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Chapter 1

Introduction

The aim of this thesis is to study the existence and qualitative properties of solutions
for some integro-differential equations with delay by using methods of maximal regular-
ity in spaces of vector valued functions. The study of maximal regularity is very useful
for treating semilinear and quasilinear problems and results in this direction have been
studied extensively in recent years (see for example, [1], [21], [42], and the recent survey
by W. Arendt [6] and the bibliography therein). One of the most important tools to
prove maximal regularity is the theory of Fourier multipliers. They play an important
role in the analysis of parabolic problems. In recent years it has become apparent
that one needs not only the classical theorems but also vector-valued extensions with
operator-valued multiplier functions or symbols. These extensions allow to treat cer-
tain problems for evolution equations with partial differential operators in an elegant
and efficient manner in analogy to ordinary differential equations. For some recent pa-
pers on the subjet, we refer to Weis [52, 53], Kalton-Lancien [32], Denk-Hieber-Priiss
[25], Schweiker [46], Arendt-Bu [9, 11], Amann [1, 2], Arendt-Batty-Bu [8]. Operator
valued Fourier multiplier theorems for Besov spaces, have been obtained and studied
by Amann [2], Weis [54], Girardi-Weis [27, 28], Arendt-Bu [10].

We characterize well-posedness of some linear integro-differential equations in LP
spaces, Besov and Holder spaces. In the case of L (R; X) (periodic boundary con-
ditions), our results involve UM D spaces, the concept of R—boundedness and a con-
dition on the resolvent operator. We remark that many of the most powerful modern
theorems are valid in UM D spaces, i.e., Banach spaces in which martingale are un-
conditional differences. The probabilistic definition of UM D spaces turns out to be
equivalent to the LP—boundedness of the Hilbert transform, a transformation which
is, in a sense, the typical representative example of a multiplier operator. On the
other hand the notion of R—boundedness has played an important role in the func-
tional analytic approach to partial differential equations. It was shown in [52] (see also
[15, 29]) that R—boundedness provides a proper setting for boundedness theorems for
operator-valued Fourier multipliers. Workable criteria for R—boundedness have been
established recently by Girardi-Weiss in [29].

In the case of, Besov and Hélder spaces, our results involve only boundedness of the



resolvent and are therefore, more suitable for the applications.

We study equations containing some hereditary characteristics. In the modelling of
many evolution phenomena arising in physics, biology, engineering, etc., some time
delay can appear. Typical examples can be found in the researches on materials with
thermal memory, biochemical reactions, population models (See for instance, Wu [56]
and references cited therein).

We will consider the following three problems, the first and second one with periodic
boundary conditions, the third one on the real line.

First problem. Denote by B, (T; X) the periodic Besov spaces and let f € B, (T; X).
We consider the following integro-differential equation with infinite delay

t

u’(t) + o/ (t) = Au(t) + / c(t —s)Au(s)ds+ f(t) 0<t<2xm

u(0) = u(2r) o (1.1)
uw'(0) = u/(2m),

where A is a closed linear operator defined on the Banach space X, ¢ € L'(R,) is an
scalar-valued kernel.

We say that equation (1.1) is B; ,— well-posed or that there exists a classical solution
with maximal regularity, if for each f € B; (T;X) there exists a unique solution
u € By (T; X) N B (T [D(A)]) .

We will obtain maximal regularity results for (1.1) inspired by a recent paper by
Keyantuo-Lizama [34] where the second order problem without integral term is studied.
Note that the results presented here corresponding to equation (1.1) are the subject of
the paper [43].

Second problem. We achieve in this work is the perturbed equation

u(t) = / ot — ) Au(s)ds + / b(t — s)Bu(s)ds + (1) o)

u(0) = u(2m),

where A and B are closed linear operators defined on a UM D space X , such that
D(A) Cc D(B) and a(-), b(-) € L'(R,) are scalar-valued kernels.

By L} (R; X) we denote all 27-periodic Bochner measurable X-valued functions f such
that the restriction of f to [0, 27] is p-integrable. We say that the problem (1.2) is L?
well-posed or that there exists a classical solution with maximal regularity if, for each
f e b (R; X) there exists a unique solution v € L (R;[D(A)]).

Equations of the form (1.2) has been studied by Pugliese [45] (see also Priiss [44]).
Maximal regularity for integro-differential equations similar to (1.2) using operator-
valued Fourier multiplier theorems have been studied recently in [33] and [35]. Our
case is more difficult to handle in opposition to those cases treated, for example to [9],
[33], [35], because the presence of the perturbing operator B.



In the problems above, we shall assume that ik, k € Z, is contained in the resolvent
set of A. We will study existence of solutions for (1.1) and (1.2) if some ik does not
belong to the resolvent set. We also give a representation formula for all the solutions.
We call this problem: resonance case. We remark that a similar case was studied by
Da Prato and Lunardi in [24] when A generates an analytic semigroup. Our results
extends and improve those in [24].

The study of equation (1.2) was done in joint work with C. Lizama [39].

Third problem. We consider

u'(t) = Au(t) + Fu, + f(t), teR, (1.3)

where (A, D(A)) is a (unbounded) linear operator on a Banach space X, u(-) = u(t+-)
on [—r,0],7 > 0, here the delay operator F' belong to B(C([-r,0],X),X) and f €
C*R, X).

Some of the earlier investigation on equation (1.3) were done by back to J. Hale [30] and
G. Webb [51]. More recently a general and systematic study of linear delay equations
with emphasis on the qualitative behavior and asymptotic properties can be found
in the recent monograph by Bétkai and Piazzera [13]. (See also [56]). The problem
to obtaining conditions for all solutions of (1.3) to be in the same space as f arises
naturally from new studies on maximal regularity and their application to nonlinear
problems in the theory of evolution equations. See the monograph by Denk-Hieber-
Priiss [25].

A significant progress has been made in finding sufficient conditions for operator valued
functions to be C®- Fourier multipliers; see [8]. In particular, in [12] the theory of
operator-valued Fourier multipliers is applied to obtain results on the hyperbolicity
of delay equations and in [37] to obtain stability of linear control systems in Banach
spaces. Also, existence and uniqueness of periodic solutions for equation (5.1) via
LP-Fourier multiplier theorems has been obtained in [41].

Our goal is to prove that problem (1.3) is C* well-posed. We characterize the maximal
regularity of solutions on the real line by operator-valued Fourier multipliers methods.
(See [8]). We remark that the study of equation (1.3) was done in joint work with C.
Lizama [40].

A few words about the organization of this work. It is divided in four chapters. In the
first chapter, we collect basic definitions and notations which we use throughout, for
example, R—boundedness of operator families, Fourier multipliers, UM D and Besov
spaces. Moreover, we present previous results on maximal regularity via periodic mul-
tipliers; see [9], [10], [33]. In the remaining chapters we study the three problems
described above.



Chapter 2

Preliminaries

In this chapter we introduce some of the concepts to be used there after. We also
review the classical results that provide material for a better understanding of the
thesis. We study the notion of R—boundedness, giving a review of its basic properties
of R—bounds. We present the basic theory of UM D—spaces and establish their basic
properties. In the Section 4, we present the notion of multipliers. Fourier multiplier
theorems are of crucial importance in the study of maximal regularity of evolution
equations. In Section 5, we establish a connection between sequences that satisfy
Marcinkiewicz estimates of order k (k = 1,2, 3) and k—regular sequences. Furthermore,
we establish new properties of k—regular sequences.

Let X,Y be Banach spaces. We denote by B(X,Y") be the space of all bounded linear
operators from X to Y. When X =Y we write simply B(X).

2.1 R-bounded Families

The notion of R—boundedness has proved to be a significant tool in the study of
abstract multiplier operators. Preliminary concepts for the definition and properties
of R—boundedness that we will use may be found in [9], [31], [25].

For j € N, denote by r; the j-th Rademacher function on [0, 1], i.e. r;(t) = sgn(sin(2/7t)).
For z € X we write r;x for the vector valued function ¢ — r;(t)z. We use the nota-
tion LP(a,b; X) for the LP—space of all functions X-valued integrable on [a,b]. The
definition of R—boundedness is given as follows.

Definition 2.1 A family T C B(X,Y) is called R-bounded if there exists ¢, > 0 so
that

1Y riTiasllmoay) < 6l Y riwsllox) (2.1)
j=1 j=1

for all Ty,...,T,, € T, x1,...,2, € X and n € N, where 1 < p < oo. We denote by
R,(T) the smallest constant ¢, such that (2.1) holds.



Theorem 2.2 (Khintchine-Kahane inequality) For 0 < p,q < oo, there exist finite
constants K,, such that

1> riwillaonx) < Kogll D riwsllrox) (2.2)

j=1 j=1
forall z; € X, j=1...n.

Proof. See [31, Corollary 3.12]. "

Remark 2.3

(a) By the Khintchine-Kahane inequality, the definition of R—boundedness is inde-
pendent of the value of p in the sense that any 7 C B(X,Y) either satisfies the
condition for all p € [1,00) or for none of them. However, note that the R—bound
R,(T) may depend on p. In fact, the Khintchine-Kahane inequality shows that we
could take different exponents p,q € [1,00) on the two sides of the inequality defining
R—boundedness, and the resulting inequality either holds for all pairs (p,q) or for
none of them.

(b) From the definition it is clear that any R-bounded family is bounded.
In fact, if 7 C B(X,Y) is R-bounded then it is uniformly bounded, with

sup ||T|[sxy) < inf Ry(7).
TeT p€[0,00)

The converse of this assertion holds only for spaces which are isomorphic to Hilbert
spaces. For more details, we refer to Arendt and Bu [9] .

Example 2.4 Let X =Y = LP(a,b;C) = LP(a,b) for some a,b € R with a <b.
Then T C B(X,Y) is R-bounded if and only in there is a constant M > 0 such that
the following square function estimate holds

" 1/2 " 1/2
(Z u}fm) <M (Z Ifj|2> (2:3)
=1 LP(ab) =1 L7 (a)b)
for all n e N, f; € LP(a,b), and T; € T .

This is a consequence of the Khintchine-Kahane inequality: For each p € [1,00) there
is a constant K, > 0 such that

K;l eraj (24)
j=1

n 1/2
< (Z ’aj’2> < K,

J=1

n
E :Tjaj
j=1

L?(0,1;C) L?(0,1;C)



for all n € N, a; € C, and for all Rademacher functions r;, j=1...n
If (2.3) holds, we have by (2.4)

n

> rTyf

n

> riTif;

3=1 LP(0,1;LP(a,b)) j=1 LP(a,b;LP(0,1))
(Z Iijjl2> < K,M (Z |f;\2>
g=1 Lr(a 7=l L (a,b)
S Kng T’j
j=1

LP(a,b;LP(0,1)) LP(0,1;LP(a,b))

The proof of the converse is similar.

In what follows, we give a survey of some simple properties of R—boundedness and
provide further examples of R—bounded sets of operators. More details and proofs,

can be founded in the recent monograph of Denk-Hieber-Priiss [25].

Proposition 2.5 (a) Any finite family T C B(X,Y) is R-bounded.
(b) A subset of an R-bounded set is also R-bounded.
(c) Let X, Y be Banach spaces and T,S C B(X,Y) be R-bounded. Then

T+S8S={T+S:TeT,SeS}

By (S).

is R-bounded as well, and R,(T +S) < R,(T) +
d7T C B(X,Y) and S C B(Y,Z)be R-bounded.

(d) Let X,Y,Z be Banach spaces, an
Then
ST ={ST:TeT,SeS}

is R-bounded, and R,(ST) < R,(S)R,(T).

Lemma 2.6 ([31, Lemma 4.6]) To check the R—boundedness of a family T C B(X,Y),
it 1s sufficient to verify the inequality (2.1) for all sequences of distint elements Ty, € T .
The best constants are the same.

Corollary 2.7 (/31, Corollary 4.7))If T = {T*}>, C B(X,Y) is a countable se-
quence of operators, then it is sufficient to verify the inequality (2.1) for all truncated
sequences {T*}1_, of the first n members of the sequence.

It is clear that the R—boundedness of the countable set 7 is independent of the order
in which we enumerate its element. Thus it is interesting that, given any enumeration,
the subset of n first members of the sequence are fully representative of all finite
subsets of 7 in view of R—boundedness, this is what the assertion above states.

A very useful tool in connection with R-boundedness is the contraction principle of
Kahane, which we state as a lemma. A proof can be found in [25, Lemma 3.5] and
(38].



Lemma 2.8 Let X be a Banach space, n € N, z; € X, and a; € C for each
7=1,...n. Then

.....

The constant 2 can be omitted in case where o is real.

2.2 UMD Spaces

The definition of a Banach space with the unconditional martingale difference property
or UM D was introduced by D.L. Burkholder in [18, Section 9], and is given as follows

Definition 2.9 A Banach space X is said to have the unconditional martingale dif-
ference property (UMD ) if for each p € (1,00) there is a constant C, such that for
any martingale { fn}ns>0 C LP(2, %, 1u; X) and any choice of signs {en }nso C {—1, 1}
and any N € N the following estimate holds.

N
|| fo + Zﬁn (fo = foc)llzrc s mx) < Cp || fnllzr,s,mx)
n=1
We recall that those Banach spaces X for which the Hilbert transform defined by

(HF)(#) = Tim ~ / Jt=s) 4
Fooo " Je<|sl<R S
is bounded on LP(R, X) for some p € (1,00) are called H7 spaces. The limit in the
above formula is to be understood in the LP sense.

For more information and details on the Hilbert transform and the UMD Banach
spaces we refer to [5, Section I11.4.3-111.4.5]. The UMD property turns out to be
equivalent to several important properties of certain Banach spaces. Burkholder and
McConnell proved that a UM D space is a H7 space (see [18, Section 9]) and Bourgain

proved the converse in [17].
The following are examples the UM D spaces. For its proof see [31] and [25].

Example 2.10 The UMD spaces include Hilbert spaces, Sobolev spaces W;(Q), 1<
p < oo (see [3]), Lebesgue spaces LP(Qu), 1 <p <oo, LP(QuX),1 <p< oo,
when X is a UMD space and the Schatten-von Neumann classes Cp(H), 1 < p < 0o
of operators on Hilbert spaces.

Example 2.11 Fvery closed subspace of a UMD space is a UMD space.
Example 2.12 Every UMD space is reflezive.
Example 2.13 A Banach space X is UMD if and only if its dual X* is UMD.

For more information on R—boundedness and UM D—spaces we refer to the recent
thesis of Hytonen [31].



2.3 Periodic Besov Spaces

Besov spaces form a class of function spaces which are of special interest. The relatively
complicated definition is rewarded by useful applications to differential equations (see
Amann [1] for a concrete model). We briefly recall the definition of periodic Besov
spaces in the vector-valued setting as case introduced in [10]. For the scalar case,
see Triebel [49, Chapter 9] and Schmeisser-Triebel [47] . An approach to periodic
Besov spaces based on semigroup theory and abstract interpolation is presented in [19,
Chapter 4].

Let X be a Banach space and let T = [0, 27| where the points 0 and 27 are identified.
Let D(T) be the space of all complex-valued infinitely differentiable functions on T.
The usual locally convex topology in D(T) is generated by the semi-norms ||fl||, =
sup,er |[f™(2)||, where n € NU {0}. We let D'(T; X) := B(D(T); X) . Elements in
D'(T; X) are called X —valued distributions on T.

For f € D/(T; X), denote by f(k), for k € Z, the k-th Fourier coefficient of f as

(f,0) = (£.0), 1eD(T).
In what follows we identify [ with f which is standard in the theory of Besov and
Triebel spaces (see [50], pages 49-50).
Let S be the Schwartz space on R and ®(R) be the set of all systems ¢ = {¢;},;50 C S
satisfying

supp(¢o) C [-2,2],

supp(¢;) C [=27T1, =277y [2071 2841 0 5 > 1,

d git)=1, teR

Jj=0
and for n € NU {0}, there exists C),, > 0 such that
sup 2o\ ()| < C.. (2.5)

§>0,z€R

Let 1 < p,g<oo,s €R and ¢ = (¢;);50 € ®(R). Let ex(t) = e**. For z € X
we write exz the vector valued function ¢ — eg(t)x. The X —valued periodic Besov
spaces are defined by

g\ /4

By(T; X) = {f € D'(T; X) : ||f|

_ sjq
s = E 2
Bpg

320

S ends; (k) f (k)

keZ

< o0},

p

where for x € X .
We make the usual modification if ¢ = co. Note also, that the space B? is the

00, 00

familiar space of all Hélder continuous functions of index s if s € (0,1).



