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Abstract
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In this thesis we study the existence, uniqueness, qualitative properties and regular-
ity of solutions for different classes of discrete-time fractional difference equations
in abstract spaces using an effective technique based in an operator-theoretical
method. In addition we present explicit examples of equations that can be consid-

ered in our abstract results.

Keywords: difference equations; maximal ¢,-regularity; weighted bounded vector-

valued spaces; fractional difference operator.

v



No hay rama de la matemadtica,

por lo abstracta que sea, que no

pueda aplicarse algun dia a los
fenomenos del mundo real.

Nikolai Ivanovich Lobachevski
(1792-1856)

Matemético Ruso



Acknowledgments

Para mi no es sencillo agradecer a muchas personas que directa o indirectamente

tuvieron un rol valioso en mi formaciéon como persona.

Quisiera agradecer primero a la Universidad de Santiago de Chile por darme
la oportunidad de estudiar y ser un profesional. En especial a Evelyn Aguilar y
Paula Avila por sus ayudas incondicionales y una gran disposicion, orientandome

en todo lo que refiere al programa de Doctorado.

A mis directores de tesis, Dr. Carlos Lizama y Dra. Marina Murillo por haber
confiado en mi, por toda su dedicacién y esfuerzo, quienes con sus conocimientos,
experiencia, paciencia y motivacion han logrado en mi que pueda terminar mis
estudios de manera exitosa. También mis reconocimientos a los profesores Dr.
Rodrigo Ponce y Dr. Edgardo Alvarez por sus muy valiosas observaciones y

sugerencias en torno a este trabajo escrito.

También me gustaria agradecer a mis profesores durante toda mi carrera profe-
sional puesto que todos ellos han aportado con un granito de arena a mi formacién,
en especial al profesor Dr. Victor Guinez quien me ayudd desde que entré al

programa y por su valiosa ayuda para afrontar los exdmenes de calificacién.

Agradezco a Rodolfo, Maria José, José, Claudio y, en general, a los amigos y
companeros que hice en mi estancia en el programa de Doctorado y por todos los
momentos compartidos en discusiones, salidas en grupo, buenos y malos momentos

que jamas olvidaré.

vi



Agradezco a mi familia por quienes me mantuvieron muy motivado en cada dia
y por darme animos para seguir intentando y no darme por vencido en todos los

desafios que he enfrentado a lo largo del tiempo.

Finalmente agradezco a quien fue mi motivacion, mi sobrino Fernando Leal Cid
para que cuando, a futuro, puedas leer este testimonio te des cuenta que todo se

puede lograr en la vida, siempre y cuando exista una meta bien clara y definida.

iMuchas gracias a todos!

Claudio Andrés Leal Jara
Junio, 2018

vii



Table of Contents

Abstract iv
Acknowledgments vi
Introduction 1
1 Preliminaries 11
1.1 The Riemann-Liouville fractional derivative . . . . . . . . . . . .. 11
1.2 Zeta and Fourier transforms . . . . . . . . . . . . ... ... ... 13
1.3 The discrete-time Fourier transform in ¢,(Z, X) . .. ... ... .. 16
1.4 The discrete fractional derivativeon Z . . . . . . . . . . . . . . .. 18
1.5 UMD spaces . . . . . . . . . e 20
1.6 R-Boundedness . . . . . . . . . . 21
1.7 Operator-valued multipliers . . . . . . .. .. ... ... ... ... 22

2 Lebesgue regularity for fractional differential-

difference equations with fractional damping 25
2.1 A characterization of maximal regularity . . . . .. ... ... ... 26
2.2 Examples . . . . ... 32

viil



3 Lebesgue regularity for fractional difference equations with delays
3.1 Resolvent families with delay: 1<a <2 . .. ... ... ... ...
3.2 Maximal {p-regularity. . . . ... ..o

3.3 Applications . . . . ...

4 Existence of weighted bounded solutions for nonlinear discrete-
time fractional equations

4.1 Introduction . . . . . . . . . o
4.2 Resolvent families: 1 <a <2 . . . . . .
4.3 A nonlinear fractional difference equation . . . . . . . . . .. .. ..

4.4 An Application . . . . ...

Conclusions

References

34

49

49

20

o4

63

65

71

X



Introduction

The objective of this thesis is to present a study of the existence, uniqueness, reg-
ularity and qualitative properties of bounded solutions for some classes of abstract
discrete-time fractional difference equations by using operator theoretical methods
in spaces of vector-valued functions. In the last time, recent technological innova-
tions have caused a considerable interest in the study of dynamical processes that
present a mixed continuous and discrete nature, see [3,4,12]. For instance, discrete-
time linear models appear in the study of the solution to optimal control problems
in dynamic programming [21]. Moreover, they are also used for modeling coal lique-
faction mechanisms [67] and robust energy filtering in signal processing [49], among
others fields of interest. In the biological context, qualitative behavior of discrete
models with delays has been examined in [36] and [75]. See also [15,18,59]. The
same happens with the analysis of mixed partial differential equations and integral

equations [28,66]. A classical textbook is the monograph by W. J. Rugh [64].

On the other hand, starting with the works of S. Blinck [20] and P. Portal [61,
62], the existence and uniqueness of solutions for discrete systems that belong to
the Lebesgue space of vector-valued sequences began to be considered by many
authors [42,50,51]. A recent textbook on this topic is the monograph of Agarwal,
Cuevas and Lizama [6], where several applications in different contexts are given.
After the works of L. Weis [71], and H. Amann [9], characterizations of Lebesgue
regularity using multiplier theorems for operator valued symbols have appeared in
several papers in the last decade. See for instance the ones of Bu [23,24], Chill
and Srivastava [26], the special volume [22] and references therein. For instance in

[44] Kovécs, Li and Lubich studied maximal regularity using the results of Bliinck



for numerical schemes. Kemmochi [43], in the same line, introduced the notion of
maximal regularity for the finite difference method. Other contributions can be

found in the references [7,47,48].

