_

then, z_ =) dn,mmxix’_”_l which is impossible. Analogously, we can prove that [logz, -]
is an outer derivation. O

Remark 50. The derivations [logz,-|,[logx_, -] and fo are linearly independent.
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Lemma 51. Let D be a derivation, then there is w € H such that
D= )\[logx+, ] + ﬁ[lOg.’L‘_, ] - [wv ]
in xy and x_, for some «, S.

Proof. we know that [u,1] = 0 and then [D(1),u] = 0 for all v € H. This implies that
D(1) € Z(H) = C thus we can write D(1) = \.
Let D(zy) = > d},,2ta™ and D(z_) =3 d, 2t z™". We have,

1= [oo,a4] = A= [D(_),a4] + [o, D(x1)]
== \= Zd [z 2™, @ —I-Zd [w_, zT 2]
= A= Z dpy iz 1+ Z ) analy” Lym (2.9
Using (2.9) we have that, d,/,,, = 0 except when n = 0. Thus do ;,, # 0, this implies D(z,) =
> dafmx, . Analogously, we have that D(z_) = > d, 2}
Also, (2.9) implies that
dpy i x™ ™ L= 4, mnal Lym (2.10)
except whenn = —1,m = —1 and (n,m) = (0,0). We rewrite (2.10) as

(m + 1)d1:m+1 = —(n+ Ddnt1,m-

Then
D)= Y —dy,a™+do1a"" +dj, (2.11)
m#0,—1
and
D)= Y_ dyoat +d_1027" +dgy. (2.12)
n#0,—1
Now let us write,
D(er) = )‘[log erv:L‘Jr] + B[lOg :L'*?er] - [w7$+] = B:L':l - [OJ, :Z:Jr] (213)

for some w to be determined. Comparing (2.11) and (2.13), we have that g = daf _;and

[w, 4] Z dy ™ —I—d
m#£0,—1

Z dg ™ +d{

m#0,—1

z : dO
B m_mt1 -
> W = ¢0_1m+1 _ +d 0$_+w (214:)
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with [@, 4] = 0. On the other hand,

D(‘T—) = )\[10g$+,$_] + 6[10g‘r—7$—] - [w7$—] = )“T—T-l - [wvx—]
Comparing (2.12) and (2.15) and using (2.14), we have that A = d;; ; and

woa] == Y dyor} +—dg
n#0,—1
0w m X et - dy
n#0,—1
SN B N
n4+1 + 0,0+
n#0,—1
with [&, z_] = 0 Then, we can take w as
_ +1 Om Ll
W= Zn+1+ +Zm+1_ —dy T4 — dy .
n#0,~1 m#0,~1

Lemma 52. If D is a derivation such that D(x+) = 0, then D is a scalar multiple of f.

Proof. We have that
1= [a_,24] = D(1) = [D(a-),24] + [z_, D(z1)] = D(1) = 0
Now, there are several case to consider:
e D(zyz_) = a. Indeed:

z_,xix_|=2_ = [D(z_),z4x_]+ [z—, D(zia_ )] =D(z_)
— [z_,D(z42_)] =0= D(zq2_ Zd xt

Analogously [x12_, x| = x4, implies that D(x1) = > d,2",. Thus D(z42_)

e D(z") = D(2") =0 foralln > 2. Indeed, let n > 2. Then

(24, 2] = 0= [D(xy), 2] + [24, D(2]})] =
)

= [z4,D(2"})] = 0= D(z"}) :de$+
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Also, [zyx_, 2] = na’} implies [z12_, D(2" )] = nD(2"). Thus,
(242, > diak] =nY dya® implies D(277) = A,2™. On the other hand,

2] = na?i ™ = [o_, D(@)] = nD(")

n—1

= [z, \p2}] = A2}

n—1 n—1

= N\ = nAa]

This implies that A\,, = \,—1 for alln > 2, but Ay = 0, and thus \,, = 0 foralln > 2,
which proves that D(z"}) = 0.
Analogously D(z") = 0 foralln > 2.

D(ztx_) = D(x42") = 0 forall n > 0. Indeed

(22 24] = 4dzyx_ — 2 = 4D(z x_) — 2D(1) = [D(22),22] + [, D(2%)]
= D(z4z_) = 0.