We remark that the spaces B3¢ are independent of ¢ € ®(R), and the norms ||| B¢
are equivalent. We will simply denote || - || pee by || - ||s, for some ¢ € ®(R).

Remark 2.14

We summarize some useful properties of B> (T; X).
(i) B;,(T;X) is a Banach space.

(ii) The natural injection from By (T;X) into LP(T;X) is a continuous linear
operator for s > 0.

(iii) The natural injection from B;*¢(T;X) in B; (T;X) is a continuous linear
operator for € > 0.

(iv) Lifting Property: Let f € D'(T;X) and n € R. Then f € B; (T;X) if and
only if >, o ex ® kf (k) e By (T; X).

(v) Let s > 0. Then f € B, *(T;X) if and only if f is differentiable a.c. and
freB; (T;X).

For a proof see [10, Theorem 2.3]

2.4 Multipliers

In the classical context, the notion of multipliers emerges in Fourier analysis. It turns
out that certain important bounded linear transformations of L” to L7, 1 < p,q < o0
have a multiplier structure when viewed in the Fourier domain.
We fix some notation. We identify the spaces of (vector or operator-valued) functions
defined on [0, 27| to their periodic extensions to R.
For a function f € LL (R; X), denote by f(k), for k € Z, the k-th Fourier coefficient
of f, that is,

A 1

fik) = 5 / "o p (1)t

with ¢t € R. By Fejér’s theorem

= X3 af =3 (1= B ) adw

m=0k=—m k=—n

converges to f as n — oo.

We begin with some preliminaries about operator-valued Fourier multipliers. More
information may be found in Arendt-Bu [9] for the periodic case and Amann [5], Weis
[52] for the non-periodic case.
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Definition 2.15 For 1 < p < o0, we say that a sequence {My}rez C B(X,Y) is
an L% y-multiplier (resp. By, —multiplier), if for each f € Ly (R;X) (resp. f €
B (T; X)) there exists u € Ly (R;Y) (resp.u € By (T;Y)) such that

a(k) = Myf(k) for all k € Z.

If {My}rez is a L§<7Y—multiplier then the uniqueness theorem and the closed graph
theorem show that the mapping
M : L (R X) — Lo (R;Y)
is linear and continuous. We call M the operator associated with {Mj}rez . One has
' 1 n m .
Mf = lim S enMif(k)

n—oon + 1
+ m=0k=—m

in Ly (R;Y) for all fe L5 (R;X), (analogously, if f € B; (T; X)).

Example 2.16 On a Hilbert space X each bounded sequence {My}rez C B(X) is an
L?-multiplier. This follows from the fact that the Fourier transform given by

f € L5 (R X) — {f(k)}rez € ((X)
s an isometric isomorphism if X is a Hilbert space.
Remark 2.17

Let X, Y and Z be Banach spaces. If {My}rez C B(X,Y) and {Ny}rez C B(Y, Z)
are B;q—multipliers then {NpMj}rez is a B;q—multiplier. This follows directly from
the definition.

Remark 2.18

Let {Mpy}rez C B(X,Y) be an L% ,— multiplier, where 1 < p < oo. An inspection of
the proof of [9, Proposition 1.11] shows that the set { My }rez is R-bounded.

The following condition on sequences {My}rez C B(X,Y) appears in [9] to study
Fourier multipliers in the LP—context. It is also used in the study of multipliers of
Besov spaces.

Definition 2.19 A sequence {My}rez C B(X,Y) satisfies a Marcinkiewicz estimate
of order 1 if
sup || My|| < oo, sup ||k (Mg — My)|| < oo, (2.6)
keZ keZ

If in addition we have that

sup ||k? (Myy1 — 2My, + My,_1)|| < 00 (2.7)
keZ
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then we say that {My}rez satisfies a Marcinkiewicz estimate of order 2.
Finally, if in addition to (2.6) and (2.7) we have that

sup [|k* (M1 = 3Mj + 3Myy = Mya)| < oo (2.8)
€

then we say that {My}rez satisfies a Marcinkiewicz estimate of order 3.

The following theorem establishes regularity properties of sequences that satisfies Marcinkiewicz
estimates.

Theorem 2.20 If {My}rez and {Ny}rez salisfy Marcinkiewicz estimate of order
k (k= 1,2,3) then {My = Ni}rez satisfy Marcinkiewicz estimates of the same or-
der.

The proof is obvious and we omit it. In the scalar case, we have

Theorem 2.21 If {ay}rez and {bi}rez are sequences that satisfy Marcinkiewicz es-

timate of order k (k = 1,2,3) then {ar bgltrez satisfy Marcinkiewicz estimate the

same.

Proof. By the hypotheses, is clear that sup|ay by| < oo. To verify Marcinkiewicz
keZ

estimates of order k (k = 1,2,3), we have the following identities,

(i) For Marcinkiewicz estimates of order 1

k(art1besr — axbr) =k (aksr — ar) bepr + k (bgsr — bi) ax.
(ii) For Marcinkiewicz estimates of order 2

k? (ak1brs1 — 2akby + ap—1bg—1)

= k* (apy1 — 2ag + ap_1) b1 + K2 (bpy1 — 2bp + br_1)ay, + k(ap — ap_1) k (bpyr — br_1) .

(iii) For Marcinkiewicz estimates of order 3
kS

(@pr1bpr1 — 3arby + 3ag_1bg—1 — ap_2bk—_2)

= k*ap1 — 3ag + 3ap—1 — ag—2) b1 + K (ax — 2a5-1 + ag—2) k (bpt1 — br—2)
+ kg (bk+1 — 3bk + 3[)]@,1 - bk,g)ak + 2]62 (bk — Qbkfl + bkfz) k(ak — ak,l)

+ k ((lk - ak_l) kQ (bk—i-l - 2bk + bk_1> .

Since {ax} and {by} satisfy Marcinkiewicz estimates of order k (k = 1,2,3) we obtain
that {ax by} satisfies (2.6), (2.7) and (2.8).

The following general multiplier theorem is due to Arendt and Bu [10, Theorem 4.5]
and plays an important role in our investigations.
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Theorem 2.22 Let X and Y be Banach spaces and let {My}rez C B(X,Y) satisfy
Marcinkiewicz estimates of order 2 . Then for 1 < p,q < oo,s € R, {My}rez is a
B,,—multiplier.

For the Holder spaces, Arendt, Batty and Bu in [8, Theorem 3.4], proved the following
theorem.

Theorem 2.23 If {M;}rez C B(X,Y) satisfies a Marcinkiewicz estimate of order 2
then {My}rez is a CS.-multiplier.

The following theorem due to Weis [52] is the discrete analog of the operator- valued
version of Mikhlin’s theorem, and will be of fundamental importance, see also [22].

Theorem 2.24 (Marcinkiewicz operator-valued multiplier theorem) Let X, Y be UM D
spaces and let {My}rez C B(X,Y). If the families { My }rez and {k(Mygi1 — My)}rez
are R-bounded, then {My}rez is an L y-multiplier for 1 < p < oo.

We remark that Witvliet’s thesis [55] contains an extensive treatment of modern mul-
tiplier theorems and applications. Some of the results have also appeared in Clément
et. al. [20].

2.5 k—regular Sequences

The notion of 1—regular and 2—regular scalar sequences were introduced by Keyantuo
and Lizama in [33] to study maximal regularity on periodic Besov spaces. This concept
is the discrete analogue for the notion of k—regularity related to Volterra integral equa-
tions (see [44, Chapter I, Section 3.2]). Subsequently, Bu and Fang in [16] introduced
the notion of 3-regular scalar sequence to study maximal regularity on Triebel-Lizorkin
spaces.

Definition 2.25 A sequence {ay}rez C C\ {0} is called

apy1 — @
(a) 1—regular if the sequence {k M}kez is bounded;
ag

(ag+1 — 2ak + ag—1)

(b)  2—regular if it is 1—reqular and the sequence {k*
ay

bounded;

(¢) 3—regular if it is 2—regular and the sequence {k*

}keZ 18

(agy1 — 3ag + 3ag_1 — ag_o)
Qg

Yrez

18 bounded.

Example 2.26 [t is not difficult to see that the sequence ay = b/(ik+c), where b € R
and ¢ # 0 is 3-regular.

In the next Lemma we give some useful properties of k—regular (k = 1,2, 3) sequences.
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Lemma 2.27 (i) If {ax}rez and {b;}rez are k—reqular sequences such that

a
< 00, then the sequence {ay + by trez is k—regular.

sup

k| ek + by

(i) If the sequences {ay }rez, and {by}rez are k—reqular, then the sequence {ay by }rez
15 k—reqular.

(iii) The sequence {ay }rez is k—regular if and only if the sequence {i}kez is k—reqular.

(iv) If the sequences {ay trez and {by}rez are k—reqular, then the sequence {ay /by }kez
15 k—reqular.

Proof. We first prove (i). Observe that for 1-regularity observe that
kak+1 + b1 — (ag + bi)

ay + by
_ kak—i-l —ap + by — by
ay + by
RS S S bpy1 —bx by
ag ar + bk bk a + bk
_ 0kl Gk G I b1 —bi i bpy1 —bx  ay
ag ap + bk bk bk ap + bk )

To verify 2-regularity, we have

A1 + bpyr — 2(ap + by) + ap—1 + bp—1

ay + by
9 Qky1 — 20 + ap—1 Ay e bit1 — 20, + bp—1 by

ay ay + by by ay + by,

k‘2

=k

L 9Qky1 — 2a; + ag ag o bki1 — 20, + by obri1 — 20 + b1 ay
=k + k —k )
Qg ap + bk bk bk ap + bk
Finally, to verify the 3-regularity, note that
A1 + bpy1 — 3(ag + bg) + 3(ak—1 + bp—1) — (ap—2 + br—2)
ap + bk

k3

L 3ay +3ar—1 —ax—2  ay yr b1 — 3bg + 3bp—1 — br—2 by
ag ay + by, by ay, + by

g1 — 3ak + 3ap—1 — ag—2  ag pr bpr1 — 3bp + 3bp—1 — bp_o
Qg ap + bk bk

— k3

3 bri1 — 3bg 4+ 3bk_1 — bp_o Qg
by, ap + by

Hence we obtain (i).
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To prove (ii), note that

kak-i-lbk-i-l — agby kak-i-lbk-i-l — abpsr + apbryr — arby
aby, aby,

R br+1 Lk b1 — br ‘
ay br by,

Since {ax} and {by} are l-regular sequences, it follows that {aj by} is 1-regular.
In order to prove that {ay by} is 2-regular, we have the following identity

12 ap1bp1 — 2aby + ap—1bp—q _ 2 A1 — 20 + ag—1 bpq1
arby Qg by,

e b1 — 20 + by s ar — Q1 2 b1 — br—1
by ay by '

Since {ax} and {by} are 2-regular sequences, it follows that {aj by} is 2-regular.
Finally, to prove that {ajb;} is 3-regular, we have

3 Apr1bkr1 — 3agby + 3ag_1bp_1 — ag_obg_o

k
aby,
_ %k — 3ay + 3ag—1 — ag—2 bpt1 4R ap — 2ap_1 + a2 1 bit1 — br—2 ax—1
ay by, Ap—1 by, Qg
IR brt1 — 3bg, + 3bk—1 — bp—2 L 92 b — 2bi—1 + bi—2 o e~ Ak bi—1
bk bk—l ag bk
AL Sl S PR br+1 — 2by, 4 b1

ag by, ’
and hence (ii) follows.
To verify (iii) observe that

1/ak+1 - 1/ak _ _kakJrl — ar ag

k )
1/ay, ay Ag+1

Since {ai} is a 1-regular sequence, it follows that |2 —1| < M/|k|,k # 0, for some

ag

M > 0, and hence ay/ar41 — 1, from which it follows that {1/a} is 1-regular.

To verify 2-regularity, we write

lagy — 2/ap + 1/agp—y 2 ho10k — 201041 + QrQpqr .
= k

1/ay ap—1 Q) Agq1

k2
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_ g2 ap_1(ax — agy1) + appr(agp — ag_1)

Ap—1 Ak41

o Qp—1(ar — rg1) — apgr (@ — apy1) + g1 (ar — apgr) + apgr(ap — ag—1)

Q-1 Of41

=k

g2 (ag—1 — agy1) (ak — Qrg1) — Qg1 (g1 — 2ag + ag—1)

Qr—1 Ak+1

Ag—1 — Qg1 , Ak — Qg1 o A1 — 20 + a1
=k k — k .
Ap—1 A1 ak—1
Finally, to verify 3-regularity, we write

k31/ak+1 — 3/ak + 3/ak_1 - 1/ak_2

1/ak
_ Gk Gk Ok 30k + 3ay — 3ag—1 + ap—2
Ap—2 Og—1 Q41 ag

Ukt Gk Gho1 = Gk o 0k—1 — 2ap + agq1

k,2

Qr—2 Qg1 A—1 ag

- 3

ag Ap—1 — Qg Qp—1 — Qg—2 Q41 — Qg
+ 3 k k k
AR+1 Ar—1 Ap—2 ag

A—2 -1 — Qg Q-1 — Qp—2 -1 — Qgp—2
+ 3 k k k

Ak+1 Ar—1 A—2 A—2

g—1 , Qg1 — A o 0x_2 — 201 +
3 k k*

Ak41 ag—1 Ap—1
and hence the result follows.

Note that (iv) follows from (ii) and (iii). This completes the proof of the Lemma.

)

Remark 2.28

Note that (i) hold substituting the condition sup < 0.

< 0o by sup
k k

aj + by ap, + by

Proposition 2.29 If {a}rez is a bounded and k—regular sequence, then it satisfies a
Marcinkiewicz estimate of order k for k =1,2, 3.

Remark 2.30

The converse of the above proposition is false. In fact, the sequence a; = e~ satisfies
Marcinkiewicz of order 3 and not 3-regular.
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Theorem 2.31 If {ay}rez satisfies a Marcinkiewicz estimate of order k and {i} is
bounded then {ay}rez is a k—regular sequence (k =1,2,3).

Proof. It follows directly from the definition of k—regular sequence. [

Corollary 2.32 If {ay}rez satisfies a Marcinkiewicz estimate of order k and {i} is
bounded then {i}kez is a k—regqular sequence (k =1,2,3).

Proof. By Theorem 2.31 we have that {ay}rez is k—regular sequence. From Lemma
2.27 (iii), the result follows.

2.6 Maximal Regularity via Periodic Multipliers

In this section, we review some recent work where maximal regularity of integro-
differential problems is studied via periodic Fourier multipliers.

For a linear operator A on X, we denote its domain by D(A) and its resolvent set by
p(A), and for A € p(A), we write R(\, A) = (A — A)~".

2.6.1 Strong solutions of periodic problems on Lebesgue spaces

Given a closed linear operator A defined on a UM D space, Arendt and Bu (see [9]),
characterize maximal regularity of the following non-homogeneous problem with peri-
odic boundary conditions

u'(t) = Au(t)+ f(t), te€]|0,2n] (2.9)
u(0) = u(2m)

in terms of R—boundedness of the resolvent. Here A is not necessarily the generator of
a Cy—semigroup. In order to study the periodic case, the authors establish a multiplier
theorem, (see Theorem 2.24).

A strong LP—solution of (2.9) is a function v € W,P(R, X) N L% (R, X) such that
(2.9) is satisfied a.e.

The main result in [9] is the following

Theorem 2.33 Let A be a closed operator on a UMD space X and let 1 < p < o0.
The following assertions are equivalent.

(i) Forall f e L5 (R, X), there exists a unique strong LP—solution of (2.9),

(it) iZ C p(A) and the family {k(ik — A)™' : k € Z} is R—bounded.
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Remark 2.34

1. Condition (ii), i.e. well-posedness of the periodic problem in the sense of strong
LP—solution is independent of p for 1 < p < co.

2. Whereas no characterization of LP—multipliers is available in general (if 1 < p <
00, p # 2), in the context of resolvents it is.

3. In [9], the authors also characterize maximal regularity of the second order Cauchy
problem

(1) + Ault) = f(2)

on a bounded interval with periodic, Dirichlet or Neumann boundary conditions.

2.6.2 Fourier Multipliers on periodic Besov spaces

The Marcinkiewicz type theorem stated in Theorem 2.22, enables one to study maximal
regularity in vector-valued periodic Besov spaces for evolution equations with periodic
boundary conditions as follows.

Let X be an arbitrary Banach space and A be a closed operator on X. Consider the
periodic problem (2.9) with f € By (T;X) for some 1 < p,q < oo and s > 0. The
problem (2.9) has Bj —maximal regularity if for each f € By (T; X) there exists a
unique u € Byt*(T; X) such that u(t) € D(A) and o'(t) = Au(t) + f(t) for a.e.
t €0,27].