On the other hand, modeling with fractional difference equations is a recent and
promising area of research that has been developed from different sides of interest.
For instance, Atici and Sengiil [14] develop some basics results of discrete fractional
calculus. These authors introduce and solve the Gompertz fractional difference
equation for tumor growth models. See also the works of Atici and Eloe [13] for
related results in this direction. The methodology used in such discrete fractional
calculus was extended by Lizama in [50] to the context of abstract models, including
in this way the handling of difference differential equations by methods of functional
analysis and operator theory. Studies on qualitative properties, as for example the
existence of positive solutions for discrete fractional systems, have been provided by
Goodrich [29,38,39]. Other interesting contributions are due to Ferreira [35], Holm
[41], Kovécs, Li and Lubich [44], Dassios [30,31], Wu, Baleanu et. al. [32,72-74],
Cermdk et. al. [25] and Tarasov et. al. [68-70].

In this thesis, we characterize well-posedness of some linear discrete-time fractional
difference equations in Lebesgue spaces of sequences. Our results are based on UMD
spaces, the concept of R-boundedness, and the notion of o and a” resolvent families
of operators. Note that R-boundedness has been an useful tool in the functional
analytic approach to partial differential equations. In [71] L. Weis shows that R-
boundedness provides a proper setting for R-boundedness theorems for operator-

valued Fourier multipliers.

We will consider the following three problems, the first and second in the setting of
Lebesgue spaces whose domains are Z and Ny respectively, the third one is in the

context of weighted vector-valued spaces with domain Nj.
In the first problem, our concern is the following fractional difference equation

A%u(n) + AMAPu(n) = Au(n) + f(n), n€Z, «a,B>0, X>0, (0.0.1)



where f € (,(Z,X), A is a closed linear operator with domain D(A) defined on a
Banach space X and A7 denotes the fractional difference operator of order v > 0 as
defined recently by Abadias and Lizama [1]. Roughly speaking, it corresponds to a
slight variant of the Griinwald-Letnikov derivative. Equation (0.0.1) is an example
of a wide class of mixed evolution equations that can be considered either as models
for partial differential equations that are continuous in space but discrete in time
[17], or systems of difference equations [5, Chapter 3; 34]. Typical models that are

included in this problem correspond to the discrete time Klein-Gordon equation
A*u(n, z) = Uge(n, x) — bu(n,z) + G(u)(n,z), ne€Z xcQCRY (0.0.2)

where Au(n, z) := u(n+2,z)—2u(n+1, z)+u(n, z), and the discrete time telegraph

equation

TA*u(n, ) + Au(n, ) = pug(n,x), n€Z, 7>0,p>0, ze€JCR,
(0.0.3)
as well as fractional versions of them [11,37]. The discrete version of the Basset

equation [16, 58]
A%u(n) + AA3?u(n) + bu(n) = f(n), ne€Z, \b>0, (0.0.4)

will be also included in our framework. The study of the uniqueness and causality
of p-summable solutions [19] suggests to consider the above equations on Z. More
precisely, given a Banach space X, we ask the following problem: Is it possible
to characterize solely in terms of the data of a given mixed evolution equation,
the existence and uniqueness of solutions that belong to the vector-valued space of

sequences (,(Z, X) 7.

We success solving this open problem for the equation (0.0.1). It is worthwhile to
observe that, for instance, the model (0.0.1) includes the Basset equation (0.0.4)
taking X = C,A = bl,a = 2 and § = 3/2 whereas it also includes the linearized
Klein-Gordon equation (0.0.1) choosing X = L*(2), A = 8,, —bl,a = 2 and \ = 0.



This problem will be solved by the following way. First, after giving the definition

on maximal ¢,-regularity, we prove our main result, namely, if
{(1 =™+ X1 —e ™) er, Cp(A), A>0, o3>0, Ty:=(—x,m)\{0},

where p(A) denotes the resolvent set of A, then the following assertions are equiv-

alent:

(i) For all f € £,(Z,X) the problem A%u(n)+ AAPu(n) = Au(n) + f(n), n € Z,
has a unique solution in ¢,(Z, [D(A)]);

(i) M(t) = (1—e )2+ A(1—e"*)P - A)~1is an £,-multiplier from X to [D(A)];

(iii) The set {M(t)}er, is R-bounded.

Furthermore in the context of Hilbert spaces a simpler criterion is also provided,

replacing the condition (iii) above by

sup [| M (¢)|| < oc.
teTo

As a consequence, we analyze the nonlinear equation
A%u(n) + AMAu(n) = Au(n) + G(u)(n) + g(n), n € Z,

where g € (,(Z,X) and G : (,(Z,X) — (,(Z,X) are given. We show that if
G(0) = G'(0) = 0 and g is small enough, then the nonlinear equation has at least
one solution in ¢,(Z, X). Finally we prove, as an application of our characterization,
that for all 0 < a, 8 < 2 and b > 2% + X2 we can find €* > 0 such that for all
e € (0,e%), there exists u® € £,(Z, L*(R)) that solves the problem

AU (n, z) + AAPu(n, z) = uS,(n, ) — bu(n,z) + G(u)(n,z) + cf(n, ),
foralln € Z, x € Q C RV.

It is important to observe that the results of this problem are included in the recently

4



published joint paper [56].

In the second problem, we deal with the fractional difference equation with delay

of the form

A%u(n) = Tu(n) + fu(n —7) + f(n), n € Ny (0.0.5)

uwy)=wx;,j=-1,...,0,1
where 7 € Ny, 8 is a real number, T is a linear bounded operator defined on a
Banach space X, 1 < a < 2, f is a vector-valued function and A" denotes the

fractional difference operator of order v > 0 in sense of Riemann-Liouville.

An interesting feature that involves (0.0.5) is that the fractional difference operator
A can be realized as sampling, by means of the Poisson distribution, of the classical
fractional Riemann-Liouville operator. See the work of Lizama [51, Theorem 3.5]
where this remarkable connection has been discovered. This nonlocal operator has
recently appeared in several research of increasing interest to different but related
fields. For instance, in relation to the notion of Césaro operators of order o > 0 [2],
chaos for fractional delayed logistic maps [72] and almost automorphic solutions of

fractional difference equations [1].