Also, we compute

@7, ay] = a7 — D(a) = [D(ae), 2] + [tha_, Diay)]

— D(z"t2_) de+

and
[wrr_,ale_]=(n—-1Dzlte. = [D(rix_),2le_ |+ [zyx_, D@z )] = (n — 1)D(a"z_)
= [m+x,,2dsxi} =(n—-1) stxi
:>de+— (n—1) de+
= D(2"z_) = Ay_12” !
On the other hand,
[ ar ] =na’ T los = N1 (n — )22 = \_ona’l 2
— )\nfl = n )\an
n—1
for all n > 2. But A\g = 0, and therefore this implies A, = 0 for all n > 2. Thus
D(atx_) =0foralln > 2.
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e D(z%a™) =0forall n,m > 2.
Suppose this is not so. Then, there exits an element z7!'2", such that D(z7!'2™ ) # 0 and
m,n are minimal with this property. We compute

1
(i opa] = (1= mn)alta = Smn(n = 1)(m = et 4.

On the other hand,
D(a—aya™) = [D(aa-),wpa™] + [, Dlwya™)] = 0

This implies that
1
0= D@}, wya™]) = (1 = mn) D(a™) — Smn(n — 1)(m — 1) D@} @) + .

This implies that (1 — mn)D(z"2™) = 0, but (1 — mn) # 0 because m,n > 2 then
D(xtx™) = 0, this contradicts the minimality of m,n. Thus D(2%z™) = 0 for all
m,n > 2. But m,n > 2 are minimal with the property D(z7'z") # 0, thus D(2"} 2" ) =
0.

e D(z7') = D(¢7') = 0. Indeed, [v+,27'] = 0 implies that, D(z}' = Y"d?%) and
[rx_, 7] = —z implies D(v1') = Az} ', Also, [z22_,27'] = —1, implies
[222_,D(z;")] = 0and [222_, A\z}'] = =\ implies A\ = 0. Thus D(z}') = 0. Analo-
gously D(z_") = 0.

We have checked that D(u) = 0 for all v € [Hy, Hy], and this implies that D is a scalar
multiple of fy. O

Remark 53. We see that U,, DO can be written as U,,_1 DOV DO as an associative algebra. The
corresponding associative algebra structure is a consequence of the Kunneth formula. We can com-
pute the Hochschild cohomology of ¥,,DO. We can prove (see Appendix) that this cohomology is
isomorphic to \°® D,, where D, is the 2n-dimensional vector subspace of Der (¥, DO) generate by
log&yi,-],i=1,...,n.

This observation, Lemma 51 and Lemma 52 imply Theorem 48. In fact, each [logxy;,-] is a
derivation of W,, DO as a associative algebra, and therefore it is a derivation of W,, DO as a Lie algebra.
Moreover, we already know that fy is a Lie algebra derivation and, we can check that an n-variables
version of Lemma 51 holds. It follows that the space H'(H,,, Hy,) is generated by [log x4, -] and fo.
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Chapter 3

Applications

3.1 The Manin Triple of Pseudodifferential Symbols

In this section we assume that the bilinear forms < -,- > on Y DO and ¥DO,, are nondegen-
erate.we take as our main reference for definition and basic properties of the book [KW].

3.1.1 Manin Triple and Double Extension of (Twisted) Pseudodifferential Sym-
bols

Definition 54. Three Lie algebras g, g— and g form a Manin triple if the following conditions are
satisfied:

1. The Lie algebras g_ and g are Lie subalgebras of g such that g = g_ & g_ as vector spaces.

2. There exists a nondegenerate invariant bilinear form on g such that g4 and g_ are isotropic
subspaces, i.e, the restrictions of this form to both g and g_ vanish.

Proposition 55. The algebras W DO, DO and INT form a Manin triple with respect to the bilinear
form (A, B) = res(AB).

Proof. This is proposition 6. ]

In the same way, we have a analogous proposition for twisted pseudodifferential sym-
bols, and the proof is the twisted version of the proposition 6 (i.e proposition 33).

Proposition 56. The algebras YDO,, DO, and INT, form a Manin triple with respect to the
bilinear form (A, B) = res(AB).
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The 2-cocycle ¢ defined in (1.18) defines a central extension UDO of WDO. In this sec-
tion we consider a bigger Lie algebra, obtained by extending ¥ DO by adding the central
extension ¢ and the derivation [log¢, -].

Definition 57. The double extended Lie algebra of W DO is the semidirect product of the Lie algebra

UDO and the space of derivations {alog&|a € R}, where UDO is the central extension W DO =
VU DO®Rc with Lie bracket [(L1, ), (L2, B)] = ([L1, L2], ¢(L1, L2)). This Lie algebra can be written
as a vector space as

P

UDO = UDO G Rlogé = VDO @ (R-¢) @ (R-log€)
with the Lie bracket given by

(L1, 01, B1), (L2, a2, B2)] = ([L1, L2] + [B2log &, L1] — [B11log &, Lal, c(L2, L1),0).