The authors prove in [10] the following result

Theorem 2.35 Let A be a closed operator on X . The following assertions are equiv-
alent

(1) Problem (2.9) has B, —mazimal reqularity for some (equivalently, for all) s >
0,1<p,qg<o0.

(ii) iZ C p(A) and supyey ||k(ik — A)7| < 00.

Theorem 2.22 may be also be applied to the second order problem with periodic bound-
ary conditions giving necessary and sufficient conditions for such a problem to have
B, ,—maximal regularity as the following theorem shows, (see [10]).

Theorem 2.36 Let A be a closed operator on X and let 1 < p,q < oo, s > 0. The
following assertions are equivalent

(i) Forall f € By (T;X) there exist a unique u € By (T; [D(A)])NBy*(T; X) such
that u"(t) + Au(t) = f(t) for a.e.

(it) k* € p(A) for all k € Z and supyey |[F*(K* — A)7Y| < oo
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2.6.3 Integro-Differential Equations in Banach spaces

The operator-valued Fourier multiplier Theorems 2.22 and 2.24 have been used by
Keyantuo and Lizama in [33] to establish maximal regularity results for an integro-
differential equation with infinite delay in Banach spaces. The authors consider the
following problem

W) = Ault)+ / " alt — $)Au(s)ds + f(1) (2.10)

—00

u(0) = u(2m),

and examine this equation in various spaces of 2w —periodic vector-valued functions:
L5 (R;X), C*(T; X), B:,(T; X).

Suppose the kernel a € L (R,) is such that a(ik) exist for all k € Z, where a(\) =
I~ e Ma(t) dt denotes the Laplace transform of a.

Proposition 2.37 [33, Proposition 2.8] Let A be a closed linear operator defined on
the UMD space X. Let {dy}rez be a I-reqular sequence such that {dy}rez C p(A).
Then the following assertions are equivalent

(i) {dy (dpl — A)  }rez is an LP—multiplier, 1 < p < oo.

(ii) {dy (dpl — A)" ez is R—bounded.

We adopt throughout the notations:

& = a(ik) (2.11)
1k

= f 11 Z 2.12

by, e orall keZ, ( )

and the following condition

(H1) {é&}, {k(Gkt1—¢c)}, and {1/(é+ 1)} are bounded sequences. (2.13)

Denote by HP the space of all u € L (R; X) for which there exists v € L§_ (R; X)
such that o(k) = bya(k) for all k € Z. A function u € H;P is called a strong
LP—solution of (2.10) if u(t) € D(A) and equation (2.10) holds for almost all t €
0, 27] .

The following characterization of Keyantuo and Lizama establishes well-posedness for
(2.10), extending the results of Arendt and Bu.

Theorem 2.38 /33, Theorem 2.12] Let X be a UMD space and let A: D(A) C X —
X be a closed linear operator. Assume that the sequence {éx} satisfies (H1). Then
the following assertions are equivalent for 1 < p < 0.

(1) Forall f e L (R, X), there exists a unique strong LP—solution of (2.10).
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(it) {brtrez C p(A) and {b (by — A)"'}rez is an LP—multiplier.
(ii1) {br}trez C p(A) and {by (b, — A) '}rez is R—bounded.

For Besov spaces, they obtain the following fundamental result.

Proposition 2.39 Let A be a closed linear operator defined on the Banach space X.
Let {di}rez be a 2-reqular sequence such that {dy}rez C p(A). Then the following
assertions are equivalent

(1) A{di (del — A) ' Yiez is a By ,—multiplier, 1 <p < oo, s € R.
(it)  {dg (dp.I — A) " }pez is bounded.

Now, for 1 < p < oo and s > 0, a function u € B;fgs(T;X) is called a strong
B —solution of (2.10) if u(t) € D(A) and (2.10) holds for almost all ¢ € [0, 27].
The authors in [33], introduce the following condition

(H2) {ké}, {k*(éri1 — 26, + 1)} are bounded sequences . (2.14)

Theorem 2.40 Let 1 <p < oo and s> 0. Let A be a closed linear operator on the
Banach space X. Assume that {¢} satisfies (H2) and {by} is 2-reqular. Then the
following assertions are equivalent

(1) Forall f e By (T;X), there exists a unique strong By —solution of (2.10) such
that ', Au and a* Au € B, (T; X) .

(ZZ) {bk}kEZ C p(A) and SUDpc7, ku (bk — A)_1|| < 0.

As a consequence the results in this thesis, we will see in Chapter 3, Section 3.4, that
conditions (H1) and (H2) can be improved.



Chapter 3

Solutions of Second Order
Integro-differential Equations on
Periodic Besov Spaces.

3.1 Introduction

We consider the following integro-differential equation with infinite delay

t

u(t) + o/ (t) = Au(t) + / c(t —s)Au(s)ds + f(t), 0<t<2m

u(0) = u(2r) - (3.1)
uw'(0) = o/ (27),

where A is a closed linear operator defined on a Banach space X, ¢ € L}(R,) is a
scalar-valued kernel, f is an X—valued function defined on [0,27] and « is a real
number.

We will study existence and uniqueness of solutions for (3.1) in the space of 2r—periodic
vector-valued functions B, (T; X).

We are able to obtain a very simple characterization of maximal regularlty for (3.1) only
in terms of the boundedness of {d},(b;, —A) ™' }rez where dj, = Hc(m) , b = ‘f‘fc(l’; and
¢ denotes the Laplace transform of ¢. We remark that the conditions that we impose
on the kernel ¢ are satisfied by a large class of functions appearing in the applications.
We also study a resonance case: we assume that there are ky,...,ky € Z such that
ik; is a simple pole of F(\) = (A2+aX—(1+¢(N))A)~! for j=1,...,N. In this case,
we will show that equation (3.1) has a B -solution strong if and only if f satisfies
suitable compatibility conditions (Theorem 3.23).

We remark that a similar case was studied in [33] for the first order integro differential
equations for a general linear unbounded operator A. However, in [33] the resonance
case was not considered. Our results extends those in [10, Theorem 5.3 | where the
case a = 0 and ¢ = 0 was presented.

20
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. . S .
3.2 Maximal regularity on B} (T; X)
We denote by ¢ the Laplace transform of ¢ € L*(R,), ¢(ik) exists for all k.

We adopt throughout the following notations

2

k 1 6k , 10T a € ( )
b, = ik = k> for all k € Z (3.3)
or a .
k ]. Ek ’

where ¢ := é(ik).
Remark 3.1

Note that by the Riemann Lebesgue lemma and the assumption that é(ik) # —1 exists
for all k € Z the sequences {¢(ik)} and {HE;(M) } are bounded.

1
Proposition 3.2 If {¢;}rez satisfies a Marcinkiewicz estimate of order 2, then {d_k}

and {by} defined by (3.2) and (3.3) verify the following:

1

k
L

1
(bk+1 — bk)}keZ\{O} and {de—k(bk+1 — Qbk + bk—l)}keZ\{O} are bounded.

Proof. We have the identities

1 1+c [—(k+1)2+ai(k+1) —k*+ aik
e L s by — g LB [ D i)
dy, —k 1—|—Ck+1 1+ ¢
-1 ~ ~ o7} ~ . —2k—1+4+ai 1+¢
= ——Fk(Ck41 — Ck) — — (¢ — € + —.
1+ Chpr (Gt = &) 1+Ck+1(k 1) k T+ e

By assumption and Remark 3.1 we obtain the first condition. In order to prove the
second condition, we note the identities

1
k? — (b1 — 2by + by—1)
dp
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_ 2 L+& [—(k+1)°+ai(k+1) 2—k2 +aik  —(k—1)*+ ai(k — 1)
e 1+ oo 1+ G 1+ &0y

-1 ) ) ) )
= A gaiay (G K (@ — 20+ )

— k(Chyr — 1) K (Chyr — ) + 2(1 + G) K (Crp1 — Cr1)
+Oéi(1 + 6k71> k (ék - 6k+1) + Oé’i(l + ék+1) k (ék — (Ekfl)

+ Oéi(l + ék) (5143—1 - 5k+1) — (1 + ék—l) (1 + ék) — (1 + 6k+1) (1 + ék)] .

Hence by assumption and Remark 3.1 we obtain the desired conclusion.

Proposition 3.3 Let A be a closed linear operator defined on the Banach space X .
Let {dy}rez, {br}rez be defined by (3.2), (3.3) respectively. Assume that {¢}rez
satisfies a Marcinkiewicz estimate of order 2.

If b, € p(A) for all k € Z and {d(by — A) ' }rez is bounded then {dy(by — A) " }rez
is an By ,— multiplier, 1 <p < oo.

Proof.
Denote by (M) the sequence dy, (bI — A)~!. Note that M is the null operator.

We will verify that the sequence {M}} satisfies a Marcinkiewicz estimate of order 2.
Then, the result follows from Theorem 2.22. In fact, first we prove (2.6). We have the
identity

1 d
k[Myy1 — My] = My k 7 (b = brpt] My, + Misr k[1 — —].
k+1 k1
dy I+ iy 9
Note that = —— (k/(k + 1)), hence for each k € Z\ {—1} we have that
dp1 146
dy, 2k + k k2 1
E|l——| = | — k(ck —c¢ is bounded si C
[ dk+1:| [ 1) + 12146 (Cx — Cx+1) | is bounded since {¢}

verifies a Marcinkiewicz estimate of order 2.

1
Moreover, for all k € Z\ {—1}, by Proposition 3.2 we have that {k 7

k1
is bounded. This, together with the boundedness of {Mj} imply that

(b — br1)}

sup ([ (M — My < o0 -

ke

In order to verify the condition (2.7), with an analogous calculation as above we obtain
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g2 dyy1 — 2dy + di—y
di+1

k? (Mygr — 2My, + My_q) Mj 11

di—1

k

—2k {1 - ] ki byt — b)) My, My

1
- de—k(ka — 2by, + by—1) My, My

1 1
(bk+1 — bi) k y

+2 k
di+1 k—1

(brg1 — br—1) Myqy My, My,

1 1
(b = ba) K

(bk+1 - bkfl) Mk+1 Mk Mkfl,
k+1

where, with a direct calculation, we have that
2 dp1 — 2dy + dp— k?

N ; —— [ (1 + 1) K (Cprr — 265 + o
dk+1 (k;_|_ 1)2(1 +Ck) (1 +Ck—1) [ ( Ck‘—l—l) (Ck—l—l Ck Cr 1)

+ k (Cr—1 — Chy1) k (Ck — Ch1) + 2(1 4 C) k(o1 — Crt1)

+ (14 Ge—1) (1 + C) + (14 Grgr) (14 Gr) |-
Since {¢} verifies a Marcinkiewicz estimate of order 2, we conclude that the sequence
A1 — 2dy + dj—
(k2 y kO 11 is bounded for all k € Z\ {—1}. Hence, by Proposition 3.2
k+1

together with the boundedness of {M;}, we obtain that k* (Mg, — 2M;, + My_1) is
bounded for all k£ € Z\ {—1,0,1}. Finally, since M_o, My, M_1, M; are well defined
operators we obtain the claim. [

Lemma 3.4 Let X be a Banach space, assume that the sequence {¢x}trez satisfies a

Marcinkiewicz estimate of order 2. Then the sequences {(1+ ¢)I}rez and {H—~I}
Ck

are By ,—multipliers.

Proof. It is clear, directly from Marcinkiewicz estimates of order 1 and Theorem

2.22, that the sequence {(1+¢&)I} is an By —multiplier.

Now, let ny :=

The sequence {n} is bounded and satisfies the identities

+ Ck

1 1
I+e, 1+ cn

k(npgr — i) = K[Cr — Crya]
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and

~1 1 i _
B s = 2 i) = (L+é) (L4 ék1) B ks = 20 + o]

1 1 1
+ ~ ~ = ]‘Cé —6_ ké _6 )
1+cpy1 1+ 1+ (i1 k—1) k[Chi1 %l

Hence the sequence verifies a Marcinkiewicz estimates of order 2, by Theorem 2.22 the
lemma, follows.

Definition 3.5 Let 1 < p,q < oo and s > 0. A function u € Bjt*(T;X), is
called a strong B3 —solution of (5.1) if u(t) € D(A) and (5.1) holds for almost every
t €0,27].

We have the following result

Theorem 3.6 Let 1 <p,q<oo and s > 0. Let A be a closed linear operator defined
on a Banach space X . If {Cx}trez satisfies a Marcinkiewicz estimate of order 2, then

the following assertions are equivalent
—k* (=K + aik -
< +aik A)

aik — k?
) _— A
(i) { A teez C p(A) and sup 1\ 1ra

k

< 0.

(i) For every f € By (T;X), there exist a unique strong By —solution of (3.1) such
that u”, u', Au e B3 (T; X).

Proof. (ii) = (i) Let » € X be fixed. Define f = e, @z . Note that f € B5 (T; X).
Hence there exists u € B5 *(T; X) such that u(t) € D(A) and (3.1) holds for almost
every t € [0,2n].

Taking Fourier transforms on both sides we obtain that u(k) € D(A) and

—K2a(k) + aika(k) = Aa(k) + e Aalk) + fk).

Thus, (—k2? + ik — A — & A)a(k) = f(k) = @ proving that —k2 + aik — A — Gz A is
surjective.

12+ aik
Let € D(A). If (=k? + aik — A — &A)x = 0, that is Az = — "

——Ix, then
14 ¢

u(t) = e**x define a periodic solution of

t

u'(t) + au'(t) = Au(t) + / c(t — s)Au(s)ds.

Hence u = 0 by the assumption of uniqueness and thus x = 0. Since A is closed, by
Closed Graph Theorem we conclude that %‘552 Cp(A), foral keZ.
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A -1
Next we claim that 1;"3; (%Z"k - A) is a Bj — multiplier. Let f € B, (T; X).

By hypothesis, there exists a unique u € B;f(']l‘; X) such that

t

u'(t) + au/(t) = Au(t) + / c(t — s)Au(s)ds + f(t).

—0o0

Taking Fourier series on both sides we obtain that «(k) € D(A) and

a(k) = (—k* + aik — (1 + &) A) " f (k)

or
K (=K + ik .
—k2a(k) = — —A k).
(k) 1+5k( 1+ & > 1)
By [10, Theorem 1.3], if u € By#?(T; X) then u' is differentiable almost everywhere
and v” € B; (T; X). Define v =u". Then we obtain that

k2 =k + aik -
0(k) = — —A

proving the claim. It follows from the Closed Graph Theorem that there exist C' > 0
such that, for f € By (T; X), we have

> enM f(k)

kEZ

<Al

s
BP#I

s .
Bp:q

Let z € X and defines f(t) = e,(t)x = €™z for n € Z fixed. Then the above

inequality implies that ||e,|[ps |[Mnz|| = |[e,Myz|| < Cllen||ps |[z|[ . Hence [[M,]] <
C.

K2 (=K + aik !
(i) = (i) Let My = T e ( 1 _:_;:l —A) . By assumption we have that

First, we claim that the families {ik Ni}rez and {Ni}rez are B, —multipliers. In
order to see that, we will apply Theorem 2.22.

In fact, in order to verify condition (2.6), observe that ||tk Ni|| < ||k* Ni|| = || My]]
for all k € Z and hence sup ||ik Ni|| < oo
keZ

Moreover we have the identity

E[ (k4 1)Ngy1 — kNg| = =M1 + My — (kK + 1) Ny,

and hence condition (2.6) holds since {M}} is bounded.
To verify the condition (2.7), note that
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K2[ (k + 1)Njp1 — 2kNg + (k — )Ny ]
= k[Mj), — My1] + k[My — My_1] — k[(k + 1) Npy1 — kNg] + k[(k — 1) Ny_y — kNy].

Since sup ||My|| < oo, from the proof of Proposition 3.3, we see that the sequence
keZ
{M;} satisfies the condition (2.6) of multiplier. Using this in the above identity, we

conclude that the condition (2.7) hold for {ikNy}. We claim is proved.

Secondly, we will prove that {Ny} is a B, —multiplier. In fact, to verify condition

(2.6) observe that ||Ng|| < ||k*Ni|| = ||My|| for all k € Z\ {0} hence sup ||N.|| < oo.
keZ

Moreover we have

k[ Nip1 — Ni] = (k + 1) N1 + N — Niyr,

and since {kN;} and {N;} are bounded sequences we obtain condition (2.6).
In order to verify condition (2.7), note that

k2 [ Njs1 — 2Ng + Nip_1 |

= =M1 +2My, — My — (k+1)Niy1 + (B = 1) Ny + Np—1 — Niqr,

and since {My}, {kNy} and {N;} are bounded sequences we obtain condition (2.7)
and the claim follows.