The analysis of ¢,-maximal regularity for difference equations of fractional order

a > 0 in the form

where T is a bounded operator defined on a Banach space X was studied in [50]
for the range 0 < @ < 1 and in [52] for 1 < a < 2. In [53] {,-maximal regularity
for the equation (0.0.6) with infinite delay was studied in Z for all o > 0 when T is
an unbounded operator. Recently, in [54] the authors characterized the £,-maximal

regularity for the finite delayed equation

A%u(n) =Tu(n) + Pu(n —7)+ f(n), n€Ny, n>1 BEeR, (0.0.6)

u(j) =0, j=-1,..,0, 7€N,



whenever 0 < o < 1. However, the validity of such characterization for the case

1 < a <2 was left as an open problem.

The main purpose of this part of the work is to give a positive answer to this open
problem. Note that the maximal ¢,-regularity for the equation (0.0.6) with infinite
delay was studied in Z for all & > 0 when 7" is an unbounded operator in the work

of Lizama and Murillo [53].

This problem is studied as follows. Firstly, we introduce the new concept of a”
resolvent operators in the range 1 < « < 2, which is an important tool for the
construction of the solution of (0.0.6). This family, denoted by {M,(n)},>_-, in-
corporates directly the finite delay in its definition. Then, we will prove that a
general solution for our model, with initial conditions u(j) = x;, j = —7,...,0,1,

can be written as

u(n) = Ma(n)u(0) + Fa(n — D[u(1) — u(0)]

- 0.0.7
+ B Faln =24 = T)u(=)) + (Fax )(n=2), n > 2. (0.0

Here, ho(n) = (o —1)" and F,(n) = (M, * hy)(n). Note that in the case a = 2 and
B = 0, the resolvent family Ms(n) perfectly coincides with the notion of discrete

cosine operator which was introduced and studied by Chojnacki [27] in the context
of UM D Banach spaces.

We remark that the representation (0.0.7) is not straightforward but it is one of the

main tasks that we have overcome in order to achieve the solution of our problem.

Finally we prove the main result of this part of the thesis. We will show that if
X is a UMD space and the condition sup,cy, [|[Ma(n)| < oo is satisfied, then the

maximal ¢,-regularity of equation (0.0.6) and the R-boundedness of the sets
{21z =) =Bz =T) " 12| =1,z #1},

{7z =)= Bz =T) " |z] =1,z # 1},



are equivalent. This characterization coincides perfectly as the counterpart of the re-
sult achieved in the paper [53] by Lizama and Murillo where also an R-boundedness
condition on two sets is needed. We note that in practice, tools to check this con-
dition are generally not easy to find. However, the monograph of Agarwal, Cuevas
and Lizama [6] shows a way in the general case. For the case of Hilbert spaces,
we observe that R-boundedness can be replaced merely by uniform boundedness.
For such a case, we are able to provide a very simple criterion on T that ensures

maximal ¢,-regularity of equation (0.0.6), namely:
T < Wapr:= ‘1;1'13 |fosr(2)] <1 where fop,(2):=2""%2z-1)*—pB2"".
We finish the study of our problem with the following examples:
z(n+3)—2zx(n+2)+qr(n+1) +rz(n) = f(n),

with initial conditions: x(0) = z(1) = 2(2) = 0. We show that maximal ¢,-regularity
of this equation for f € £,(Ny) is guaranteed whenever 1 < g <2and 1 —¢g <r <

142 %
In the fractional case 1 < o < 2, we consider
A%(n) = (1 —g)z(n) —raz(n — 1) + f(n)

and a sufficient condition for maximal ¢,- regularity on the parameters r,q € R is
provided: w(r) := min 1 [z>"*(z = 1)* +r| <land 1 —w(r) < ¢ <1+ w(r). We
observe that the results of this chapter can be found in the joint paper [55] that has

been submitted for publication.

Finally in the third problem, we consider the following nonlinear fractional difference

equation
A%u(n) = Tu(n) + f(n,u(n)), n € Ny
u(0) ==z (0.0.8)
u(l) =y



where T is a linear bounded operator defined on a Banach space X, 1 < a < 2 and

f is a nonlinear function defined on Ny x X with values in X.

A classical example of equations that can be modeled as (0.0.8) is the time-discrete
nonconvolution equation which is a class of fractional integro-differential equations

and PDE discretized only in time, written as follows
A%u(t,z) = /k:(x,s)u(n, s)ds + f(n,u(n,z)), n € Ng, v € Q C RY,

where f is a suitable forcing term and k is a complex-valued measurable function

[52]. This discrete fractional equations admits the form (0.0.8) with

Tf(x):= /k(x,s)u(n,s)ds,
which defines a bounded operator on suitable spaces of functions.

Recently Lizama and Velasco, in [57], studied the existence of weighted bounded

solutions for a time-discrete nonlinear fractional equation of the form
A%u(n) =Tu(n) + f(n,u(n)), n € Ny, (0.0.9)

with initial condition u(0) = uy whenever 0 < a < 1. However, for another values
of a, it was left as an open problem. The main objective of this third part of the

thesis is to provide an answer for this open problem.

We are able to show existence of weighted bounded solutions of (0.0.9) for the range

l<a<?2.

In order to prove our results, we need a special sequence of bounded operators in-
troduced by Lizama and Murillo in [52] called a-resolvent families, which have an
important role in the representation of the solution by means of a kind of discrete
variation of parameters formula. A second main ingredient is the use of a special
vector-valued Banach space of weighted sequences Z;O(Ng; X), whose properties al-

low to prove the existence of solutions of (0.0.9) under certain conditions on the



nonlinear term.

On the other hand, we note that in the continuous case, the compactness of the
operator T' is neccesary, but in the discrete case, there are examples of operator T’
that do not need this condition [10, Section 7]. In spite of this situation, we will
show in this work that when 7" is a non-compact operator, we can still have existence

of solutions for the fractional model (0.0.9). See Corollary 4.3.6 and Example 4.4.1.