This construction is a special case of a very general theorem appearing in [B].
Note that, as vector spaces, the Lie algebras ¥ DO has a direct sum decomposition as
DO = DO &) m, where

~1
DO = {ozc—l—ZaléﬂaZ eA aeR} = and INT = {Blogé& + Z aié'la; € A, B € R}

1=0 1=—00
We denote the elements of the form ac + > a;i§ = (37, ai€’, @, 0) and the elements
Bloge + X i€ = (L ai€’,0,8)
Remark 58. We can gwe a twisted version of the above definition, if instead of DO, \I!DO DO
and INT we consider \IIDOU, \IJDO,,, DO and INT
Theorem 59. The bilinear form

<(A7 alvﬁl)a (-87 a2752)> = TGS(AB) + alﬁZ + ﬁla2

on 31\36(01’ \I//ﬁa,) is invariant. Also, the subalgebras DO(or 170\0) and I/]\Tj“(or ﬁ\f\f,) are
isotropic subspaces of VDO (or ¥ DO,,) with respect to this form.

Proof. We prove invariance. Indeed,

([(L1, 01, B1), (Lo, a2, B2)], (L3, a3, B3))
= (([L1, Lo] + [B2log &, L1] — [B1log &, La] , (L2, L1),0) , (L3, a3, B3))
= ([L1, Lo], L3) + ([B2log &, L1], L3) — ([B1log &, L], L3) + Bsc(L2, L)
= ([L1, La], L3) + Boc(L1, L3) — Bic(La, L3) + B3c(La, L1).
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Similarly,

(L1, a1, B1), (L2, a2, B2) , (L3, a3, £3)])
= ((L1, 01, B1) , ([La, Ls] + [B3log &, La] — [B2log&, Ls] , c(Ls3, L2),0))
= (L1, [L2, L3],) + (L1, [Bslog &, Lo, ) — (L1, [B2log &, L3, ) + Bic(Ls, L)
= (L1, L2, L3],) + B3c(La, L) — fac(L3, L1) + Bic(Ls, La).

Thus, using the invariance of the bilinear product on VDO and the antisymmetry of the
2-cocycle ¢ we obtain the result. O

Corollary 60. The bilinear form <, > on @6(07 \171_)\50) identifies the subalgebra INT (or ﬁ\f\f,)
with the dual of the subalgebra DO (or DO,) and viceversa.

The importance of Manin triples comes from the fact that there is a one to one correspon-
dence between Manin triples and Lie bialgebras:

Definition 61. A Lie algebra g is called a Lie bialgebra if its dual space g* comes equipped with a Lie
algebra structure [,* such that the map « : ¢ — g A g dual to the commutator map [,]* : g* —
g* N g* satisfies

adxa(Y) = o([X,Y])

Here ad denotes the adjoint action adx (Z ANW) = adx(Z) N\W + Z Nadz(W)of gon g A g.

Theorem 62. Let (g, g+, g—) be a Manin triple. Then the Lie algebra g_ is naturally identified with
g’ with the structure of a Lie bialgebra. On the other hand, for any Lie bialgebra g there is a natural
Lie algebra structure on g = g & g* such that (g, g, g*) is a Manin triple.

For a full proof the theorem 62, see [LW] and [STS]. Summarizing we have to the follow-
ing result:

Corollary 63. If the bilinear form defined in the theorem 59 is nondegenerate then the Lie algebras
U (or \f;), f)b(or 170\0) and I/]\\ﬁ’(or INT,) form a Manin triple. In particular, INT is a Lie
bialgebra.

3.1.2 Manin Triple of Pseudodifferential Symbols on Several Variables

We say that the order of the pseudodifferential operator L = ) . an€® is N, if there is a
a = (ai,...ap) with a,, = N such that a,, # 0 and for all 5 = (f4, ..., B,) such that 5, > N
we have ag = 0.

The Lie algebra ¥,, DO has two natural subalgebras

INT,, ={L € ¥|ord(L) < 0} and DO,, = {L € ¥|ord(L) > 0}
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As a vector space, the Lie algebra ¥,, DO is a direct sum of these algebras: V,,DO = INT,, ®
DO,,.
We assume that the bilinear form defined in the following theorem is nondegenerate.

Proposition 64. The algebras (V,,DO, INT,,, DO,,) form a Manin triple with respect to the bilinear
form (A, B) = res(AB).