Now, let f € B, (T; X). Since {N;} is B; —multiplier, there exist u € By (T;X)
such that

a(k) = Ny f(k) for all ke Z, (3.4)
where we observe that u(k) € D(A).
Since {ikNy} is a B, —multiplier there exists v € B, (T;X) such that o(k) =
ikNyf(k) for all k € Z. From (3.4) we obtain that

ika(k) = (k). (3.5)

By Lemma 2.1 of [9], u is differentiable a.e. with ' =v and «(0) = u(27). By [10,
Theorem 2.3] this implies that u € BytH(T; X).
By Proposition 3.3, we have that {Mk} is a Bj,—multiplier, hence there exists w €

B, (T; X) such that w(k) = M, f(k) for all k € Z. Using again equality (3.4) and
equality (3.5) we have
—k2a(k) = iko(k) = w(k).

By [9, Section 6] v’ is differentiable a.e. with w = ", v/(0) = «/(27) and w =" =" .
By [10, Theorem 2.3] this implies that u € B5t*(T; X).

We will show that u(t) € D(A). By (3.4), we have the identity

(k% + aik — (14 &)A) a(k) = f(k) (3.6)
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for all k € Z, or equivalently

—k? + aik 1
Au(k) = ———au(k) — k
) =M -
3.7)
1 o 1 (
= o(k o(k) — k).
1g YW+ g W g R
Since f,v,w € By (T; X) and by Lemma 3.4, the family {—I} isa B, ,—multiplier,
there exists g € B, (T; X) such that
(k) = 3(k).
Then Lemma 3.1 of [9] implies that u(t) € D(A) and Au(t) = g(t). Hence Au €

B (T; X).
Finally from (3.6), we have

(—k? + aik) a(k) = Aa(k) + Ada(k) + f(k).
flt

Define h(t) = u"(t) + au'(t) — f(t). It is clear that h € By (T;X). From the above
equality, we obtain

where s(t )+ / c(t — s)u(s)ds and s € B5t?(T; X). From Lemma 3.1 of [9]

we have s(t) € D(A), and then / c(t — s)u(s)ds € D(A). Since A is closed, we

deduce that

t

u’(t) + o (t) = Au(t) + / c(t — s)Au(s)ds + f(t).

— 00
It remains to show uniqueness. Let u € By (T; X) be such that

¢
u"(t) + au'(t) — Au(t) — / c(t — s)Au(s)ds = 0.
Then a(k) € D(A) and [=k? + aik — (1+ &) Ali(k) = 0. Since £tk € p(A), this
implies that u(k) =0 for all k£ € Z and thus u=0.
"

In the case where p = ¢ = co and 0 < s <1 we have that B3, (T;X) corresponds
to the space C*(T;X) of Holder continuous functions. We state the corresponding
result separately:
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Corollary 3.7 Let 0 < s < 1. Let A be a closed linear operator defined on a Banach
space X . Assume that {¢y}rez satisfies Marcinkiewicz estimates of order 2. The

following assertions are equivalent
K [aik — k? -
_ ol LAy
1+ ¢ 1+ ¢

L cank — k2
(i) {Ték}kez C p(A) and sup

(i) For every f € C*(T;X), there exist a unique strong C*°—solution of (3.1) such
that o', ', Au'e C*(T; X).

< 0.
k

Remark 3.8

Setting @« = 0 and ¢ = 0 in the equation (3.1) we obtain the second order problem
with periodic boundary conditions

u'(t) = Au(t) + f(t) 0<t<2rm

u(0) = u(2m) (3.8)

uw'(0) = u/(2m)
and we may apply Theorem 3.6 to obtain a necessary and sufficient condition in order to
such problem have maximal regularity in Besov spaces. In [9] Arendt and Bu studied
the problem (3.8) for A a closed linear operator defined on UM D space X. They
established conditions for maximal regularity in L_(R; X) in terms of R-boundedness
of resolvents. In [10], the authors have obtained maximal regularity for (3.8) in periodic
vector-valued Besov spaces as we have considered here.

3.3 The resonant case
We define
pac(A) ={A € C : d(A\)I—e(N)A is invertible and (d(\)—e(A\)A) ™ € B(X, [D(A)]) }

In what follows we will assume that d(ik) and e(ik) exist for all k& € Z. We suppose
that A\ — d(\) (resp. e()\)) admits an analytical extension to a sector containing the

imaginary axis, and still denote this extension by d (resp. e).
Denote by 04.(A) the set C\ pge(A).
Now, we consider a resonant case: We assume that there are kq,...,ky € Z such that

([ (i) ikj €04e(A) forj=1,...,N;

(17) ik ¢ 04.(A) for k€ Z ,k #ky,... kyn (3.9)

(i13) ik is a simple pole of F'(-) for j=1,...,N

\

where F: pg.(A) C C — B(X,[D(A)]) is defined by F()\) = (d(A\)I — e(N\)A)~L.
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We now give some preliminary results about the solvability of the equation

(d(XNo)] —e(M)A)x =y (3.10)
where ) is a simple pole of F(-).
We denote by @ the residue of F(-) at Ao, that is,

Q= lim (A= \o) F(A) = —— FO) dA (3.11)

A— Ao 271-2 B()\O,E)

where € > 0 and I'(Ag,e) :={A€C : A= Xg|<e}.
We define

G\ =

{ A= M) F), 0<|A—X|<e
(3.12)

Q7 A= )‘0-
We note that @ € B(X,[D(A)]) is a non-zero operator which satisfies the following
property.

Lemma 3.9 With the notations as above, we have
Q = Q[d' (M)l —€'(M)A] Q.

Proof.
For A, 11 belonging to I'(Ag,€) \ {Ao} with |A — Xo| > | — Ag| we have

FA) = F(p) =F) [dp)] —e(p)A —dNI + e(A)A] F(u)

= F(AN) [(d(p) = dN)) ]+ (e(A) = e(p) )A] F(p).

Hence
F(/\))\ : i(ﬂ) (A = Xo) (1 — Ao)
= (A=) F(N) { de) — Z(/\)I + GMA) — Z(“) A} (1= Ao) F(n)

Since A € B([D(A)], X), letting pu — Ao we obtain
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Letting A — \g we get

This proves the Lemma.
]

The following result is the key for results on existence of solutions in the resonance
case.

Proposition 3.10 Let Xy be a simple pole of F(-) and let Q € B(X,[D(A)]) be
defined by (3.11). Then

Ker(d(X)I —e(M)A) = Q(X). (3.13)
Moreover, for any y € X such that Qy =0, all solutions of (3.10) are given by
=GNy — QA(C'G) Ny + Q(d'G)(No)y- (3.14)

Proof.
First we show (3.13). For any sufficiently small € > 0 and 0 < |\ — A¢| < & we have

(dAo)I = e(M)A)G(A) = (A = Ao) = (AT = e(MA)G(A) + (d(Xo)] = e(Ao) A)G(A)

= (A=) +(d(Xo) = dA)GA) + (e(A) — (X)) AG(A).

Since A € B([D(A)], X), letting A — Xy we obtain (d(X)I —e(Ag)A) @ = 0, so
that Q(X) is contained in Ker(d(Ag)I —e(Ng)A). Let now x € D(A) be such that
(d(Xo)l —e(Ng)A) x = 0, then for 0 < |A — A\g| < e with ¢ small, we have

F(X\) (d(Xo)l —e(Mg)A) z = 0. (3.15)
For each z € X, we have the identity x — F(\) (d(A\)I —e(A\)A) x = 0, or equivalently

z+ F(A) [d(No) —d(N)]z+ F(AN)[e(A) —e(Ao)] Az — F(X) [d(Xo)] — e(Ng)A]z = 0.
It follows from this and (3.15) that

d(A) = d(ro)
X=X

e(A) — e(o)

T = (A= Xo)F(\) 0

z+ (A= X)F(N) Ax =0,
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that is, using (3.12)

d(A) = d(Xo)
X=X

e(A) — e(h)

Ax = 0.
N h z =20

z— GO + GV

Letting A — X\ we get
r—Qd'(N)x+ Qe (M) Ax = 0,

so that = belongs to Q(X) proving (3.13).
Let us now show (3.14). First we claim that

lim F(\) [1+(¢/(A)A=d’(M)T) Q] = G'(A)=Q A['GY (3)+Q (d'G) (No)- (3.16)

In fact, proceeding as in the proof of Lemma 3.9, we have
G'(A) = FA) = (A= 20) FQA) [d" (M = e'(\A]F(X)
=F(\) = (A=) FQ) d’(NF(N) + (A= Xo) F(\) € (NAF(N)
= FA) [T+ (e/(A)A—d'(XA)1)Q] = F(A)€'(X) AQ + F(A) d'(Xo) @
— FO)d’(N)(A = Xo) F(A) + F(A) € (M)A (A = Ao) F(N)
=FA) [ I+ ('(X)A—=d'(M)1)Q ] + FA) A['(A) G(A) —€'(M) Q ]

— F)[d'(N) G =d'(h)Q ]

=FA) [T+ (e (M)A—=d' (M))Q] + (A= 20) F(N) A

d'(N) GA) = d'(M)Q

= (A=) O [,

Since A € B([D(A)], X), letting A — Ao in the above identity, we obtain the claim.

On the other hand, using Lemma 3.9 we obtain

lim [d(Ao)T — e(M)A] F(A) [T+ (' (M)A —d'(N)]) Q]

— Ao

= 1im [d(\)] — e(A)A + e(\)A — d(\) + d(Ao)] — e(Ag)A]

A— Ao

F)[+ (€' (M)A —d'(M))Q]
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L e(A) —e(Xo)
= Jim [1+{ X — o X — Ao

[+ (€' (M)A —d'(M)]) Q]

= [I + (¢(Ao)A = d"(M))Q] [I + (¢'(Ao)A — d'(Xo)])Q)

=1 +2(e'(X0)A = d'(M)I)Q + (€'(Ao)A — d' (X)) )Q(e'(Ag) A — d'( M) )@
= T+ 2(e/ (M)A — d'(M)1)Q — (¢/(M)A — d' (M) ])Q

— T+ (M)A — d'(N)])Q.

Due to (3.16) and the fact that A belongs to B([D(A)], X) we have

[d(No) — e(No)A] [G'(Xo) — QA(EG) (No) +Q (d'G) (No) ] =T+ ('( M)A —d'(No)])Q.
(3.17)
Therefore, if y € X is such that Qy = 0, equation (3.10) is solvable, and the solution
is given by
w= G'(A)y — QAG) (Mo)y + Q(d'G) (M)y.

]
Now, arguing as in the proof of Theorem 3.6, we find that, if f € By (T;X), and
u € Byt(T; X) is a strong By —solution of (3.1), then

(—k% + ik — (14 &)A) w(k) = f(k), keZ. (3.18)
We suppose that A — ¢é(\) admits an analytical extension to a sector containing the
imaginary axis, and still denote this extension by ¢.
Substituting d()\) := A* + a)X and e()\) := 1+ ¢&()\), we have that

FO\) = (A +aX— (1+EAN)A)"! for all A € pg.(A).

Now, we assume that there are kq,...,ky € Z such that 3.9 hold.
For each k # k,,n=1,..., N, equation (3.18) can be uniquely solved, with

W(k) = (=k* + ik — (1 + &) A) 7 f (k).
For k,,n=1,..., N, by Proposition 3.10 equation (3.18) is solvable if and only if

A

Qn f(ky) =0, (3.19)

where @, is the residue of F(-) at A = ik, . If (3.19) holds, then by (3.14), the Fourier
coefficients of the solution to (3.18) in k,, n=1,..., N are given by
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~

(k) =[G (thn) — Qn A(FGr) (1hn) + Qn (d'Gr) (ikn)] f (kn), (3.20)
where G, : B(ik,,e) — B(X,[D(A)]) is the analytic function defined by

(AN —ik,) F(A), 0<|\N—ik,| <e
Gn(\) = (3.21)
for any € > 0 sufficiently small.

Now, define the family of operators { Ny} by

(k2 + ik — (1 + ) A)! AV
Ny = (3.22)
G(ik;) — Q; A(CGy) (iky) + Q; (d'Gy) (ik;)  j=1,...,N.

where ik € pge(A) for all k€ Z\ {ki,...,kn}. Note that {Ny}rez C B(X).
The following main theorem give compatibility conditions on f which are necessary
and sufficient for the existence of a strong B, - solution of (3.1).

Theorem 3.11 Let 1 < p,g < oo and s > 0. Let A be a closed linear oper-

ator defined on a Banach space X . Suppose that (3.9) holds and that {¢}rez

satisfies Marcinkiewicz estimates of order 2. If sup||k* Ni|| < oo, then for ev-
ke

ery [ € By (T;X) the equation (5.1) has a strong B; —solution if and only if

an(kn):O,forevery n=1,...,N.

In this case, all the strong solutions of (3.1) are given by

n

u(t) = lim > (1 - %) e (—k2 4+ ik — (1+ ) A) ! f(k)

k=-—-n

(3.23)
+ D MHGHky) — Qs ARG) (k) + Qs (d'Gy) (k)] F(ky).

Proof.
First we assume that for every f € Bj (T;X) there exists v € Byf*(T; X) N
By (T; [D(A)]) which is a strong B, —solution of the equation (3.1). Taking Fourier
series on both sides in (3.1) we obtain that (k) € D(A) and

(k% + ik — (14 &)A)o(k) = f(k), for all k € Z.
For A € py.(A) and ky, ko, ...ky we have that

(A —ik))F(\) [N+ aX — (1 +EN)A] d(k;) = (X — ik;) d(k;).
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Letting A\ — k; it follows that
lim (A —ik;) F(A) A2+ aX — (14 EN)A] 6(k;) = 0.

A—ik;
Since both limits lin}c_()\ —ik;)F(\) and /\hn;g_[AQ +aX — (L4 ¢(N))A] 0(k;) exist, we

obtain that
Qj (—k} + aik; — (1 + c(ik;))A)o(k;) = 0,

or equivalently, Q;f(k;) = 0, for all k;,j = 1,...,N. Hence by Proposition 3.10
equation (3.18) is solvable and

(—k2? + ik — (14 &) A) " f(k) keZ\{ky,.. . kn}
o(k) =
{G}(ik;) — Q; A(TG;) (ik;) + Q; (d'Gy) (iky)} f(k)  j=1,...,N.
(3.24)
from which (3.23) follows.
Conversely, assume that f € B (T;X) and an(kn) =0forn=1,...,N. We
define u(t) by (3.23). Then R
u(k) = Ny f(k) (3.25)
for all k € Z, where Ny, is defined by (3.22). Note that u(k) € D(A) for all k € Z.
For each k € Z, we define M, := —k*N,,. By hypothesis { M} }ez is bounded. We
observe that {k(Myy1 — My,) }rez and {k*( My, — 2Mj, + My_1) }rez are bounded which
can be proved following the same lines as the proof of Proposition 3.3. Then by
Theorem 2.22 we have that {My}rez is a B, —multiplier.
In a similar way as in the proof of Theorem 3.6 it follows that the family {ik Ny }rez
is a By —multiplier. Hence, there exist v,w € B, (T;X) such that

—k*0(k) = ikt(k) = w(k) .
By [9, Lemma 2.1] and [9, Section 6] w, u' are differentiable a.e. with u' = v,
w=1v" =" and u(0) = u(27), v/(0) = «'(27). By [10, Theorem 1.3], this implies
that v € Bit?(T; X).
Now, we will show that u(t) € D(A). Since Q,f(k,) = 0 for all n =1,...,N, by
Proposition 3.10 we have that

~

(—k% + ik — (14 &)A) Ny f(k) = f(k) (3.26)
for all k € Z, or equivalently
. —k? + aik . 1 .
ANLf(k) = T@Nkf(k) - 1—|—Ekf<k)

= (RNOF() + kN f (k) — —— ()

1+ G g Lo F 1+ ¢ (3.27)
1 o 1 .

= v(k (k) — k).

1—|—Ckw( ) 1+6kv( ) 1+Ekf( )
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1
Since f,v,w € B; (T; X) and by Corollary 3.4 the family {H—~I} isa By —multiplier,
b Ck b
there exists g € By (T; X) such that

ANy f (k) = g(k).

From (3.25) we obtain Au(k) = g(k), and Lemma 3.1 of [9] implies that u(t) € D(A).
By (3.26) we have

(k) = —krak) = —ab(k) + [1+ &) ANGf (k) + f(k)

A

— —aiki(k) + [1+ &) Aa(k) + f(k) (3.28)

= —aika(k) + Aa(k) + & Aak) + f(k).