This problem is solved in the following way. We first recall the concept of a-resolvent
sequences of bounded operators, denoted by S,(n), that was introduced by Lizama
and Murillo [52] for 1 < o < 2. These a-resolvent families allow us to obtain an
explicit representation of the solution for the fractional difference equation (0.0.9)

with initial values u(0) = ug and u(1) = u; namely
u(n) = Sa(n)ug + (S * ha)(n — 1)[ug — ug) + (Sa * ho * f)(n —2), n > 2

see [52, Theorem 3.8]. Here h, is defined by the sequence h,(n) = (o — 1)". We
note that in the border case o = 2, the resolvent sequence Sy(n) coincides with the
notion of discrete time cosine function introduced by Chojnacki [27] who studied it

in the context of UMD-spaces.

Next we study the nonlinear problem (0.0.8). For this purpose, we firstly give a
formulation of the solution motivated by the representation of the solution in the
linear case (see Theorem 4.2.5 below). Next, we recall from the work of Lizama and

Velasco [57] the following vector-valued Banach spaces of weighted sequences

7 (Ng; X) = {u : Ny — X :sup lu(n)] < oo} .
n>2 ’an'
This space is called the factorial number system space [57]. Observe that the se-
quence nn! provides a suitable weight in order to find the existence of solutions in
[7°(Ng; X) for the equation (0.0.8). See Lemma 4.3.4 below for properties about

this sequence.



Information about the growth rate of the sequence u(n) as n — oo is obtained.
See Theorem 4.3.5 and Theorem 4.3.8, where the Banach fixed point theorem and
Leray-Schauder alternative theorem, respectively, are used. Moreover, we show the

following practical result:

aa(2 o a)Qfa

Suppose that ||T]| < 1

and f : Ny x X — X satisfies the following
hypothesis:

(F) f(0,0) # 0, f(1,0) # 0, and there exist a sequence a € ¢*(Ny) and constants
¢ > 0 and b > 0 such that

1f (R, )| < ak)(c |l +b)

for all k € Ny, z € X.

(L) The function f satisfies a Lipschitz type condition in z € X uniformly in
k € Ny, with Lipschitz constant

64 [a®(2 — )@
Li< —{————||T] |-
<O (2 )

Then, the problem (0.0.8) with initial conditions «(0) = u(1) = 0 has an unique
solution in [3°(Ny; X).

Finally we give concrete examples and applications of the results obtained in this
work. We note that the results of this chapter can be found in the recent paper

[46], submitted for publication.

This thesis is organized in four chapters. In the first chapter, we give basic defini-
tions and fix some notation. Moreover, we present a result about Fourier multipliers
that we use in chapters 1 and 2, see [20]. Chapters 2, 3 and 4 are devoted to the
detailed study of the three problems described above.

10



Chapter 1

Preliminaries

In this chapter we give some preliminary concepts related to fractional differences,
discrete Fourier and zeta transforms, UM D spaces, R-boundedness and operator-
valued Fourier multipliers theorems defined on UM D spaces and important prop-
erties that we will use in the forthcoming chapters. For more details see [6,33] and

the references therein.

1.1 The Riemann-Liouville fractional derivative

In this section we introduce the notion of the fractional difference operator. De-
note by Ny :={0,1,2,...} and by s(Np, X) the vectorial space of all vector-valued

sequences f : Ny — X.

Recall that given f, g € s(Np, X ), we define the finite convolution product as follows

(f * g)(n) ZZf(n—j)g(j), n € Ny (1.1.1)

We also recall the following definition.

Definition 1.1.1. For a sequence f € s(Np, X). We define the forward Euler

11



operator as follows

Af(n) = fn+1) = f(n), neN,

and AY = I, where I is the identity operator. Also we define for a fixed integer
positive m,

Am — AOAm_l

Now we recall the following definition of Cesaro numbers that was introduced by

Zygmund in [76, p. 77] and rediscovered in several instances. See also [60, formula

(27) with h = 1]

Definition 1.1.2. For a fixed real number «, define the Cesdro numbers of order

« as follows
ala+1)...(a+n—1)

k() = n

0 otherwise.

nENO

I'(a+n)

Note that if & € R\ {1, -2,...}, we have k*(n) = I(a)(n+1)

the Euler gamma function..

, where I' denotes

Note also that the sequence (k*(n)),en, satisfies the semigroup property, that is,
E* x kP = kP for o, 8 € C. As a function of n, k% is increasing for a@ > 1,
decreasing for 0 < o < 1. Furthermore, k%(n) < k?(n) for 8 > a > 0 and n € Nj.
See for instance [76, Theorem II1.1.17, p. 42 formula (2)] and [2, Section 2].

The following definition of fractional sum was introduced by Lizama in [50, Formula
2.2] (see also [51]). This definition corresponds to a particular case of fractional sum

proposed by Eloe and Atici, Eloe and Abdeljawad (see [4,12,13]).

Definition 1.1.3. Let a > 0 and f € s(Np, X) be given. We define the fractional

sum of order « as follows

n

AT f(n) =) k*(n—k)f(k), neN,. (1.1.2)

k=0

12



The following definition corresponds to an analogous version of fractional derivative

in the sense of Riemann-Liouville, see [12].

Definition 1.1.4. Let f € s(No, X) be given, we define the fractional difference

operator of order & > 0 (in sense of Riemann-Liouville) as follows
Af(n) =A™ o AM= f(n), n e Ny,

where m — 1 < a <m, m = [a].

Observe that recently in [51], Lizama gives a relationship between the discrete
fractional difference operator and the discrete fractional derivative operator in the

sense of Riemann-Liouville through the so called Poisson transform amd given by

ACu(n) = / Pt i) () Du(t)dt, (1.1.3)
0
e—t n
where p,(t) = . Using this formula we obtain, for instance, the representation
tocfl
of Césaro numbers by means of the Poisson transform of the function g, (t) = o)
a

for ¢ > 0.