Proof. The proof is analogous to Proposition 6. O

We can also define the order changing the coordinate oy for ar with I # N. (For example,
an—1) Then the Lie algebra ¥ have two natural subalgebras

(=1, (mynl)
INT, = Z a0&%laq € A p and DO; = Z ao&|ay € A
(oey—00,...)€T (.s0,..)€

where i indicates the coordinate on which the order is taken. Analogously we have that, as
a vector space, ¥ = INT,, @ DO,,.

Proposition 65. The algebras (¥,,DO, INT;, DO;) Form a Manin triple with respect to the bilinear
form (A, B) = res(AB).

Proof. This is again analogous to Proposition 6. O

Now we consider the doubly extended algebra m of WDO, this is, the semidirect

product of the Lie algebra m = VYDO@R-¢; and the space of derivations {log £|5 € R}.
As a vector space, we have the descomposition

U, DO = INT, ® DO;

where
(cm1,..) (o)

I/Ni =< Blog&; + Z a9£0|a9 €A} and D/51 =< ac; + Z a9§9|a9 cA
(y—00,..)€Tn (:0,)€

Theorem 66. The algebras (m, INT,, 551) form a Manin triple with respect to the bilinear
form (A + bic; + aglog&;, B+ baci + azlog&;) = res(AB) + baay + by and Lie bracket given
by [(Av b1, 041), <B7 b2, 042)] = ([A7 B] + [Ctg log &i, A] - [al log &i, B], Ci(Aa B), 0)

Proof. The proof is similarity to Theorem 59. O

Since it allows us construct Manin triple in several cases, we review it here:
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Remark 67. Let A a non-associative algebra over a field K and assume that f is a bilinear functional
with the following properties:

1. f(ab,c) = f(a,be) forall a,b,c € A.
2. f(a,b) =0forallb e Athena =0,and f(a,b) =0 foralla € Athenb =0

The pair (A, f) is called a pseudometrised algebra(or metrised algebra if f is symmetric).

Theorem 68. [B] Let (A, f) be a metrised algebra over a field K. Furthermore let B be another finite-
dimensional Lie algebra over K and suppose that there is a Lie homomorphism ¢ : B — Der¢(A),
where Der¢(A) denotes the space of all f-antisymmetric derivations of A (i.e the derivations d of
A for which f(da,a) + f(a,da) = 0 for all a,a € A). Let B* denote the dual space of B. Let
w: A x A — B* be the bilinear antisymmetric map (a,a) — (b — f(¢(b)a,a)) and for b € B
and 3 € B* denote by b - 3 the coadjoint representation (i.e (b- f(b)) = —3(bb)). Take the vector
space direct sum Ap = B @ A® B* and define the following multiplication for b,b € B,a,a € A
and 83,3 € B* :

(b+a+B)(b+a+ B) =bb+ ¢(b)a— ¢(b)a + ai+ w(da)+b-f—b-
Moreover, define the following symmetric bilinear form fp on Ap :
feb+a+ B,b+a+p) = pb)+B0) + f(a,a)
The pair (Apg, fB) is a metrised algebra over K called the double extension of A by (8, ).

Remark 69. Theorem 68 gives us the possibility of defining a double extension of \Il/n\D/O but, now
we consider of n- central extension R - ¢; @ - - - R - ¢, and the n-log &;’s. As vector space

UV, DO =Y, DO® R-c;)®---B(R-cp,)®(R-log&1) ®---d(R-logé&,),
and the Lie bracket is given by:
[(A,CM,B), (B,d,B)] = ([AvB] + [B : loggvA} - [/8 : 10g£,B],C(A, B),O)
where ov = (alaa2a "'aan)v B = (ﬁlaﬁ% -~-aﬁn)a o= (0715072’ "'705_71)7 B = (/8_175_23 -'-aB_n)a logg =
(log&1,log o, ..., 1og&y), 0 = (0,...,0) € R™ and c¢(A, B) = (c1(A, B), ..., cn(A, B)). The opera-
tion ”-” is the usual dot product in R", for example, § - log& = B1logé + ... + By log&,. Also, the

bilinear form is given by:
<A B>=res(A,B)+a-B+3-a
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3.2 The KdV and KP hierarchies

The objective of this section is to define a Poisson structure on ¥ DO*. Remember that on
VDO, we have a bilinear nondegenerate, symmetric form and it satisfies

([P,Q],S)=([S,P],Q) S,P,Qec¥DO.
Then we can identify the dual space of the Lie algebra ¥ DO with W DO itself.

Definition 70. If g is a Lie algebra and g* is its dual space, the functional derivative of a function

f:9" — Rat p € g* is the unique element 6—f of g determined by
7

Sf\ _ d
<V’6u>_de

forall v € g*, in which (,) denotes a natural paring between g and g*.