It follows from the uniqueness theorem of Fourier coefficients that wu(t) defined by
(3.23) satisfies (3.1) for almost all t € [0, 27]. "

3.4 Notes and comments

In [33] Keyantuo and Lizama establish maximal regularity results in Besov spaces for
an integro-differential equation with infinite delay, see Chapter 2 Section 2.6. For this,
they introduce the conditions (2.13) and (2.14). Now, using the previous results, one
can improve Theorems 2.38 and 2.40, corresponding to [33, Theorem 2.12 and Theorem
3.9] replacing these conditions in terms of Marcinkiewicz estimates. For the L case,
we only need that {¢;} satisfy a Marcinkiewicz estimate of order 1 and the Besov case
we only need that {¢;} satisfy a Marcinkiewicz estimate of order 2. We reformulate
Theorem 2.40 as follows.

Theorem 3.12 Let 1 < p < oo and s > 0. Let A be a closed linear operator on
the Banach space X. Assume that {¢} satisfies a Marcinkiewicz estimate of order 2.
Then the following assertions are equivalent

(1) Forall f e By (T;X), there exists a unique strong By —solution of (2.10) such
that ', Au and a* Au € B, (T; X) .

(i1) {br}rez C p(A) and supyey ||bx (b — A)7] < 0.

Proof. Since the sequence {1 + ¢} satisfies a Marcinkiewicz estimate of order 2
and {1/(1+ ¢)} is bounded by Theorem 2.31 we obtain that {1 + ¢} is a 2-regular
sequence. It is clear that {ik} is 2-regular, hence by Lemma 2.27 it follows that {b}
is 2-regular sequence.

(i) = (i). Let My = —£ (b, — A)~!. Define N, = —= (b, — A)~L. We claim that the

1+¢g 14-¢,
family {N,} is a B ,—multiplier.

d
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In fact, to verify that {Ny} satisfies Marcinkiewicz estimate of order 2, note that
|| Nk|| < [|kNg|| = ||Mg|| for all k € Z\ {0} and hence supgez||Nk|| < oo. Moreover,
we have

k[Nkt1 — Ni| = (K + 1) Ngy1 — kN — Ny,

and
k*[Nit1 — 2Nj+ Nj—1] = k(My1 — M) + k(My_1 — M) + My—1 — Myy1+ N—1 + N1

since {My} satisfies Marcinkiewicz estimate of order 2 and {Nj} is a bounded se-
quence by Theorem 2.24, we obtain the claim.
Now, let f € By (T, X). Since {N,} is a By —multiplier, there exists u € By (T, X)
such that

a(k) = Npf(k), forall keZ, (3.29)

we observe that (k) € D(A). )
Since {M,} isa B, —multiplier, there exists v € By (T, X) such that (k) = M, f(k)
for all k£ € Z. From (3.29), we obtain that

ika(k) = o(k), forall keZ, (3.30)

By Lemma 2.1 of [9], u is differentiable a.e. with v’ = v and «(0) = u(27). By [10,
Theorem 2.3], this implies that u € B5H(T; X).
Apply again the fact that {1/(1 + &)} is a Bj —multipliers, there exists w; €

B;,q(TyX) such that w (k) =

~

f(k) for all k € Z. From (3.29) have the identity

14 ¢

AdR) = (k) = 1 ) = () — s () (3:31)

from [9, Lemma 3.1] this implies that u(t) € D(A) and Au(t) = w(t) — w(t) . Hence
Au e B; (T, X).
Since A is closed, from (3.31), we deduce that (2.10) holds. We have proved that u is

a strong By  —solution of (2.10). It remains to establish uniqueness.

Let u € B, (T,[D(A)]) be such that

t
u'(t) — Au(t) — / a(t — s)Au(s)ds =0,
then a(k) € D(A) and (ikI — (1 + ¢&)A)u(k) = 0. Since by € p(A) this implies that
(k) =0 for all k € Z and thus u = 0.
i) = (i7). Is the proof of Keyantuo and Lizama in [33].

=83

—~



Chapter 4

Additive Perturbation for
Integro-differential Equations and
Maximal Regularity

4.1 Introduction

In this chapter we study existence and uniqueness of periodic solutions for the following
integral equation with infinite delay

u(t) = / a(t — ) Au(s)ds + / b(t — 5)Bu(s)ds + f(£), (4.1)

where a(-), b(-) € L'(R,) are scalar-valued kernels, A and B are closed linear opera-
tors defined on a UM D space, such that D(A) C D(B). In contrast with many papers
on the subject of integrodifferential equations, in this work we will study directly the
full problem (4.1) by mean of Theorem 2.24 .
If we assume that B is relatively bounded with respect to the unperturbed operator
A, then we are able to obtain sufficient conditions for maximal regularity in terms of
R-boundedness of 3

{(I —b(ik)B — a(ik)A)™ Yz (4.2)
We remark that the R—boundedness assumption is satisfied by a large number of
examples. We refer to the recent monographs by Denk, Hieber and Priiss [25] and
Kunstmann and Weiss [36] for the corresponding developments.
We observe that the present results on perturbation of R-boundedness (see [25, Propo-
sition 4.3]) are not sufficient to directly handle the case studied here.
In contrast with to all the above papers dealing with this subject, we obtain very simple
conditions for well-posedness. Among the conditions that we impose on a and b is one
of k—regularity. Furthermore, we do not make any parabolicity assumption on the
operator, not even that A generates a semigroup. In fact, we give examples showing
that the condition that A be the generator of a semigroup is not necessary.

37
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4.2 Additive Perturbation and R-boundedness

In this section we consider the behaviour of R-boundedness with respect to perturba-
tions. For this purpose, we recall the following definition (see [26, Definition 2.1]).

Definition 4.1 Let A : D(A) C X — X be a linear operator on a Banach space
X . An operator B : D(B) C X — X s called A—bounded if D(A) C D(B) and if
there exist constants ¢ > 0, d > 0 such that

1Bl < cl|Az|| + dl|]] (4.3)
for all x € D(A). The A—bound of B is
co(A) :=inf{c>0 : there exists d > 0 such that (4.3) holds}.

Lemma 4.2 Let {ay}reicz € C be a bounded sequence. Let A and B be closed

linear operators defined on X . Assume that B is A—bounded. Then {oyB}rercz C
B([D(A)], X) is R—bounded and

R,[{axB}rercz] < 2(c+d) sku;]) |k |- (4.4)
€

Proof.

This is a direct consequence of the Kahane contraction principle and R—boundedness
of products. However we will give a direct proof. Denote B, := ap.B, k € I C Z.
Using Definition 2.1 and the inequality (4.3), we have

m 1 m
1S Boasllons, = / 1S vt By |

Jj=1 Jj=1

1 m
< (e dp [ Ol d

= (e a1 D75 om0y,
j=1

for all ky,....kn, € I C Z, x1,...,x, € [D(A)] and m € N, where 1 < p < co. By
Kahane’s contraction principle one has

m
ax ay, ||| > o rizslleimna)
7777 ]:1

for all oy, € C and z; € D(A), j=1,...,m. Since {a}rercz is bounded, we have
that

m m
1> 7 Byl |oo.ix) < 2(c + d) sup ] 11D 5l oo 1pay)-
j=1 N j=1

The following is the main result of this section.
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Theorem 4.3 Let A and B be closed linear operators defined on a UMD space
X . Assume that B is A—bounded. Suppose that the sequence {by}rez satisfies a
Marcinkiewicz estimate of order 1 and {ay}rez is a I-reqular.

If 1 € playA+ bpB) for all k € Z, then the following assertions are equivalent

(i) {(I —axA—=bB)  Yiez s an L 0~ maltiplier, 1 <p < oo.

(ii) {(I —arA —b,B) Yhez C B(X, [D(A)]) and is R-bounded.

Proof.
(17) = (i) Define By := i([ — by B). We first claim that the family

{k aj+1 (B — Bi+1) }rez

is R—bounded. In fact, we have that

Api1— a pi1— a
kagi1[By — Bit1] = k[%][ + k[br11 — O] ZHB - k[%]kaB
k k k

Ap41

1
—1| < — — 0 when |k| — o,

Since {ay} is a 1-regular sequence, is follows that | 7

hence {GZ—:l} is bounded.
Setting ax = k[ ) 5, = klbpar — b = and 4, = K[ ]p | the se-
Qg a

ag k
quences {aytrez , {Bk}trez and {7 }rez are bounded by hypothesis. The claim follows
from Lemma 4.2 and Proposition 2.5.

1

Let Ny = (I —arA—b,B)' = — (BpI — A)~'. In order to prove (i) it is sufficient to
Ay

show, by Theorem 2.24, that the set {k(Npt1 — Ni)}rez is R-bounded. In fact,

1 1
E[Npy1 — Ni] = - (Byt1 — A) " [kays1(Br — Bpa1)] a—k(Bk — A

1 k —
(Bk+1 . A)—l (ak+1 ak)
Ap+1 Qg

and the result follows from Proposition 2.5.
(i) = (i1) Since p(arA + b, B) # () for each k € Z, the operators ay A + by B are closed.
The result follows from the Closed Graph Theorem and Remark 2.18.

The next corollary extends Proposition 2.37.

Corollary 4.4 Let A be a closed linear operator on a UMD space X. Let {ag}rez,
{m}rez be 1-regular sequences such that

{agmy trez is bounded.
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Suppose {my}rez C p(A). Then the following assertions are equivalent

. 1 _ . -
(i) {a—k (myd — A) " }iez is an L§(7[D(A)} multiplier, 1 < p < oco.

(ii) {ai (mal — A)er € B(X, [D(A)]) and is R-bounded.

Proof.
Apply the above theorem with B = I and b, = 1 — myay, k € Z. Moreover
k(ar —a kE(mg —m
F(Br — bi) = mkakM + mk+1ak+1M:
Ok M1

and
I — akA — ka = ak(mk — A),

from which the assertions follows.

Proposition 4.5 Let {a;}rez C C\ {0} and {bg}rez be sequences with klim b = 0.

Let A be a closed linear operator defined on a Banach space X such that {i} C p(A)

and
R,[{(I - akA)_l}keZ] = M < . (4.5)

Assume that B is A—bounded. Then there exists N € NU{0} such that 1 € p(arA +
beB) for all |k| > N and

R,[{(I — ar,A — by B) ' }sn] < 00 (4.6)

Proof. Since B is A-bounded, there exists constants ¢,d > 0 such that (4.3) holds.
By hypothesis, there exists N € NU {0} such that

|| for all |k| > N.

<
~ 4AM(c+d)
By Lemma 4.2, the family of operators {b;B} x>y C B([D(A)], X) is R-bounded and

1
Ry[{bkB}k>n] < 2(c+d) sup |bi] < —. (4.7)
k|>N 2M

Since the family {(I—ajA) ™! }rez is R-bounded, we have by properties of R-boundedness
(see chapter 2) that the family {b,B(I — axA) ™' }jg>n is R-bounded with

Ry[{ox BUI — ar A) " Ypon] < Rpl{bk BYksn] Rp[{ (1 — arA) " Jppn] < 5.0 (4.8)

N| —

In particular, the family {byB(I — axA)~'} >y is uniformly bounded, that is
bs B(I — a,A)7Y|| < 1/2 for all |k| > N. (4.9)



41

We decompose I —apA — b, B as the product
I —apA—b.B =11 —b.B(I—a,A) [ — a,A]

and observe that I — aiA is a bijection from D(A) onto X, while B(I — ayA)™"
is bounded on X since B is A—bounded. By (4.9) we obtain that the operator
I —b,B(I — a,A)~! is invertible for each |k| > N fixed, with inverse
(I —axA—=bB)™ = (I - azA)™" ) (e B(I — azA)~)". (4.10)
n=0

Using induction over n, we have by properties of R-bounded families and (4.8),
Ry[{(I — axA) " H(beB(I — axA)")}"] < Rp[{I — ax )" HR[{0x B(I — arA)~H}]"
1
< M((=)"
< M(y)
Finally, taking into account that R-boundedness is preserved by convergence in the
strong operator topology, one has

This proves that {(I — ayA — byB) ™' }jg>n is R-bounded.

4.3 An Integral Equation of Hyperbolic type
Consider the following integral equation with infinite delay
u(t) = a(t — s)Au(s)ds + b(t — s)Bu(s)ds + f(t)
/oo /oo (4.12)

uw(0) = wu(2m)

where a, b € L'(R,) are scalar kernels, and A, B are closed linear operators defined
on a UMD space X, such that D(A) C D(B).
In this section, we give sufficient conditions for the maximal regularity for periodic

solutions for the equation (4.12) in the vector valued Lebesgue spaces.
We define

p(A,B) = {\ € C: I—a(\)A—b(\)B is invertible and (I—a(A\)A—b(A\)B)~! € B(X,[D(A)])}

where @(\), b(\) are the Laplace transforms of a and b respectively.

We suppose that A — a(\) (resp. b(\)) admits an analytical extension to a sector
containing the imaginary axis, and still denote this extension by a (resp. 5) In
what follows we will assume that a(ik), b(ik) exist for all k € Z and use the notation
ar = a(ik) and by = b(ik) .

Denote by o(A, B) the set C\ p(A4, B).
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Definition 4.6 Let 1 < p < oo. A function u is called a strong LP—solution of
(4.12) if uwe L5 _(R;[D(A)]) and equation (4.12) holds for almost all t € [0, 2] .

The following is the main result of this section.

Theorem 4.7 Let a,b € L'(R,) be functions such that the sequence {b,} satisfies
a Marcinkiewicz estimate of order 1 and {ax} is I-reqular. Let A and B be closed
linear operators defined on an UMD space X and assume that B is A—bounded.

If {ik}rez € p(A, B) and {(I — axA — b B) " }rez, € B(X,[D(A)]) is R-bounded, then
for every f € Lb (R, X) there exists a unique strong LP—solution of (4.12).

Proof.
Let f € LY (R, X). By Theorem 4.3, we have that there is v € L5 _(R;[D(A)]) such
that . R

a(k) = (I —bpB —a,A) ' f(k), forall k€ Z.

We conclude that a(k) € D(A) C D(B) and

(I —byB — apA)a(k) = f(k). (4.13)

On the other hand, since {b} satisfies a Marcinkiewicz estimate of order 1, by Lemma

4.2 we have that {bpB}rez and {k(bry1 — br)B }rez are R—bounded. By Theo-

rem 2.24 it follows that {bxB}rez is an LfD(A)],X_ multiplier. Hence for each ¢ €

L8 (R,[D(A)]) there exists h € L5 (R, X) such that fl(]f) = BkBQ(k), for all k € Z.

In particular, for g := u € L5 (R,[D(A)]) we obtain h(k) = Bbyu(k). Since B is
t

closed, from Lemma 3.1 in [9] we conclude that (bxu)(t) = / b(t—s)u(s)ds € D(B)
and B(bu)(t) = (). ) A - )

By (4.13) we have axAa(k) = a(k)—bBi(k)— f(k) and then Adza(k) = a(k)—h(k)—
f(k). Hence from Lemma 3.1 in [9] it follows that (a % u)(t) = /t a(t — s)u(s)ds €
D(A) and -

Ala*u)(t) = u(t) — h(t) — f(t) = u(t) — B u)(t) — f(t). (4.14)

(cf. [33, equation (2.1)]). It follows from the closedness of A and B, and from
the uniqueness theorem of Fourier coefficients that (4.12) holds for almost all ¢ €
[0,27] . We have proved that u is a strong LP—solution of (4.12). It remains to show
uniqueness.
¢

Let u € L5 _(R;[D(A)]) such that u(t)—/ a(t—s)Au(s)ds—/ b(t—s)Bu(s)ds = 0,
then @(k) € D(A) and (I — (azA + bpB))i(k) = 0. Since {ik}rez € p(A, B) this
implies that u(k) =0 for all £ € Z and thus u=0.

t
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Remark 4.8

In the context of Theorem 4.7 we have Au, ax Au,bx Bu € L5 (R, X). Moreover, by the
Closed Graph Theorem there exists a constant C' > 0, independent of f € L} (R, X)
such that

ullre ®x) 4 llax Aul[re @ x) + b Bullz @ x) < Cllfl|ez @ x)-
Example 4.9
Let X =[*(Z) and 0 < 3 < 1. Consider the system
U, = (n—if)axu, + fn, né€Z, (4.15)

the Fourier series version of the boundary value problem

u(t,z) = —/ a(t — s)(iug(s, z) +ifu(s,z))ds + f(t,z), x€0,2n], t>0

—00

u(t,0) = u(t,2m), t>0.
This problem is of the form (4.12) with
(Au), = (n — iB)uy,, D(A) = {(u,) € *(Z) : (n-u,) € I*(Z)},

and b(t) = 0 for all t € R,.. Note that A does not generate a Cp-semigroup since o(A) =
{n —ifB : n € Z} is not Contained in any left halfplane. Define a(t) = ¢~ a > 0.
Clearly the sequence a;, = is I-regular and {ik+a}rez C p(A). Moreover, for each

k+
z = (z,) € I*(Z) we have
(I —axA)~'a|| = [[(ik + )ik + o — A) 'z
B Z 1k + « 2
N = zk—l—a—n—i—zﬁ

VAN

k:2—|—oz 5
2.1 5l
(a—mn)2+ (B+k)?