1.2 Zeta and Fourier transforms

The transform method is most suitable for linear difference equations and discrete
systems. It is used in the analysis of signal processing, digital control and commni-

cations. The Z-transform of a sequence f € s(Ng, X) is defined by

[e.9]

fz)=ZIfm)] =Y =7 f (i), (1.2.1)

J=0

where z is a complex number. Note that this series is convergent for |z| > R, for a
sufficiently large R. The number R is called the radius of convergence of the series

(1.2.1).

13



Some useful properties of the Z-transform are stated in the following result. See

for instance [6, Proposition 1.2.2].

Proposition 1.2.1. The following properties hold:

a) (Linearity) Let Z(2) be the Z-transform of x(n) with radius of convergence Ry
and §(2) be the Z-transform of y(n) with radius of convergence Ry. Then for

any complex numbers a, b, we have
Zlax(n) + by(n)] = az(z) + by(z), for|z| > max{R;, Rs}.

b) (Right shifting) Let R be the radius of convergence of Z(z). If x(—i) =0 for
1=1,2,...,k, then

Zlx(n — k)] = 27%&(2), for|z| > R.

c) (Left shifting) Let R be the radius of convergence of T(z). Then

n—1

Zla(n + k)] = 23(z) = Y 2 7a(r).

r=0

In particular
Zlx(n+1)] = 22(2) — z2(0), for|z| > R.

and

Zlx(n+2)] = 223(2) — 2°2(0) — 22(1), for |z| > R.
d) (Convolution) For the finite convolution defined in equation (1.1.1)
Z[(xxy)(n)] = 2(2)y(2).

The same formula holds if the convolution is defined by

(@ y)m) = D2l =)yl

Jj=0

14



e) (Uniqueness) Suppose that there are two vector-valued sequences x(n) and

y(n) such that () = §(z) for |z| > R. Then x(n) = y(n).

The formula of the inverse Z-transform is given by

1
x(n) = — [ #(2)2" 'dz = sum of residues of #(2)z"*, (1.2.2)
271 C

where C' is a circle centered at the origin of the complex plane, that encloses all

poles of 7(z)z""!.

On the other hand, the discrete time Fourier transform of a sequence f € s(Z, X)

is defined by

Fty =3 ety(g), te(-mm), (1.2.3)
j=—00

whenever the right side of the above identity exists.

-~

The notation f(t) helps to highlight the periodicity property of this transform
and emphasizes the relationship of the discrete-time Fourier transform to the Z-
transform. Also the discrete-time Fourier transform plays an important role in

representing and analyzing discrete-time signal and systems.

Note that the convolution theorem for discrete-time Fourier transform holds, i.e.,
m(t) = f(t)ﬁ(t) Here the convolution is defined in analogous way to the case of

the Z-transform:

(f+g)n) =D f(G)g(n— ).

j=—oc

Further properties of the discrete-time Fourier Transform are analogous to those of
the Z-transform, since it is the evaluation of the Z-transform around the unit circle

in the complex plane.
The following inverse transform recovers the discrete-time sequence
fo) = 5= [ Fera
n)=— € :
2 J .
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1.3 The discrete-time Fourier transform in ¢,(Z, X)

In what follows, we detail the definition and properties of the discrete-time Fourier
transform in the vector-valued Lebesgue space of sequences ¢,(Z, X). We denote
by S(Z, X) the space of all vector-valued sequences f : Z — X such that for each
k € Ny there exists Cy with pi(f) := sup,z [n|*[| f(n)|| < Ck.

Recall that S(Z, X) is norm dense in ¢,(Z, X) for 1 < p < co. We also denote by
Cr (R; X),n € Ny, the space of all 2r-periodic X-valued and n-times continuously

per

differentiable functions defined in R.

Let T := (—m,7) and Ty := (—m,m) \ {0}. We introduce the space of test func-
tions as Cps (T; X) := [,en, Cper(R; X) endowed with the topology induced by the

per per

countable family of seminorms:

ge(0) = max sup [lp™(1)]).
€No te[—m,m]

If X = C we simply denote C° (T; X) = C2 (T) and S(Z; X) = S(Z). We also

per per

consider the following spaces of vector-valued distributions
S (Z;X):={T :8(Z) — X : T is linear and continuous}

and

D(T; X) :={T:Cyx (T) — X : T is linear and continuous}.

per
Observe that we can identify ¢,(Z; X') with a subspace of §'(Z; X) via the mapping

Ty(¥) = (Ty, ) =Y f(n)v(n), o € S8(Z), (1.3.1)

neZ

and we have Ty € S'(Z,X). The space C2.(T; X) can be also identified with a

per

subspace of D'(T; X)) via the linear map

Ls(p) = (s, ¢) = / " o()S(0)dt, e CET),

2 ),
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and we get Lg € D'(T; X).

The discrete time Fourier transform F : S(Z, X) — C5° (T, X) is defined by

per

2= 3 ee(j),  te(-mml

j=—o00

Fo(t)
It is an isomorphism whose inverse is defined by

Flo(n) = ¢n) = ! /7r o(t)e™dt, n €7, (1.3.2)

=5 B

where ¢ € C55,.(T; X). This isomorphism, allows to define the discrete time Fourier

transform (DTFT) between the spaces of distributions S'(Z; X) and D'(T; X) as

follows
(FT,9) = F(D)(¥) :=T() = (T,9), TeS(ZX), ¢eCx(T), (1.33)
whose inverse F~! : D/(T; X) — S'(Z; X) is given by
(F7'Lp) = FUL)(W) == L) = (L,¥), LeD(T;X), ¢eSz)
In particular, we get

(FTy,0) = (T, ) = Y f(n)g(n), ¢ € Cp(T), [EGZX).  (1.34)

The convolution of a distribution T € S'(Z, X') with a function a € ¢;(Z) is defined
by

where

Note that (a o ) € S(Z).
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1.4 The discrete fractional derivative on 7Z

In this section we introduce an extended notion of fractional difference operator,
analogous to Definition 1.1.4. We denote by ¢,(Z, X) the vector space of all vector-

valued sequences f : Z — X such that

Z 1F ()" <

]_700

for 1 < p < oco. In the case when X = C or X =R, we denote it by £,(Z). Now we
recall that given f € (,(Z, X) and g € ¢,(Z), we can define the convolution product

as

Mg

(f*9)(n an i)g

j=—00

fG)g(n—13), nei.