_futer)

Definition 71. The Lie-Poisson bracket on the dual space g* is defined as follows, for all function

F.G:g"— Rand p € g*:
OF oG
F — ik
(66 = (|5 52
The decomposition YDO = INT & DO = VDO_ @ ¥DO, allows us to define a new
structure of Lie algebra [, |z on ¥ DO using by R-matrices:

Definition 72. Let (g,[,]) be a Lie algebra and R : ¢ — g a linear operator on g. We define a
bilinear antisymmetric bracket [, | r on g by

The linear operator R is called a classical R-matrix if the bracket [, | g satisfies the Jacobi identity.

If g = g_ & g+ as vector space, then we can choose R = 1/2 (7 — 7_), where 7 are the
projection operators on g+. Following standard notice(see for instance [KW, STS1]), we use
[,Joand {, }, instead of [,]Jpand {, } s if R=1/2 (7, —7_).

Proposition 73. If Fi; € WDO* is defined by Fy; (L) = (L, M), then ?—LM = M.

Proof. Fix M € WDO* and take the functional Fjs as F,i.e F' = (-, M). Then,
0 d

p oMy _ @

< " 5L > de

This implies that (SfiLM =M O

d
Fy(L+eP)=— L+eP,M)=(P,M).
_Jfu(LteP)=—| (L+eP M)=(P,M)
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Proposition 74. 1. Let Hy(L) = res(L¥), k = 1,2, ... for L € Y DO.
0H,
Then —-* = kL+1

2. For any functional F on WDO*; {Hy, F'} (L) = 0 and {Hy, H;}, (L) = 0. In particular if
= (1/2)(ny — 7_).we have {Hy, H;}, (L) =0

Proof. Let M € WDO. We have,

SHy\ d
<M6L>_&

de
— res (ML’H L LMLF2 4. 4 L’HM)

= res (kLk_1>
OHp\ k-1
@”5L>—<M*L )
and 1 follows. Moreover,

(Hy, FY (L) = <L, [‘iﬁkgb - <L {I{:Lk L ‘;D - <[L kL’H} ‘;I;> =0

forall L € U DO.
Finally, we have:

SH, OH,
{H, i} (L <L’[5L 6L} >

-2 G) S+ [ m G
(e[ ()])+ () =52 )
(e ) [ 52 )) - (o () - [ 5])

— <R (‘iﬁ’“) , [L, kL’H} > n <R <5£l> [L KLk 1}> 0.

In particular, if R = 1/2(wy — 7n_), we have {H}, H;}, (L) = 0. O

Hy, (L + eM)
e=0

res (L + eM)*
e=0

Thus, for all M € YDO,
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Theorem 75. Let Hy(L) = res(L¥) be a functional on W DO*. The corresponding Hamiltonian
equation of motion with respect {-, -}, are

[, 0

Proof. The Hamiltonian equation of motion on ¥ DO*with Hamiltonian H, are:

o frm, = (n[.(22)])
If we set L =< L,- > for some L € DO, we have
EERNE IRARSE
=0 (o) [ = (e [ () ])

i}
IR CRACEOR)
(o) )= (o s, )

Now, if we have the Lie algebra of pseudodifferential symbols ¥ DO, we may ask: what
happens if we change VDO for ¥ DO @ R? i.e we have DO and our central extension.

O]

We consider the following subspaces of ¥ DO

N 1
DO@Rz{a+Zai§i:ai€A} and INT & {0} = {0—1— Z aiéi:aiGA}.
i=0 i=—o00

Then as a vector space, YDO & R = (DO @ R) & (INT & {0}).
Proposition 76. DO @ R and INT & {0} are Lie subalgebras of Lie algebra VDO & R.
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Proof. Let A,B € INT. Then [A, B] € INT, because INT is a Lie subalgebra that ¥ DO.
Now, we can prove that ¢(A, B) = 0. Indeed, let A = a{" and B = b{" be basic element such
that n,m < —1. Then

= (-1

log¢,ag"] = ———0"(a)¢" " =
k=1
log &, a" b¢™ = Z )67 (b)&mtm i
k=1 j=0

asn+m—k—j < —3,wehave c(af", b") = 0. Analogously, if A, B € DO then [A, B] € DO
and, if A = a{" and B = b¢" are basic element such that n, m > 0, implies that n+m —k—j >
—1, then ¢(a&™, b¢™) € R. O

Definition 77. Let (A, ), (B, ) € ¥ & R. We define a bilinear form on ¥ & R by
((4,a),(B,B)) = (A,B) + aB

We use the bilinear form to identify the dual space of the Lie algebra VDO ¢ R with
UDO @ Ritself.

res (L(kH)/l) Then 5,

(. (%))
<M (5Hk> dHj,

s

= L' with k,1 =1,2,.