< X el

Z

Since 0 < # < 1, we obtain for all k € Z

2
32 (B

where, as indicated, the constant M depends only on « and 3. Then, the hypotheses
of Theorem 4.7 are satisfied and we conclude that for every f € L5 (R,I%(Z)) there
exists a unique strong LP-solution of the boundary value problem.

(I — apA) || < max{

a?+1
( . 1)2}Z|xn|2 = M||[E||7
neZ
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4.4 The resonant case

In the Section 4.3 we considered the nonresonance case: ik ¢ o(A, B) for all k € Z,
and we proved that, for every f € L5 (R, X) there exists a unique strong LP—solution
of (4.12).

Now, we consider a resonant case: We assume that there are ky, ..., ky € Z such that
( (i) ik;jeo(A,B) forj=1,...,N;

(1) ik¢o(A,B) forkeZ,k#ky,... ky (4.16)
(t17) ik; is a simple pole of F(-) for j=1,..., N

\

where F: p(A,B) C C — B(X,[D(A)]) is defined by F(A\) = (I —a(\)A—b(\)B)™.

We now give some preliminary results about the solvability of the equation

(I —a(N)A —b(X)B)z =y (4.17)

where )¢ is a simple pole of F'().
From Section 3.3 we recall that @ € B(X,[D(A)]) is the residue of F(-) at Ay and
G() is defined by (3.12).

Lemma 4.10 Suppose that B is A-bounded. With the notations as above, we have
Q = Q[-d'(M)A-V(N)BIQ

Proof. We proceed analogously as in the proof of Lemma 3.9. For each A, 1 belonging
to B(Xo,e) \ {Ao} with |[A—Xg| > | — Ao| we have

F(A) = F(p) = F) [(a(\) = a(u) )A+ (b(A) = b(n) ) B] F(p).

Hence
FO\) = F(u)
X— 1 (A= A0) (1t = Ao) ~ ~
= (A= X)F(N) a(AA) - Z(“)A + b(AA) — Z(”)B (1= Xo) F(n)
and using (3.12) we have
B = Ao A=\ a(\) —a(y) , | b —b(p)
GV~ 63— =60 [ o4 PRI B G
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Since B is A-bounded, we have

as [ — Ag. Letting A — Ay we get
Q =Q|-d()A-F()B| Q.

This proves the Lemma.

The following result is analogous to Proposition 3.10.

Proposition 4.11 Let Ay be a simple pole of F(-) and let Q be defined by (3.11).
Suppose that B is A-bounded. Then

Ker(I —a(M)A —b(M)B) = Q(X). (4.18)
Moreover, for any y € X such that Qy = 0, all solutions of (4.17) are given by
=GNy — QAWEG) (No)y —QBHG) (No)y- (4.19)

Proof. First we show (4.18). For any sufficiently small ¢ >0 and 0 < |A — X\g| <&
we have

(I —a(N)A —b(X)B)G(N) = (A= o) + (@(\) — a(Xo)AG(N) + (B(X) — b(Xo))BG(N)

Since B is A-bounded and A € B([D(A)], X), letting A — Ay we obtain (I —a(\g)A—
b(Xo)B) Q = 0, so that Q(X) is contained in Ker( I —a(Xo)A —b(X\g)B ). Let now
x € D(A) be such that (I —a(Ag)A—0b(No)B) xz = 0, then for 0 < |A — \g| < ¢ with

€ small, we have

F\) (I —a(M\)A—bX)B)z = 0. (4.20)

Since © — F(A) (I —a(A\)A —b(A\)B) x = 0, that is,

z—F\)z+ F\)a(\)Az + F(\)bA)Bz = 0
and then
x4+ F(\) [a(\) — a(Xo)] Az + F(A)[B(A) — b(No)] Bz — F(A) [I — a(X)A — b(X\g)B]z = 0.

It follows from (4.20) that

v (A= AP SV =8 o FO
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that is,

et o BN =) 4 b(A) — b(h)

Letting A — \g we get
4+ Q' (M) Az + Qb (N) Bz = 0,
so that x belongs to Q(X).

Let us show now (4.19). First we claim that

lim F(X) [1+ (@' (M)A +V(X)B) Q] = G'(h) — QA(G) (M) — QB (V'G)' (o)

A= Ao
(4.21)
In fact, with direct computations, we obtain
G'(A) = FO) = (A=) FQ\) [-@ (M)A = V(N B]F())

= FO) [+ (@A) A+ F(0) B)Q] — FO @ (M) AQ — F() ¥/(%) BQ
+ FA) @' (N)AAN—=Xo) F(N) + F()) 5’()\)3 (A= X)) F(N)
= FO) [1+(@00)A + FO)B)Q] + FOA[@(N) GO - @(h) Q]
+FO)BHO)GO) ~F(0)Q]

@'(A) G(A) = a'(h) G(No)

=F(\) [1+(@(N)A + V(M) B)QT + (A= X0) F(V) A .y

b'(A) G(N) — V' (Ag)G(No)

+(A=X)F(\B .

Therefore

a'(A) G(A) = d'(Ao) G(Mo)
X=X

G'N) =FO) [1+(@(M)A + V(M) B)Q] + G\ A

(A G =V (M) G (o)
A— X

+ G\ B

Using the fact that B is A-bounded and A € B([D(A)], X) we let A — Ao and obtain
(4.21).

On the other hand, using (4.21) we obtain



47

lim [1 — a(Xg)A — b(Ao)B] F(A\) [1 4 (&' (M)A + V' (\)B)Q]

A— Ao

= lim [I — a(\)A — b(A)B + a(\) A + b\ B — a(hg)A — b(Ao)B]

F(A)[1+ (@ (M)A +V(2)B)Q]

= lim [+ { (@a(\) — a(Xo)) A+ (b(N) = b(Xo)) BYF(N)] [+ (@' (M)A + ' (X)B)Q]

A— Ao

=1+ (@' (M)A + V(%) B)Q
Due to (4.21) and the fact that I — a@(\o)A — b(A\e) B belongs to B([D(A)], X) we have

[T—a(Mo)A=b(Xo) B] [G"(Xo)—Q A (@'G) (M) —Q B (G (Mo) ] = T+(&@ (M) A+ (M) B)Q

(4.22)
Therefore, if y € X is such that Qy = 0, the equation (4.17) is solvable, and the
solution is given by

w=G'MNo)y — QA(@G) (N)y — QB(H'G) (No)y

The proof is complete. ]

If felf (R, X) and ue L5 (R,[D(A)]) is a strong LP—solution of (4.12), taking
Fourier series on both sides of (4.12) we obtain

(I —apA—b.B) a(k) = f(k), keZ. (4.23)
The equation (4.23) can be uniquely solved for each k& # k,, n=1,..., N, with

(k) = (I — axA —bB) " f(K)
For k,,n =1,...,N, by Proposition 4.11 the equation (4.23) is solvable if and only
if

~

Qn f(kn) =0 (4.24)

where @, is the residue of F'(-) at A = ik, . If (4.24) holds, then by (4.19), the Fourier
coefficients of the solution to (4.23) in k,,n=1,...,N are given by

ﬁ(kn) = [G;’L(an) - Qn A(d/Gn),(ikn) - Qn B(B/Gn)/(ikn)] f(kn) (4'25)
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where G,, is the analytic function defined by (3.20).
We define the family of operators

(I — apA —byB)™! keZ\{ky,... kn}
M, = )
G'(ik;) — Q; A(@G,) (ik;) — Q; BWG,)' (ik;) j=1,...,N.
(4.26)

Since ik € p(A, B) for all k € Z\{k,...,kn}, {Mi}rez C B(X,[D(A)]).
The following main theorem give compatibility conditions on f which are necessary
and sufficient for the existence of a strong LP- solution of (4.12).

Theorem 4.12 Let a,b € L'(R,) be functions such that {b;} satisfies a Marcinkiewicz
estimate of order 1 and {ay} is I-reqular. Suppose that (4.16) holds. Let A and B
be closed linear operators defined on a UMD space X such that B is A-bounded. If
{M}rez , defined by (4.26), is R—bounded then for every f € L5 (R, X) equation
(4.12) has a strong LP—solution if and only if Q, f(k:n) =0, forevery n=1,...,N.
In this case, all the strong solutions of (4.12) are given by

u(t) = lim z”: (1 — ﬂ) (T — apA — b B)~ f(k)

k=—-n

(4.27)

N
+ ) MG (iky) — Q A(@Gy) (ik;) — Q; BV Gy) (iky)] f (k).
j=1

Proof. First we assume that for every f € L) (R, X) there exists a function v €
LY _(R,[D(A)]) which is a strong LP—solution equation (4.12). Taking Fourier series
on both sides in (4.12) we obtain that v(k) € D(A) and that

(I —awA — b B)o(k) = f(k), for all k € Z.
For X\ € p(A, B), and ky, ks, ...kxy we have that
(A — ik )F(N) (I — a(N)A — bN)B)d (k) = (A — ikn) 0 (ky).

Letting, A — ik, it follows that

lim (A — ik, ) FON) (I — a(\)A — b\ B)o(ky) = 0

A—ikn
Since both limits lir% (A —ik,)F(N) and /\lir% (I —a(N)A — b\ B)o(k,) exist, we

obtain that

Qn (I — a(ik,)A — b(ik,)B)o(k,) = 0,
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~

or, equivalently, @Q,f(k,) = 0, for all k;, 7 = 1,..., N. Hence by Proposition 4.11
equation (4.23) is solvable and

(I — axA — b, B)"Lf (k) keZ\{ky,... kn}

(G (k) — Q; A(@Gy) (ik;) = Q; BWGy) (iky) f(ky)  j=1,....N
from which (4.27) follows.

Conversely, assume that f € L) (R, X) and @, f(k,) = 0. We define u(t) by (4.27).
Then

(k) = M f(k) (4.28)
for all k € Z, where M, is defined by ( 4.26). Note that (k) € D(A) for all k € Z.
Since { My }rez is R-bounded, we claim that {k(Mjy1 — My)}kez is also R-bounded.
In fact, note that any finite family of operators is R-bounded, and for all |k| > ky we
have

k (Mk:—H — Mk) =k [(I — dk+1A — Bk_HB)il — (I — dkA — i)kB)il]

= F((k+1)i) k (byyr — by) B F(ki) + F((k + 1)i) k w (I — b, B)F (ki) — I.
k

Since B is A—bounded, {b;} satisfies a Marcinkiewicz estimate of order 1 and {ay}
is 1—regular, the claim follows by Lemma 4.2 and properties of R-boundedness. By
Theorem 2.24 we conclude that {My}rez is an LP-multiplier and then there exists
v € L2 (R:;[D(A)]) such that 6(k) = M,f(k) for all k € Z. Then the uniqueness
theorem shows that w = v for ¢ — a.e. It follows that w € L} _(R;[D(A)]).

It remains to show that u satisfies equation (4.12). In order to simplify the notation
we write

Sulh(k)] == ) (1-%’1) e (k)

k=—n
k#ki,..., kn
and
- sl Y it
_ J ik
Sali)] = 3 (1= ) ey
N
and note that lim Sy ,[h(k;)] = Z e™i'h(k;) and
j=1



Using the identity

(I —apA—byB)™ =1+ a, Al — A — byB) ™ + by B(I — A — by B) ™!

valid for all k € Z\ { ki, ..., kn } we obtain
u(t) = lim S,[(] — apA — b, B)"* f(k)]

+ DN G i) = Qg AGy) (iky) = Qs BVG,Y (iky)] £ (k)

j=1

= lim S,[f(k)]+ lim S,[axA(I —arA — bpB) ' f (k)]

n—oo n—oo

+ lim S, [0 B(I — A —bpB)" f(k)]

n—oo

+ D eBG) i) — Qy AGy) (iky) — Qs BUG,Y (iky)] f (k)

Using (4.28) we have
ul) = lim {S,0FR)] + Svali))} = lm SyalF0k)

n—oo

+lim (S, Aa(k) + Swalaliky) Aa(k)}

— lim Syn[a(ik;) Ada(k;)]

n—oo

+ lim {Su[by Ba(k)] + Snalb(iky) B ak;)]}

N
— lim Sy [b(ik;) Bi(k)] + > e a(ky)

n—oo

= lim o, [f(k)] + lim o,]ax Ad(k)] + Lim o,[b; Ba(k)]

n—oo n—oo n—oo

N
—Zeikitf Ze”” (ik;) A + b(ik;) B] a(k;) + Ze””
= f(t) + (axAu)(t) + (b*Bu)(t)—Z et f (ky)

50
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Since Qkf(k]) =0,j=1,...,N, it follows from equality (4.28) and Proposition 4.11
(see also (4.22)) that

[T — a(ik;) A — b(ik;) B [G'(ik;) — Q; A(@'G;) (ik;) — Q; BV'G,) (iky)] f(ky) = f(k;).
Hence

u(t) = f(t) + (a*x Au)(t) + (b* Bu)(t),

proving the claim and the theorem.

Example 4.13

Let X = [*(Z) and define Az, = (n + in)z, with maximal domain. Clearly A does
not generate a Cp-semigroup. We take b(t) = 0 and a(t) = e " in equation (4.12).
Clearly ay = 747 is l-regular and é =ik+1 € p(A) for all k € Z\ {1}. Moreover
Ao = i is a simple pole of F(\) = (I — a(\)A)~!. It remains to show that the set
{I — a,A) " }rez 1y is bounded. In fact, for each x = (z,,) € I*(Z) and k € Z\ {1} we
have

(I —apA) z||* = ||(ik+1)(ik +1— A) 'z|]?
ik +1 2
= 2.0 —,
= tk+1—n—in
E?+1
< ‘xn‘z
;(1—n)2+(k—n)2
E2+1
< ) J— n2
- Z (k_1)2|x |’
nez

then we obtain

sup ||(I —apA)~t| < 10.
keZ\{1}

We conclude by Theorem 4.12 that for every f € L5 (R,[*(Z)) the equation

u(t,x) = / e (uy(s, ) —iug(s,x))ds + f(t,x) z€0,2n], t>0

with boundary values u(t,0) = wu(t,27), has a strong LP—solution if and only if
Q1 f(1) =0.
To calculate )1 we note that F/(\)x, = +1/\—+73—mxn and hence

A=) F(N)x, = , »
(A—in)+(1—n %xn n # 1.

A=A+ _{()\+1)a:1 n=1
i =



Then

Oz, = }\im()\ — ) F(N)z, = {0

A~

Therefore if f(t) = (f.(t)), then @1 f(1) =0 if and only if

(i +1) /27r e " fi(t)dt = 0.
0

n=1

n # 1.
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Chapter 5

Maximal Regularity of Delay
Equations on the Real Line

5.1 Introduction

Partial differential equations with delay are a subject which has been extensively stud-
ied and there is an enormous literature on the subject. In an abstract way they can be
written as

u'(t) = Au(t) + Fup + f(t), t € R, (5.1)

where (A, D(A)) is a (unbounded) linear operator on a Banach space X, u;(+) = u(t+-)
on [—r,0],7 > 0, and the delay operator F'is supposed to belong to B(C([—r, 0], X), X).
In this chapter we are able to obtain necessary and sufficient conditions in order to guar-
antee well-posedness of the delay equation (5.1) in the Holder spaces C*(R, X) (0 <
a < 1), and under the condition that X is a B-convex space. However we stress that
here A is not necessarily the generator of a Cy-semigroup.

We remark that the Fourier multiplier approach used allows us to give a direct treat-
ment of the equation, in contrast with the approach using the correspondence between
(5.1) and the solutions of the abstract Cauchy problem

U'(t) = AU®) + F(t)  t>0,

A F
0 d/do
equation reduces to the question whether or not the operator (A, D(A)) generates a
Co-semigroup; see [13, 14, 48] and the references therein.

where A = ( In this case the question of well-posedness of the delay

5.2 Periodic case

In [41] Lizama, characterized existence and uniqueness of periodic solutions of delay
equations (5.1), here the operator F' is assumed to belong to B(LP([—27 N, 0], X), X)
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for 1 <p<oo, N €N, and u is an element of LP([—27N,0], X) which is defined
by w(0) = u(t +6).