<.
I
o

The following definition of fractional sum was introduced in [1].

Definition 1.4.1. Let a > 0 and f : Z — X be given. We define the fractional

sum of order « as follows

AT f(n) = (k" f)(n) = > k*(n—k)f(k), neZ, (1.4.1)

j=—o0

whenever it exists.

The following definition corresponds to an analogous version of discrete fractional

derivative in the sense of Griinwald-Letnikov, see [60, formula (27) with h=1].

Definition 1.4.2. Let f : Z — X be given, we define the the fractional difference

operator of order o > 0 (in sense of Griinwald-Letnikov) by

A°f(n) = (k= f)(n) = > k(n—5)fQ) = Zk““(j)f(n —j).  (1.4.2)

j=—o0

The above definition of fractional difference operator of order o was first introduced
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by Abadias and Lizama [1], after previous work of Lizama [50], as follows:
Wef(n) = (~1)mA™W "= f(n), neZ,

where m := [a] + 1. In the above cited references it is also called Weyl difference
operator of order v and is denoted by W instead of A. Their equivalence with

(1.4.2) was recently proved.

From [50], the following generation formula holds
Eoo kP (§)27 = L, BER, |z <1,
4 (1-2)° ’
Jj=0

see also [76, p.42 formulae (1) and (8)]. In particular, for all @ € R, we have that

the radial limit exists and

e L 1 D\ @
() = Y k(e = e = (1 - e*”) . teTy.  (1.4.3)
Observe that k=% € ¢1(Z) (see also [76, p.42 formula (2)]). We also recall the

following lemma stated in [53] which will be used in the proof of our main result.

Lemma 1.4.3. Let u,v € (,(Z;X) and a € ¢,(Z). The following assertions are

equivalent:

i) (axv)(n) =u(n) for alln € Z.
i) <u,d>=<uv,(¢-a_) > for all ¢ € Coo((—=m, ), R), where

(¢-a)(n):= L /7r a(—t)p(t)e™dt, n € Z.

2 ) .
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1.5 UMD spaces

This section is devoted to the study of a class of Banach spaces, the so-called UMD-
spaces, which share many of the good properties of Hilbert spaces and include the

L? spaces for 1 < p < oc.

Definition 1.5.1. Let X be a Banach space. We say that X has the Unconditional
Martingale Difference property, that is X is a UMD space, if for each p > 1, there
ezists a constant C, > 0 such that for any (fn)nen, C LP(Q, X, u; X) and any choice
of signs (&n)neny C (—1,1) and any N € Z we have the following estimate

S Cp ||fN||LP(Q7E,M;X) :
Lp(sz’/J';X)

N
fO + Zﬁn(fn - fn—l)
n=1

We recall that those Banach spaces X for which the Hilbert transform defined by

e—0 7T S
R—o0

(Hf)(t) = lim 1/<| - JE=9)

is bounded on L,(R, X) for some p € (1,00) are called HT spaces. The limit in the

above formula has to be understood in the L, sense.

More information and details on the Hilbert transform and the UM D Banach spaces
can be found in [9, Section II1.4.3-111.4.5]. Note that the notions of UM D space
and ‘HT space are equivalent (see [6]).

Some examples of UM D spaces include the Hilbert spaces, Sobolev spaces W (),
1 < p < oo, Lebesgue spaces LP(Q, 1), 1 < p < oo, LP(Q,u; X), 1 < p < oo, when
X is a UMD space. Moreover, a UM D space is reflexive and therefore, L'(Q, u),
L>(Q, p) (if 2 is a infinite set) and C*([0, 27]; X) are not UM D.
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1.6 R-Boundedness

The notion of R-boundedness is a significant tool in the study of abstract multiplier
operators. Preliminary concepts for the definition and properties of R-boundedness
that we will use may be found in [33]. In what follows, we denote by B(X,Y") the
space of bounded linear operators between Banach spaces X and Y endowed with
the uniform operator topology; when X =Y, we denote it by B(X). We recall the

following definition.

Definition 1.6.1. Let X and Y be Banach spaces. A family 7 C B(X,Y) is called

R-bounded if there exists a constant ¢ > 0 such that

D

6]'6{—1,1}"

n n

Scz

€jE{—1,1}"

(1.6.1)

gilx; E5T;
1 1

J= J=

for all Ty,...,T, € T, x1,...,2, € X, n € N. The least ¢ such that (1.6.1) is
satisfied is called the R-bound of T and is denoted by R(T)

Now, we recall some properties of R-bounded sets.
Proposition 1.6.2. i) Every R-bounded set is a uniformly bounded set.

it) When X and Y are Hilbert spaces, T C B(X,Y) is R-bounded if and only if
T is uniformly bounded.

iii) Let X, Y be Banach spaces and T,S C B(X,Y') be R-bounded. Then
T+S={T+S5S:TeT,SeS}

is R-bounded as well, and R(T +S) < R(T) + R(S).

i) Let X, Y, Z be Banach spaces, and T C B(X,Y) and S C B(Y,Z) be R-
bounded. Then
ST={ST:TeT,SeS}

is R-bounded, and R(ST) < R(S)R(T).
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v) A subset T C B(X,Y) of the form T = {\ : A € U} is R-bounded, whenever
U C C is bounded.

1.7 Operator-valued multipliers

We finish this section recalling the following Fourier multiplier theorem for operator-
valued symbols established by S. Bliinck [20]. This theorem corresponds to a dis-
crete version of a result proved by Weis [71] and Amann [8, Section I11.4.3-111.4.5]
which establishes sufficient conditions to ensure when a operator-valued symbol is

a multiplier in the context of UM D Banach spaces.

Recall that the Banach space B(X,Y") is equipped with the uniform operator topol-

ogy. First we introduce the following notion of ¢,-multiplier.