Proposition 78. Let Hy(L,l) = P

Proof. Let (M, m) € U & R. We have

(s )

d

de
d

" dele=ol+ k
= res(LF/") +

0Hy,
Hi (L M —
o (L +eM)+m 5

res (L(H'k)/l) + m(Sﬂ

5l
OH},
s

e o )

and the result is follows. O
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Remember that VDO @R = (VDO @& R)+ @ (VDO @& R)_, where (VDO ®R); = DO®R
and (VDO @ R)_ = INT @ {0}. Then for (L,l) € YDO & R, we have that 7 (L,1) = (L4,1)
and 7_(L,l) = (L—,0) and we denote 7+ (L,l) = (L,[)+.

Theorem 79. Let H : (VDO & R)* — R be a Hamiltonian function. The corresponding Hamilto-
nian equation of motion with respect to the bracket {-,-} is

E [aL’L}HC(’ 5L>

Proof. The Hamiltonian equation of motion on (VDO & R)* with Hamiltonian H are

5 -(an gy (@ (GE))

If we set (L,1) = ((L,1),-,) for some (I,1) € ¥DO & R, we have

Gy =(eo(5z) < (52)))

oL 0l 0H 0H
=) N={(L LD L
() =0 (5] (- 5))
OL N O/ [ SH]\ L ( oH
AT 7 “‘\"or
this implies that % = 0, we use the nondegeneracy and invariance of the bilinear form on

¥ DO and we have that
oL _[oH [\ ( o
at — | oL’ “‘\"5L

then

O]

A special case of the equation 3.2 is the zero curvature equation obtained in the context
of current algebras by Reyman and Semenov-Tian-Shansky [RSTS].
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Conclusions

In this Thesis we have studied the Lie algebra of pseudodifferential symbols in one and
several independent variables with an emphasis on the existence and classification of cen-
tral extensions and their application to the contruction of integrable systems. Our algebraic
point of view generalizes and unifies some previous constructions carried out for special al-
gebras such as the algebra of difeomorphisms of the circle. Specially, highlight our general
construction of twisted algebras and our study of pseudodifferential symbols in the case of
several independent variables. In particular, our hierarchies of centrally extended algebras
in the twisted and several variables cases are new examples of centrally extended algebras
generalizing previous work by Khesin [K] and Kac-Peterson [KP]. We also believe of inter-
est our new proof of the Dzhumadildaev classification theorem: while pseudodifferential
symbols on the circle have been investigated in detail, see for example [KW, GR], it is noto-
riously difficult to investigate pseudodifferential symbols on higher dimensional manifolds,
see [R, W], and therefore we think it is of importance to have an algebraic description of their
properties, including a classification of their central extensions.

We also mention that several problems present themselves. For example, in the third
chapter of this work we explain how to constuct hierarchies of integrable equations in our
algebraic setting. We have left as an open problem the explicit constuction of some of these
hierarchies for specific algebras.Of partcicular importance is the construction of hierarchies
of equation in several independent variables using our work of Chapter 2 and the analogs
of Theorem 79 and 75. We also left as open problems the study of twisted pseudodifferen-
tial symbols in the case of several independent variables, as a generalization of the work by
Keshin, Lyubashenko and Roger [KLR] on extensions and contractions of the Lie algebra of
g-pseudodifferential symbols on the circle, and the possible contruction of Lie groups whose
Lie algebras are (extensions of) the algebras of pseudodifferential symbols considered here.
It is known that this construction is possible in some particular cases for one independent
variable, see [KZ, KLR], but it appears to be unknown whether we can carry out this con-
struction for the case of several independent variables.
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Chapter 4

Appendix

We present some calculations that are used in the proof of Theorem 48, and justify the remark
53. This appendix is the first version of a manuscript being prepared for publication. It has
been written together with Marco Farinati (Universidad de Buenos Aires).

4.1 Hochschild homology and cohomology of pseudodifferential
operators

4.1.1 The objects

Let £ be a field of characteristic zero. The Weyl algebra, or the algebra of algebraic differential
operators in the affine space can be described as the vector space A, = k[{z+;:i=1,...,n},
with the multiplication law determined by the rules

[T4i,045) =0 = [x_j, 2], [x—s,x4j] = 0ij

This algebra acts faithfully on k[z1,...,z,] sending x; to the multiplication by z;, and z_;
to 8%1;' This algebra is filtered by the order of the differential operators, and also it has the
Berstein filtration, where a monomial z%}, - - a:ﬁ‘;;ta:bjl e xb_”n has total degree > . a; + >, b;.
Both filtrations induce commutative product on the associated graded algebra, and the can-
nonical Poisson structure on k%"

One may localize on the z;’s, or on the x_;’s, but not on both simultaneously, unless one
consider formal series on x1;. We consider psuedodifferential algebra ¥,, DO and denoted
by ¥,, .