Denote by ey (t) := e for all A € R, and define the operators {Bj}xer C B(X) by
Byx = F(eyz) . Defining the real spectrum of (5.1) by

o(AN)={seR : is] — A— B, € B([D(A)], X) is not invertible } .
The author proved in [41] the following result.

Proposition 5.1 Let A be a closed linear operator defined on a UMD space X . Sup-
pose that ZNo(A) = 0. Then the following assertions are equivalent.

(1) {ik(ikI — A — By) '}rez is an LP—multiplier for 1 < p < co.

(11) {ik(ikI — A — By,) '}rez is R—bounded.

We denote
Hl’p(T;X):{ueLP(T,X) : Ju e (T, X), o(k) = tkau(k) forall keZ}.

A function v € H'P(T; X) is called a strong LP—solution of (5.1) if u(t) € D(A) and
equation (5.1) holds for almost all ¢ € [0, 27).
The main result in [41], says the following

Theorem 5.2 Let X be a UMD space and let A: D(A) C X — X be a closed linear
operator. Then the following assertions are equivalent for 1 < p < 0.

(i) For every f € LP(T,X), there exists a unique strong LP—solution of (5.1).

(i) ZNo(A)=0 and {ik(ikI — A — By,) '}rez is R—bounded.

5.3 Multipliers on the Real Line

Let X,Y be Banach spaces and let 0 < o« < 1. We denote by C’O‘(R, X) the spaces

CH R, X) = {f 1 R — X : £(0) = 0,[|fla < oo}

normed by
1£®) = FI

f a = Sup
[/ up

Let  C R be an open set. By C(2) we denote the space of all C*°-functions in
2 C R having compact support in §2.
We denote by Ff or f the Fourier transform, i.e.

(FF)(s) = / e f (1)t

R

(s eR, fe 'R X)).
Following [8], we define C“—multipliers.
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Definition 5.3 Let M : R\{0} — B(X,Y) be continuous. We say that M is a
C*—multiplier if there exists a mapping L : C*(R, X) — C*(R,Y") such that

/R (LF)()(F)(s)ds = / (F(6- M))(s) f(s)ds (5.2)

R

for all f € C*(R, X) and all p € CF(R\{0}).

Here (F(¢-M))(s) = / e Sto(t)M(t)dt € B(X,Y). Note that L is well defined, linear

R
and continuous (cf. [8, Definition 5.2]).
Define the space C%(R, X) as the set

CU R, X) ={f: R — X :[[f]lo= < o0}

with the norm

[ lloe = [1f1la + L O)]].

Let C**(R, X) be the Banach space of all u € C'(R, X) such that v € C*R, X),
equipped with the norm

[lulloerr = [u'lloe + [[u(0)]]

Observe from Definition 5.3 and
| F@a)s)s = 2x(oa1)0) =0,
R

that for f € C*(R, X) we have Lf € C%(R, X). Moreover, if f € C*(R, X) is bounded
then Lf is bounded as well (see [8, Remark 6.3]).
The following multiplier theorem is due to Arendt-Batty and Bu [8, Theorem 5.3].
Theorem 5.4 Let M € C*(R\{0}, B(X,Y)) be such that

sup [[ M (t)]| + sup [[tM(t)[] + sup [[£*M" (t)]| < oo. (5.3)
t£0 t£0 t#0

Then M is a C*-multiplier.
Remark 5.5

If X is B-convex, in particular if X is a UMD space, Theorem 5.4 remains valid if
condition 5.3 is replaced by the following weaker condition

sup |[M (t)]] + sup |[tM'(t)]] < oo, (5:4)
t#0 t#0

where M € C'(R\{0}, B(X,Y)) (cf. [8, Remark 5.5]).
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We use the symbol Cf for the Carleman transform:

/ e Mf(t)dt  Rel >0
0

ehm=4 "
—/ e Mf(t)dt ReX <0,

—0o0

where f € L} (R, X) is of subexponential growth; by this we mean

loc

/ e~ £()||dt < 00, for cach € > 0.

—00

For details of Carleman transform and examples see [7] and [44]. We remark that if
u' € L} (R, X) is of subexponential growth, then

loc

(Cu")(N) = A(Cu)(N) — u(0), Re\ # 0.

5.4 A Characterization
We consider in this section the equation
u'(t) = Au(t) + Fug + f(¢), t € R, (5.5)

where A : D(A) C X — X is a linear, closed operator; f € C*(R, X) and, for r > 0,
F : C([-r0],X) — X is a linear, bounded operator. Moreover u; is an element of
C([—r,0], X) which is defined as u;(8) = u(t + ) for —r <0 < 0.

Example 5.6 Let p: [—7,0] — B(X) be of bounded variation. Let F': C([-7,0],X) —
X be the bounded operator given by the Riemann-Stieltjes integral

0
F(¢) = /_ ¢dp for all ¢ € C([—r,0], X).

An important special case consists of operators F' defined by
F(¢)=) C(n), ¢ C(-r0,X),
k=0

where Cy € B(X) and 74, € [—r,0] for £ = 0,1, ...,n. For concrete equations dealing
with the above classes of delays operators see the monograph of Batkai and Piazzera
[13, Chapter 3].

Definition 5.7 We say that (5.1) is C*-well posed if for each f € C*(R, X) there is
a unique function u € C*THR, X) N CYR, [D(A)]) such that (5.1) is satisfied.
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Denote by ey (t) := €™ for all A € R, and define the operators {F)}xer € B(X) by
Fyx = F(eyz), forall A € R and z € X. (5.6)
We define the real spectrum of (5.5) by
d(A)=C\ {s € R:is] — F; — A is invertible }.

Proposition 5.8 Let X be a Banach space and let A : D(A) C X — X be a closed
linear operator. Suppose that (5.5) is C*-well posed. Then

(i) RNno(A) =0,

(ii) {in(in] — A — F,)"'},er is bounded.

Proof. Let z € D(A) and let u(t) = ez for n € R. Then uy(s) = ee'"x. Thus
F(u) = e"F(e,z) = e"F,x. (5.7)

Now if (in — A — F,))z = 0, then u(t) is a solution of equation (5.1) when f = 0. Hence
by uniqueness it follows that x = 0.
Now let L : C*(R,X) — C*" (R, X) be the bounded operator which associate to
each f € C*(R, X) the unique solution v € C*T (R, X) of (5.1). In order to show
surjectivity, let y € X and f(t) = €'y, t € R. Let u(t) be the unique solution of (5.1)
such that L(f) = uw and sy € R be fixed. Next, we claim that v(¢) := u(t + s¢) and
w(t) := e™oy(t) both satisfy equation

7'(t) = AT(t) + Fry 4 e (1), teR, (5.8)
First we notice that

vi(s) = u(t + s+ 8) = Upyse(s), with s € [—r0].

Hence Fv; = Fuys,. Then an easy computation shows that v(t) satisfies equation
(5.8). On the other hand,

wy(s) = w(t + s) = ™u(t + s) = e uy(s), with se&[-r0].
Hence Fw;, = "9 Fu,. Thus
ey (t) = "0 (Au(t) + F(u) + f(t)) = Aw(t) + Fw; + e (t).
Thus w(t) satisfies equation (5.8). By uniqueness again, we have that
u(t + s9) = e ou(t)
for all t, sp € R. In particular when ¢ = 0 we obtain that

u(sy) = eu(0), sy € R.
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Now let z = u(0) € D(A). Since u(t) = e"x satisfy (5.1), by (5.7), we have
inu(t) = Au(t) + Fu, + ey = Au(t) + e F,x + "y,
In particular if t = 0 we obtain that
inr = Az + Fyr + vy,
since = u(0). Thus
(inl —A—-F)r =1y (5.9)

and hence inl — A — F,, is bijective. This shows assertion (i) of the proposition.
Next we notice that u(t) = e (in — A — F,) "y by (5.9). Since ||e, x||a = Yaln|*||2]],
where 7, = ||e1]la = 2supt “sin(t/2), thus

>0

Yol llin(in — A= F) 7yl = ey in(in — A = Fy) " 'ylla = [[¢/]a
< Nlulhita = 1Lfllra < ML
< LI a + 11FCO))
= |ILI(llen ylla + [1y]

< |IL]|(valnl® + Dyl]-
Hence it follows that

sup |[in(in — A — F,)7'[| < [|L]] sup (1 +

— )< o0
n[>1 n[>1 Yaln|®

and since sup ||in(in — A — F,)7'|| < co by continuity, it follows that (ii) holds.
In|<1
"

Recall that a Banach space X has Fourier type p, where 1 < p < 2, if the Fourier
transform defines a bounded linear operator from LP(R; X) to LY(R; X), where ¢ is the
conjugate index of p. For example, the space LP(2), where 1 < p < 2 has Fourier type
p; X has Fourier type 2 if and only if X is isomorphic to a Hilbert space; X has Fourier
type p if and only if X* has Fourier type p. Every Banach space has Fourier type 1;
X is B-convex if it has Fourier type p for some p > 1. Every uniformly convex space is
B-convex.

Our main result in this Section, establishes that the converse of Proposition 5.8 is true.

Theorem 5.9 Let A be a closed linear operator defined on a B-convex space X . Then
the following assertions are equivalent

(i) Equation (5.1) is C*-well posed.

(ii) RN o(A) =0 and sup ||in(in] — A — F,)7"|| < oo.

neR
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Proof.

(i) = (). Define the operator M(t) = (B; — A)~!, with B; = itI — F;. Note that

by hypothesis (ii)) M € C'(R, B(X,[D(A)])).

We claim that M isa C*—multiplier. In fact, by hypothesis it is clear that sup || M (t)||x <
teR

00. On the other hand, we have
M'(t) = —M(t) B; M(t)
with B} =il —F] and F{/(z) = F(ejx) where ¢}(s) = ise'*’. Note that for each z € X

[ Fvellx < [[F(e)llx < IF(Hlew]loo < [IE]2]]x (5.10)

and

[ Fyxllx < [[F(e)|lx < [[F]lepzllo < rlIFI] [l2]lx- (5.11)

Hence Bj is uniformly bounded with respect to ¢ € R and we conclude from the
hypothesis that

sup [|[tM'(t)||x = sup || [tM (t)] B, M (t)||x < o0, (5.12)
teR teR

Note that || [tM ()] By M (8)[[pay = [| M (8) BitM ()] x + [| AM (1) BitM(t)||x but
|AM () Bit M (t)||x = |[(BeM(t)—1x)Bit M (8)]|x < [|BeM (8) Bt M ()| x+||B; tM (1)]| x

from hypothesis (ii) we obtain that sup |[tM’(t)||;pay < oo
teR

Analogous |[M(t)||jpay < oo and hence the claim follows from Theorem 5.4 and
Remark 5.5.
Now, define N € C'(R,B(X)) by N(t) = (id - M)(t), where id(t) := it for all ¢t € R.

We will prove that N is a C*—multiplier. In fact, with a direct calculation, we have
tN'(t) = atM(t)+it>M'(t) =it M(t) + i[itM(t)] B} [it M (t)]
= N(t)+iN(t) B; N(t).
By hypothesis (ii) and (5.11) it follows that

sup [[tN'(#)[|x < sup||IN(#)]|x +sup [N () B; N(#)]|x < oo,
teR teR teR

hence from Theorem 5.4 and Remark 5.5 the claim is proved.
A similar calculation prove that P € C'(R\{0}, B(X)) defined by P(t) = F; M(t) is
a C*—multiplier.
In fact, we have ¢t P'(t) = F/N(t)+ Fy t M'(t) , and hence from (5.10), (5.11) and (5.12)
we obtain that sup||P(¢)||x + sup|[tP'(t)||x < co.

teR teR
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Let f € C*(R, X).Since M ,N and P are C“—multipliers, there exist u € C*(R, [D(A)]),
veC*R,X) and w € C*(R, X), respectively, such that

/R a(s)(F6)(s)ds = / Fo- M)(s)f(s) ds. (5.13)
/Rv(s)(]%b)(s)ds = /R]-_(w ~id - M)(s)f(s)ds, (5.14)
/R w(s)(Fe)(s)ds = / Flyp- FM)(s)f(s) ds. (5.15)

for all ¢, ¢, ¢ € CX(R).
Note that for x € X and ¢ € C°(R) we have

F(6F M)(s)z = /R e~ () F, M(t) 2 dt — /R () Fle, M(E)z) dt.  (5.16)

where /eis%(t) ee M(t)xdt € C([—r,0],X). Now, for all 6 € [—r,0] we have
R

o0 0

Since F' is bounded, we deduce that
Flp-FEM)(s)x=F(F(¢p-e M)(s)x). (5.17)

Furthermore, observe that for 6 € [—r,0] fixed we have that e.(6)¢ € C°(R). Using
(5.13) we obtain

/|¢ Y 1IM(E) |t

/R (s + 0)(Fo)(s)ds = [ als+0) / et o(t) dt ds

u(s +0) /Z e~ e, (0)p(t) dt ds
(s + 0)(Fe.(0)0)(s + 0) ds
u(s)(Fe.(0)9)(s) ds

Fle.(0)¢ - M)(s)[(s) ds,

I
——

hence /Rus(]:gb)(s)ds:/R}"(e.gb-M)(s)f(s) ds.

Since the function 6 — /as(e)(]:gb)(s)ds € C([-r,0],X) (see [8, p.3]), due to the
R
boundedness of F' and (5.17) it follows that
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/ F(é- FM)(s)f(s)ds = / FF(6- e M)(s) f(s)ds = /R Fii, (Fo)(s)ds, (5.18)

for all ¢ € C*(R). Since F M is C*—multiplier, we obtain from (5.15)

/ w(s)(F)(s)ds = / Fa, (Fé)(s)ds
R R
for all ¢ € C°(R). We conclude that there exists y; € X satisfying w(t) = Fuy + v,
proving that F'u. € C*(R, X).
Choosing ¢ =id -1 in (5.13) we obtain from (5.14) that
/ (s)F(id - ) (s) ds / o(s) (F)(s) ds (5.19)
R R

and it follows from Lemma 6.2 in [8] that u € C*™ (R, X) and @' = v + y, for some
Yo € X .

Since (idI — F —A) M =1 we have id- M =1+ FM + AM and replacing in (5.14)
gives

/R’U(S) (Fo)(s)ds —A.F(gb-([—l—FM—i—AM))(s)f(s)ds
/w))( ) £(s ds+/f FM)(s) f(s)ds  (5.20)

/.7: ~AM)(s) f(s)ds,
for all ¢ € C°(R).

Since u(t) € D(A) and F(¢ - M)(s)x € D(A) for all x € X, using the fact that A is
closed and setting (5.13) and (5.18) in (5.20) we obtain that

/R o(s) (Fo)(s)ds = / Fa, (F)(s)ds + / Au(s)(F)(s) f(s) ds
(5.21)
4 / £(5) (F)(s) ds

for all ¢ € C(R).
By Lemma 5.1 in [8] this implies that for some y3 € X one has
v(t) = Fu, + Au(t) + f(t) +ys, teR.

Consequently, @/'(t) = v(t) + y2 = Fuy + Au(t) + f(t) +y where y = yo + y3. In par-
ticular Au € C*(R, X). Now, by hypothesis we can define x = (A + F)~'y € D(A),
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and then is clear that u(t) := u(t) + 2 is in C*"H(R, X) N CY(R,[D(A)]) and satisfies
(5.1). We have shown that a solution of (5.1) exists.

In order to shown uniqueness, suppose that
u'(t) = Au(t) + Fuy, t € R, (5.22)
where u € C*T(R, X) N CY(R,[D(A)]) and, as showed, Au, Fu. € C*(R, X).

We claim that (Cu.)(\) € C([—r,0],X) for ReX # 0. In fact, let ReA > 0. Then

lle=*uy||loe = sup He_)‘tu(t +0)||x < sup e_Re’\t(l + [t +6]%)
oe[—r,0] o€[—r,0]

< e BN+ (Jt] +7r)*).

Since e M (1 4 (|t|+7)*) € L} (R, ) applying the dominated convergence theorem, we
obtain the claim. Analogously we obtain the claim for Re\ < 0.
Now, note that for ReA > 0 and 6 € [—r,0]

/ e My (0)dt :/ e Mu(t + 0)dt
0 0o
:/ e Ay (t)dt
0

:e’w/ e Mu(t)dt

0
00 0
= (/ e Mu(t)dt +/ e_Atu(t)dt)
0 0
0

= eM(Cu)(\) + e)‘e/ e~ Mu(t)dt.