Definition 1.7.1. Let X, Y be Banach spaces, 1 < p < oo. A function M €
C> (T, B(X,Y)) is an {,-multiplier (from X to Y') if there exists a bounded operator

per

T:0,(Z;X)— £,(Z;Y) such that

Y (THm)gn) = (o M_)(n)f(n) (1.7.1)

neZ nez

for all f € (,(Z;X) and all ¢ € C2 (T). Here

per
s

(o M_)(n) := i/ eMo(t)M(—t)dt, n € Z.

2 ) .

We finally recall the following Fourier multiplier theorem for operator valued sym-
bols due to S. Bliinck, see [6,20] for more details. This theorem will be crucial
for the characterization of maximal regularity. Bliinck’s theorem and its converse

establish an equivalence between R-bounded sets and [,-multipliers.

Theorem 1.7.2. [20, Theorem 1.3] Let p € (1,00) and let X be a UMD space. Let
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M : Ty — B(X) be differentiable function such that the set
{M(t),(z=1)(z+ 1)M'(t) : z =€", t € To}

is R-bounded. Then there exists an operator Ty € B((,(Z, X)) such that

-~

(Tarf)(2) = M()f(2), forall z=¢" teT,. (1.7.2)

The converse of Bliinck’s Theorem also holds without any restriction on the Banach

space X.

Theorem 1.7.3. [20, Proposition 1.3] Let p € (1,00) and let X be a UMD space.
Let M : To — B(X) be an operator-valued function. Suppose that there exists an
operator Ty € B((,(Z, X)) such that the identity (1.7.2) holds. Then the set

(M(t): t € Ty}

1s R-bounded.

Note that in the case of considering two Banach spaces, we obtain a slight modifi-

cation of Blunck’s Theorem.

Theorem 1.7.4. [20, Theorem 1.3] Let p € (1,00) and let X,Y be UMD spaces.
Let M € C2.(To, B(X,Y)) such that the sets

{M(t), (" = 1)1+ )M'(t): t € To}

are both R-bounded. Then M is an C,-multiplier (from X toY) for 1 < p < oo.

The converse of the last theorem is fulfilled without any restriction on the Banach

spaces X, Y in the following sense.

Theorem 1.7.5. [20, Proposition 1.4] Let p € (1,00) and let X,Y be Banach
spaces. Let M : Ty — B(X,Y') be an operator valued function. Suppose that there
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is a bounded operator T : 0,(Z,X) — (,(Z,Y) such that (1.7.1) holds. Then the
set {M(t):t € Ty} is R-bounded.

24



Chapter 2

Lebesgue regularity for fractional differential-

difference equations with fractional damping

In this chapter we provide necessary and sufficient conditions for the existence and
uniqueness of solutions belonging to the vector-valued space of sequences ¢,(Z, X)

for equations that can be modeled in the form
A%u(n) + AAPu(n) = Au(n) + G(u)(n) + f(n), n € Z, a, B > 0, A > 0,

where X is a Banach space, f € (,(Z, X), Ais a closed linear operator with domain
D(A) defined on X and G is a nonlinear function. The operator A7 denotes the
fractional difference operator of order v > 0 in the sense of Griinwald-Letnikov.
Our class of models includes the discrete time Klein-Gordon, telegraph and Basset
equations, among other differential difference equations of interest. We prove a
simple criterion that shows the existence of solutions assuming that f is small and

(G is a nonlinear term.
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2.1 A characterization of maximal regularity

In this section, we first provide a characterization of the existence and uniqueness

of solutions in ¢,(Z, [D(A)]) for the general model
A%u(n) + AAPu(n) = Au(n) + f(n), (2.1.1)

where o, 5 > 0, A > 0, A is a closed linear operator defined on a Banach space
X and f : Z — X is a vector-valued sequence. Recall that the above model is
an abbreviated form to write a partial differential equation which is continuous in

space but discrete in time. For example, the equation
u(n+2,x) —2u(n+1,z) + u(n, x) + AMu(n + 1, z) — u(n, z)] = Opu(n,z) + f(n,z),

where n € Z, z € Q C RY, fits in the abstract setting of the model (2.1.1) with
a=2, f=1and A =0,,.
We introduce the following definition, also called ¢,-well-posedness in the literature.

Definition 2.1.1. Let 1 < p < co. We say that (2.1.1) has maximal ¢,-regularity if
for each f € ¢,(Z, X) there exists a unique u € €,(Z,[D(A)]) that satisfies (2.1.1).

We are ready to prove our main result in this chapter. Recall that T = (==, ) and
Ty =T\ {0}.

Theorem 2.1.2. Let A be a closed linear operator defined on an UMD space X.
Set a, >0 and X\ > 0. Suppose that

{1 =)+ A1 = ") }er, € p(A)

and define M(t) .= ((1—e ")* + \(1 —e~®)P — A)~L. Then the following assertions

are equivalent

(1) (2.1.1) has mazimal ,-regularity.
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(1) M(t) is an C,-multiplier from X to [D(A)].

(111) The set {M(t) }er, is R-bounded.

Proof. We first show (iii) = (ii). Let {M(t) : t € Tp} be R-bounded. We will show
that the set {(e — 1)(1 + €)M (t) : t € Ty} is also R-bounded. Defining for each
t € To, falt) :== (1 —e )% and fs(t) := (1 — e ™)? it can be shown that

M'(t) = =M (t)*(fo(t) + Af5(1)).