It is clear that A, C ¥, is a subalgebra. The algebra V¥, has also two filtrations: one
by “order of differential operator”, namely |zz” |4;rs = |J| = Y, ji, and also by total de-
gree: |zla’ | = |I| +|J|. We call this total degree the Bernstein filtration. The associ-
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ated graded algebra is commutative, one may identify it with Laurent polynomials gr¥,, =
klxiq, mjr}, T, xjﬂll, T_1,2771,...2_n,2_}]. On the other hand, this algebra ¥, is complete
with respect to the Bernstein filtration.

4.1.2 Main tools

On several arguments, we will use the following standard Lemma of filtered abelian groups.
By a filtered abelian group M we mean a familiy of subgroups F}, M for each p € Z such that
F,M C F, 1M for all p, UyF,,M = M,and 0 = N, F,M.

Lemma 80. Let Z, A, B, C be filtered abelian groups and

Z-hoa t.p 9. ¢

a complex of filtered groups (i.e. each morphism preserves the respective filtration). Assume that

grh grf

grz grA grB &g grC

es exact in A and B.

1. If the filtrations are bounded below, i.e. if Fy,, M = 0 for some py € Z (M = A, B, C), then the
original complex

At.p 2. ¢
is exact in B.

2. In the general case, the completion
il.p-t.¢
is exact in B.

An interesting consequence is the completed version of Kiinneth formula:

Corollary 81. Let A, B, C be completed filtered complexes such that gr(ARB) = grA® grB and let
f:C— A®Ba map such that grf : grC — grA ® grB is a quasi-isomorphism. Then the original
map is a quasi-isomorphism.

Proof. We consider the complex Cone(f) = C @ X[A® B] with differential d¢ + (—1)l f +0ae5-
It has an obvious filtration induced by the filtration on A, B and C, and

grCone(f) = grC @ [gr(A®B)] = grC @ [grA @ grB)] = Cone(grf)

Since grf is a quasi-isomorphism, this complex is acyclic. The lemma implies that its com-
pletion is acyclic, so Cone( f) is acyclic, namely, f is a quasi-isomorphism. O
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4.2 Case ¥,

Let us denote U = ¥y, and 24+ = x+;. Notice that ¥¢ = TR0 =2 U0, = Uy, We also
will use the letters y+ = r+ ® land z4+ = 1 ® 24 in ¥ ® V1.

Let W be the 2-dimensional vector space W = ke, ® ke_ The main result of this section
is the following:

Proposition 82. The complex

0Ty @ A2W - s Uy W 2 sy, ™,

is a resolution of Wy as Wy @ﬁ/fp -module. The map m is the multiplication, and dy and d; are deter-
mined by

di(er Ne—) = (y+ — 24 )e— = (y— — 2-)eq
and
do(ex) = y+ — 2+

and V1-linearity on the left and on the right. Explicitely,

dy Z aijklyiylzizl_&r Ne_ | = Z aijklyiyi (y+—z+)zizl_€——z aijkl?/i-yi (y——z—)zizl_&r
ijkl ijkl ijkl
Proof. 1f one declares |e+| = 1 and |ex A e_| = 2 then this complex is canonicaly filtered

using the Berstein filtration on ¥y and ¥, and the maps clearly preserve the filtration. The
associated graded algebra may be identifyed with the Koszul complex

0— k[yi,zi,yj_cl,z;l]@JAQW — k:[yi,zi,y;l,z;l]®W — k[yi,zi,y;[l,z;l] — k[mi,xil] -0

associated to the regular sequence {y — z4,y— — z—} in k[y+, 2+, ¥ L Z5 1], hence exact. We
identify k[y+, z+, 95t 250/ (ys — 24,y — 2) = k[rg,x1'] via the map z4+ — x4, y+
z+.The proof of this proposition follows from the Lemma above. ]

Corollary 83. The algebra ¥ = Uy satisfies a Van den Berg duality property with trivial dualizing
module, also called the Calabi-Yau property for algebras.