0
Analogously if ReA <0 and 6 € [—r,0], then

0 0
—/ e Muy(0)dt :—/ e Mu(t + 0)dt

—00 — 00

- / : e M=y (t)dt
= —eM ( /_ io e“u(t)odt— /9 Do u(t )dt)

_ A0 U eAé) e—Atu )
=" (Cu)(\) + /9 (t)dt

Since F' is bounded, we obtain that
(CFu.)(A) = F(Cu.)(A) = Fg(Cu)(\) + Fgh, for Re(\) #0 (5.23)

where g(0) = e* and h(0 / “Mu(t)dt . Note that gh € C([—r,0], X).
0
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Since (Cu')(A) = A(Cu)(A) —u(0) for Re(N) # 0, one has (Cu)(\) € D(A) and
(Cu')(N\) = (CAu)(X) + (CFu.)(N\), for Re(\)#0. (5.24)
Using the fact that A is closed, from (5.23) and (5.24) we get

(M — Fg—A) (Cu)(A) =u(0) + Fgh forall XeC\iR.

Since iR C p(A), it follows that the Carleman spectrum spe(u) of u is empty . Hence
u =0 by [7, Theorem 4.8.2]. "

We denote by Kp(X) the class of operators in X satisfying (ii) in the above theorem.
If A € Kp(X) we have o/, Au, Fu. € C*(R, X), and hence we deduce the following
result.

Corollary 5.10 Let X be B-conver and A € Kp(X). Then

(i) (5.1) has a unique solution in Z := C*"(R, X) N C*R,[D(A)]) if and only if
feC¥R,X).

(ii) There ezists a constant M > 0 independent of f € C*(R, X) such that

v |oer,x) + | Aullco@ x) + [|Fullcamx) < M| fllo«®,x). (5.25)

Remark 5.11 The inequality (5.25) is a consequence of the closed graph theorem and
known as the mazimal regularity property for equation (5.1). From it we deduce that
the operator L defined by

D(L)=Z
(Lu)(t) = u'(t) — Au(t) — Fuy

is an isomorphism onto. In fact, since A is closed, the space Z becomes a Banach space
under the norm

Jullz = |lullcomx) + |t/ |lcarx) + [|Aul o x)-

Such isomorphisms are crucial for the treatment of nonlinear versions of (5.1) by means
of an argument using the implicit function theorem (see [5]).

A second way to study semilinear problems is the following. Assume X be B-convex
and A € Kp(X) and consider the semilinear problem

u'(t) = Au(t) + Fuy + f(t,u(t)), t>0. (5.26)
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Define the Nemytskii’s superposition operator N : Z — C%(R, X) given by N(v)(t) =
f(t,v(t)) and the linear operator

S:C*R,X)— Z
by S(g) = u where u is the unique solution of the linear problem
u'(t) = Au(t) + Fup + g(t).

Then we have to show that the operator H : 7 — Z defined by H = SN has a fixed
point. Note that Z is defined as a subspace of C*(R, X).

For example, if we assume that S is a compact operator, and we suppose that for some
M >0,

sup 1 u(D e < MYIS,

lullce <M
then one may apply Schauder’s fixed point theorem to H in the ball {u € Z : ||u||ce <
M} to get existence of a strong solution, i.e. u € Z such that (5.26) is satisfied. This
way one obtain the existence of global solutions.

A third way is to show that H is a strict contraction on an interval (0,7) if 7 > 0
is small enough and f satisfies some condition of Lipschitz type. Thus the Banach
fixed point theorem shows that H has a fixed point which is a strong (local) solution of
(5.26). For related information on this subject we refer to Amann [4] where results in
quasilinear delay equations involving the method of maximal regularity are presented.

We finish this chapter with the following result which give us a useful criterion to verify
condition (ii) in the above theorem.

Theorem 5.12 Let X be a B-convex space and let A : D(A) C X — X be a closed
linear operator such that iR C p(A) and supyep ||A(is] — A)7Y| =1 M < co. Suppose

that
1

A= M
Then for each f € C*(R, X) there is a unique function u € C*T(R, X)NC*(R, [D(A)])
such that (5.1) is satisfied.

IF]] < (5.27)

Proof. From the identity
isl — A—F, = (I — Fy(isl — A)™")(is] — A) s€R,

it follows that isl — A — F} is invertible whenever ||F,(is] — A)7!|| < 1. Next observe
that
[ESIT < I1E], (5.28)

and hence

1F(is] — )| = [|[F AT AlisT — A)7| < ||FIlIIA™ 1M =: a.
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Therefore, under the condition (5.27) we obtain that R N o(A) = ), and the identity

(is] —A—F,) " = (is] —A) ' (I = Fy(is] — A)™") ™' = (is[ — A)™!
For all n € N we have
lis(is] — A)7[Fy(is] — A)~']"||

lis(isI — A)7H|[| AT AisT — A)7H|]"
lis(isT — A" DI FEAT]"[I(Alis — A)7HI)"

VANRVANVAN

By (5.28) we obtain

lis(isl — A) ' [Fy(isl — A" < |lis(isI
lis(isI — A)~H|a".

Finally by (5.29), one has

lis(isT — A) AT IE]" (1 AGisT — A) ™

M+1
lis(isT — A — F)7| < |[is(isT — A)7Y| <

l—a~™ 1—a

— A I[ATH | E M

This proves that {is(is] — A — F,)7'} is bounded and the conclusion follows from

Theorem 5.9.



Chapter 6

Summary

The modern extension of the classical theory of Fourier multiplier to operator-valued
multipliers give us tools for study a variety of integro-differential equations. In order
to efficiently apply the abstract machinery to obtain Fourier multipliers theorems for
vector-valued functions, some conditions on the geometry of the Banach spaces are
required. We studied UM D spaces and give some theorems related to them. We
also review the notion of R—boundedness of operators families. This concept is very
important to characterize operator-valued multipliers. Furthermore, we have given
examples of the modern multiplier results, which combine the UM D theory and the
notion of R—boundedness.

We establish and prove new properties of k—regular sequences (k = 1,2,3). For the
scalar case, we prove certain equivalences with sequences that satisfies Marcinkiewicz
estimates. This characterization plays a fundamental role in the proof of our main
theorems.

We obtain solution with maximal regularity of (1.1) on periodic vector-valued Besov
spaces. For this, we use the Fourier multipliers technique to characterize periodic
solutions solely in terms of spectral properties of the data. Note that in this case, only
conditions of boundedness over the resolvent are required. In comparison with [33],
our assumptions on the kernel are weaker. We also reformulate and give a new proof
for the existence of solutions. (See Theorem 2.12 in [33]) .

Additionally, we characterize existence and uniqueness of periodic solutions for the lin-
ear perturbed Volterra equation (1.2), in vector-valued Lebesgue spaces. One difference
with problem (1.1), is that here the result involves UM D—spaces and R—boundedness.
These assumptions are fundamental for the resolvent operator to be a multiplier.

For equations (1.1) and (1.2) we obtain a new formula for the solution if a finite amount
of ik, k € Z does not belong to the resolvent set of A.

Finally, we characterize existence and uniqueness of solutions, but now on the line,
for the inhomogeneous abstract delay equation (1.3) in Holder spaces and under the
condition that X is a B-convex space. The main tool used here is the theory of operator
valued Fourier multipliers on the line. We finish the work with the study of a semilinear
case associated to equation (1.3).

66



Bibliography

1]

[6]

7]

8]

[9]

H. Amann. On the strong solvability of the Navier-Stokes equations. J. Math. Fluid.
Mech. 2 (2000), 16-98.

H. Amann. Operator-valued Fourier multipliers, vector-valued Besov spaces and
applications. Math. Nach. 186 (1997), 5-56.

H. Amann. Compact embeddings of vector-valued Sobolev and Besov spaces. Glas.
Mat., III. Ser. 35 (1) (2000), 161-177.

H. Amann. Quasilinear parabolic functional evolution equations. Preprint.

H. Amann. Linear and Quasilinear Parabolic Problems. Monographs in Mathemat-
ics. 89. Basel: Birkhauser Verlag, 1995.

W. Arendt. Semigroups and FEvolution FEquations: Functional Calculus, Regular-
ity and Kernel Estimates. In: Handbook of Differential Equations, Evolutionary
Equations, vol 1. C. M. Dafermos and E. Feireisl, Eds., Elsevier (2004), 1-85.

W. Arendt, C. Batty, M. Hieber, F. Neubrander. Vector-valued Laplace Transforms
and Cauchy Problems. Monographs in Mathematics. 96. Basel: Birkhauser Verlag
2001.

W. Arendt, C. Batty, S. Bu. Fourier multipliers for Hélder continuous functions
and mazimal reqularity. Studia Math. 160 (2004), 23-51.

W. Arendt, S. Bu. The operator-valued Marcinkiewicz multiplier theorem and maz-
imal regularity. Math. Z. 240 (2002), 311-343.

[10] W. Arendt, S. Bu. Operator-valued Fourier multiplier on periodic Besov spaces

and applications. Proc. Edim. Math. Soc. 47 (2) (2004), 15-33.

[11] W. Arendt, S. Bu. Tools for maximal regularity. Math. Proc. Cambridge Ph. Soc.

134 (2) (2003), 317-336.

[12] A. Batkai, E. Fasanga, R. Shvidkoy. Hyperbolicity of delay equations via Fourier

multipliers. Acta Sci. Math. (Szeged) 69 (2003), 131-145.

67



68

[13] A. Bétkai, S. Piazzera. Semigroups for Delay Equations. Research Notes in Math-
ematics, vol 10, A.K. Peters, Ltd., Boston, Mass. 2005.

[14] A. Bétkai, S. Piazzera. Semigroups and linear partial differential equations with
delay. J. Math. Anal. Appl. 264 (2001), 1-20.

[15] S. Blunck. Mazimal regqularity of discrete and continuous time evolution equations.
Studia Math. 146 (2001), no. 2, 157-176.

[16] S. Bu, Y. Fang. Mazimal Regularity for Integro-differential Equation on Periodic
Triebel spaces. Preprint.

[17] J. Bourgain. Some remarks on Banach spaces in which martingale difference se-
quences are unconditional. Ark. Mat. 21 (1983), 163-168.

[18] D. Burkholder. Martingales and Fourier analysis in Banach spaces. In Probability
and Analisys. Lecture Notes in Math. 1206. Springer Verlag 1986,61-108.

[19] P. Butzer, H. Berens. Semi-groups of operators and aproximation. Die Grundlehren
der Mathematischen Wissenschaften 145, Springer 1967.

[20] P. Clément, B. de Pagter, F. Sukochev, H. Witvliet. Shauder decompositions and
multiplier theorems. Studia Mathematica, 138 (2) (2000), 135-163.

[21] P. Clément, S. Londen, G. Simonett. Quasilinear evolutionary equations and con-
tinuous interpolation spaces. J. Differential Equations 196 (2) (2004), 418-447.

[22] P. Clément, J. Priiss. An operator-valued transference principle and mazimal reg-
ularity on vector-valued L,-spaces. Evolution Equations and Their Applications in
Physics Lumer, Weis eds., Marcel Dekker (2000).

(23] J. Conway. A Course in Functional Analysis . Graduate Texts in Mathematics,
96, Springer-Verlag, New York, Berlin, Heidelberg 1990.

[24] G. Da Prato, A. Lunardi. Solvability on the real line of a class of linear Volterra
integrodifferential equations of parabolic type. Ann. Mat. Pura Appl. 150 (4) (1988),
67-117.

[25] R. Denk, M. Hieber, J. Priiss. R—boundedness, Fourier multipliers and problems
of elliptic and parabolic type. Mem. Amer. Math. Soc. 166 (2003), no. 788.

[26] K. Engel, R. Nagel. One-Parameter Semigroups for Linear Evolution Equations.
Springer Verlag, New York 2000.

[27] M. Girardi, L. Weis. Operator-valued Fourier multiplier theorems on Besov spaces.
Math. Nach. 251 (2003), 34 - 51.



69

[28] M. Girardi, L. Weis. Operator-valued Fourier multiplier theorems on LP(X) and
geometry of Banach spaces. J. Funct. Anal. 204 (2) (2003), 320 - 354.

[29] M. Girardi, L. Weis. Criteria for R-boundedness of operator families. Evolution
equations, Lecture Notes in Pure and Appl. Math., Dekker, New York, 234 (2003),
203-221.

[30] J. Hale. Functional Differential Equations. Appl. Math. Sci., 3, Springer-Verlag
1971.

[31] T. Hytonen. R-boundedness and Multiplier Theorems. Helsinki University of Tech-
nology Institute of Mathematics Research Reports.

[32] N. Kalton, G. Lancien. A solutions to the problem of LP—maximal regularity.
Math. Z. 235 (3) (2000), 559-568.

[33] V. Keyantuo, C. Lizama. Fourier multipliers and integro-differential equations in
Banach spaces. J. London. Math. Soc., 69 (2) (2004), 737-750.

[34] V. Keyantuo, C. Lizama. Periodic Solutions of Second Order Differential Equa-
tions in Banach spaces. Math. Z. (to appear).

[35] V. Keyantuo, C. Lizama. Maximal regularity for a class of integro-differential
equations with infinite delay in Banach spaces. Studia Math. 168 (1) (2005), 25-50.

[36] P. Kunstmann, L. Weis. Mazimal L,—regularity for parabolic equations, Fourier
multiplier theorems and Hoo-functional calculus. In M. Tannelli, R. Nagel, S. Pi-
azzera (eds.), “Functional Analytic Methods for Evolution Equations” Springer
Lecture Notes Math. 1855, (2004) 65-311.

[37] Y. Latushkin, F. Rébiger. Fourier multipliers in stability and control theory.
Preprint.

[38] J. Lindenstrauss, L. Tzafriri. Classical Banach Spaces II. Springer, Berlin 1996.

[39] C. Lizama, V. Poblete. Additive perturbation for integro-differential equations and
maximal reqularity. Submited.

[40] C. Lizama, V. Poblete. Mazimal Regularity of Delay Equations in Banach Spaces.
Submited.

[41] C. Lizama. Fourier multipliers and periodic solutions of delay equations in Banach
spaces. J. Math. Anal. Appl. (to appear).

[42] S. Monniaux. On uniqueness for the Navier-Stokes system in 3D-bounded Lipschitz
domains. J. Funct. Anal. 195 (2003), 1-11.



70

[43] V. Poblete. Solutions of Second Order Integro-differential Equations on Periodic
Besov Spaces. Proceedings of the Edinburgh Mathematical Society. (to appear).

[44] J. Priiss. Evolutionary Integral Equations and Applications. Monographs Math.,
vol. 87, Birkhauser Verlag, 1993.

[45] A. Pugliese. Some questions on the integrodifferential equation v’ = AK % u +
BM xu. In A. Favini. E. Obrecht, and A. Venni, editors., Differential Equations in
Banach Spaces, Springer-Verlag, New York (1986), 227-242.

[46] S. Schweiker. Asymptotic regularity and well-posedness of first and second order
differential equations on the line. Dissertation, Ulm (2000).

[47] H. Schmeisser, H. Triebel. Topics in Fourier analisys and function spaces. Leipzig,
Geest, Portig 1987, Chichester, Wiley 1987.

[48] M. Stein, H. Vogt, J. Voigt, The modulus semigroup for linear delay equations
III. J. Funct. Anal. 220 (2005), no. 2, 388-400.

[49] H. Triebel. Theory of function spaces. Monographs in Mathematics 78, Birkhauser,
Basel 1983.

[50] H. Triebel. Fractals and spectra related to Fourier analisys and function spaces.
Monographs in Mathematics. vol. 91, 1997.

[51] G. Webb. Functional differential equations and nonlinear semigroups in LP-spaces.
J. Differential Equations 29 (1976), 71-89.

[52] L. Weis. Operator-valued Fourier multiplier theorems and mazimal L,-reqularity.
Math. Ann. 319 (2001), 735-758.

[53] L. Weis. A new approach to mazimal L,-regularity. Lect. Notes Pure Appl. Math.
215, Marcel Dekker, New York, (2001), 195-214.

[54] L. Weis. Stability theorems for semigroups via multiplier theorems, in Differential
Equations, Asymptotic Analysis and Mathematical Physics. Electronic Res. An-
nouncements of the AMS 8 (2002), 47-51.

[55] H. Witvliet. Unconditional Schauder decomposition and multiplier theorems. PhD
thesis, Technische Universiteit Delft, November 2000.

[56] J. Wu. Theory and Applications of Partial Differential Equations. Appl. Math.
Sci. 119, Springer-Verlag, 1996.