Proof. One way to prove this result is to compute HH*® (¥, ¥¢) using this complex, getting
U¢ in degree 2n and zero elsewhere, and then apply Van den Berg’s theorem [VdB], but also
one can use this complex to compute homology or cohomology for a general bimodule M,
getting the following complexes:
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e An homological complex, after applying M ®@ye — and identifying M ®@ye ¥° @ V =
M@V:
0—>MANW —>MeW —M-—=0

The induced diferentials are
di(mey Ne_) = (zym —mzy)e_ — (x—m —ma_)es =[xy, mle_ — [z_, m]es
do(mey +m'e_) =z m —mzy +x_m' —m'z_ =[xy, m]+ [z_,m]

e An cohomological complex, after applying Homye(—, M) and identifying Homye (W€ ®
V,M)=V*® M:

0—=M—=W"0M —=NW*"® M —0
and, in dual bases et A e™, et, e, the differentials are
d°(m) = [z4,m]et + [z, mle”
d'(me" +m'e”) = ([r,m] — [z—,m])e" Ne™

So, after convenient change of signs, and reflecting degrees, one can identify the differentials
in homology with cohomology; one concludes H*(V, M) = Hy_o(V, M) for all M. O

Theorem 84. The Hochschild homology and cohomology of W with coefficients in W are given by
HH®(U) =k, HHy = AW

HH'(9) = ka"tet @ kalle” = HH (V)
1

TyT—

HH*(9) =k et Ne”, HHy(V) =k

Proof. We know that the center of ¥ is k, this computes H H" and using duality H H,. Also
it is well known (and easily computable) that ¥/[¥, U] = kz 'z_—1, so one knows HH
and by duality H H?. It remains to compute HH!. One can do it directly from this complex,
but one can also compute using the isomorphism HH'(¥) = Der(¥)/Innder(¥) (in analogy
with proposition 7 ). The second computation will be carried out later, it has the advantage
that it gives standard representative, which are “[log x4+, —]". O

Lemma 85. The cup product in H® (¥, V1) is non-zero.
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Proof. Let Ly =" [log z+,—]" be the derivation determined by

1
Li(zy) =0, Li(z-) = N

1
Loz )=0,L ()=
The cup product is defined in the standard complex by the rule (Ly — L_)(a ® b) =

Li(a)L_(b),asamap ¥ ® ¥ — V. for instance

11
Ly — L_)(x_ =———
(L+ J(@- @z oo

(Ly — L) (zy ®@2-)=0

Since we work with a smaller complex, in order to compute the product of our cohomology
classes, we need a comparison map between the small complex and the standard one. In one
direction it is not hard, we look at the resolutions:

i U QTP QU — VTV — VT QU —> T QU — >

| |

0 \I/®A2W®\I/—>\I/®W®\I/—>\If®\p—>\lf

And can show directly that the inclusion W — ¥ and A’W — ¥ ® U (the second maps
w) A wy = wy; ® wy — w2 ® wy), extend linearly on the left and on the right, giving maps
VaWeUl 5 PeUePand ¥e AW e — ¥ U9 g U, that actually give rise to
a complex map. The point is that the difference between w;ws and wyw; is a scalar, so it is
zero in W. As those maps the identity, they must be an homotopy equivalence. It is clear the
comparison map gives the corresponding restrictions, namely, if D : ¥ — ¥ is a derivation
(i.e. a cocycle in the standard complex) then it corresponds to the element Dy, € Hom(W, ),
for example, L corresponds to —--e~ and L_ to ie*. We need to show that the class of

xr—
Ly — L_#0.But
1 1
L. —L_ I -
( + )(.’E+®Z’ T ®x+) Ty T

50 Ly — L corresponds to — - —— et Ae”, wich is not zero since it is actually a generator of
H2(Wq, ). O

Corollary 86. The Hochschild cohomology of W, is isomorphic to A® D,, where D,, is the 2n-dimensional
vector subspace of Der(¥) generated by [log x;+, —|.
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Proof. First we remark that ¥,, = U, 1@V, so the algebra structure is a consequence of
the Kiinneth formula. Once we know that cohomology is generated in degree one, we only
check that HH! is an abelian Lie algebra. This is a very easy computation, for instance, in
one variable, wrinting L4 := [logz+, —| one can easily check that

>zt
(L4, L_](a) = Z maa
n=1
Namely, this is not zero in Der(¥), but it is inner, so it is zero in H'(¥, ¥). O

Remark 87. Our computations imply that the Gerstenhaber bracket of the Lie algebra of pseudodiffer-
ential symbols is identically zero. This fact appears to be important for non-commutative geometry, see
The homology of algebras of pseudodifferential symbols and the noncommutative residue (J.L. Bryliski
and E. Getzler, K-Theory (1987), 385—403). We will develop this observation elsewhere.
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