Since f!(t) = iafa(t)ﬁ, it follows that (e — 1)(1 + e®)M'(t) = i(afa(t) +
ABfs(t))(1 + €)M (t)*. From [6, Proposition 2.2.5] we deduce that the set {(e” —
(14 e*)M'(t) : t € Ty} is R-bounded and the claim is proved. Consequently,
by Theorem 1.7.4, we obtain (i). The implication (i) = (éi7) follows immediatly
from Theorem 1.7.5. Let now show that (i) = (). Let f € (,(Z,X) be
given. Then there exists a unique uy € (,(Z, [D(A)]) solution of (2.1.1). We define
Top: l(Z,X) — L,(Z,[D(A)]) the linear operator given by T, s(f) = us. By the
Closed Graph Theorem, we get that T, s is bounded. Let p € C (T), f € (,(Z, X)

per

and u =T, gf. Since k= € {1(Z) we obtain the following identity,

™

(0 8)n) s = YK (G)SG + 1) = 3 K0 / IS () dt

—T

_ i ™ eint ( i ezjtkfa(]>>s(t)dt
—r =0

2
_ % ' el (=) S(t)dt = (k= - S)(n), (2.1.2)

valid for any S € C2 (T, B(X,Y)). Therefore, using the hypothesis and the obser-

per
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vation that we have M € C% (T, B(X,[D(A)])) we get

per

(Tapf, ) = %w %%/ e o (t)u(n)dt
_%%/ et (1 — ) + A1 — e )P — A)Mu(n)dt
+A%2W/ (1= ePe™o(t) (1 — ) + AL — e)F — A)u(n)dt
—;% / A = e — A Au(n)etoo(t)dt
_%% / R (=) p(£) M (—t)u(n)dt

+/\§2W / P (—t)(t) M (—t)u(n)dt

— Z% /_ e p(t) M (—t) Au(n)dt

— (u, (B + M) - ML) — {Au, (- ML)
— (u, (k" M) o (10 ML) — (Au, (10 M),

where in the last equality we have used (2.1.2) with S = ¢ - M_. Therefore

(u, @) = (k= + MZ") s, (0 - M) = (Au, (¢ - M_))
= (A% + AAPu — Au, (p - M_)). (2.1.3)

We conclude that (T, sf, @) = (f, (¢ - M_)) and then M (t) is an £,-multiplier.
It only remains to prove that (ii) implies (i). We first claim that N(¢) := (1 —
e (1—e )2+ A (1—e )P —A)Land S(t) = (1—e )P ((1—e )+ N\(1—e" )P —

)= (1
A)~! are (,-multipliers. Indeed, since N(t) = f,(t)M(t) and S(t) = fs(t)M(t)
where f,(t) = (1 — e ™®)* and f3(t) = (1 — )%, the R-boundedness of N(t) and
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S(t) follows. On the other hand, the identities:

(e — 1)(1 + €")N'(t) = —iaN(t)(1 + ™)

+iaN () (1 + ) +iIABN (1)S(t)(1 4 )
(e — 1)(1 4 €")S'(t) = —iBS(£)(1 + ™)

+iaSH)N(t)(1+ ) +iA3S()*(1 + )

show that the sets {(e®® —1)(1+e*)N'(t) : t € To} and {(e"—1)(1+e")S'(t) : t €
Ty} are R-bounded and then the claim holds by Theorem 1.7.4. Let f € (,(Z, X)
be given. By hypothesis, there exists u € ¢,(Z,[D(A)]) such that

S ulng(n) = 3o M) (n) (21.4)

nez neZ

for all ¢ € C22.(T). On the other hand, there exist v, w € ¢,(Z;[D(A)]) such that

per

Y v(m)d(n) = (¥ N-)(n)f(n) (2.1.5)
> wn)i(n) =Y (n-5-)(n)f(n) (2.1.6)

o

Choosing ¢(t) = w(t)k/—\a(—t) in (2.1.4) we obtain (v, ) = (u, (¢ - k=*)) and hence
by Lemma 1.4.3 we get that k= xu € {,(Z, X ) and

A%(n) =k *xu(n) =v(n), né€Z. (2.1.7)

—

Analogously, since S(t) = E‘ﬁ(t)M(t) we can choose (t) = n(t)k=8(—t) in (2.1.4)
and then, by Lemma 1.4.3 we get that k=% xu € (,(Z, X) and

APu(n) = kP xu(n) =v(n), necZ. (2.1.8)

29



Now, from the identity N(t) + AS(t) = AM(t) + I we obtain after multiplication

by ey (t) and then integration on the interval (—m, 7), the identity (¢ - N_)(n) +

Me-S)(n)=A(p- M_)(n)+ @(n)l, for all p € C°(T). Then we get

per

(f, (N2 + (f A9 S2)) = (f. Al - M) + (f, ).

Replacing (2.1.4), (2.1.5) and (2.1.6) in the above identity we obtain

Y vmp(n) +AY wn)p(n) =Y Au(n)p(n) + Y @(n)f(n),

nez nez neL ne”L

for all ¢ € C° (T). Considering (2.1.7), (2.1.8) and replacing ¢ (t) == e k € Z

per

in the above identity, we conclude that u satisfies the equation (2.1.1).

In order to show uniqueness, we consider u : Z — [D(A)] one solution of (2.1.1)

with f = 0. For all ¢ € €% (T) and using (2.1.3) we obtain (u, @) = (A% +AAPu—

per

Au, (p - M_)) = 0. Choosing @y (t) := e ** k € Z we obtain u = 0. This proves (4)
and the theorem. O

The following statement follows from the closed graph theorem and Theorem 2.1.2.

Corollary 2.1.3. In the context of Theorem 2.1.2, if condition (iii) is valid, we
have u, A%u, APu, Au € 1,(Z, X). Moreover, there exists a constant C' > 0 such that

1A%l + || A%, + |Aul, < C 11, (2.1.9)

As a consequence of Theorem 2.1.2, we easily have a corresponding one in the
case of Hilbert spaces, where R-boundedness is equivalent to norm boundedness

(33, Chapter 3, Remark 3.2].

Corollary 2.1.4. Let H be a Hilbert space and o, > 0, A > 0. Suppose that
{(1—e )+ XN(1— e ®)P}ien, C p(A). The following assertions are equivalent:

(1) Forall f € ,(Z, H) there exists a unique u € {,(Z, H) such that u(n) € D(A)
for alln € Z and u satisfies (2.1.1);
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(ii) tsequ H((l — e L N1 — e — A)_1|| < 0.

Now, we can consider the nonlinear perturbed version of (2.1.1) given by
A%u(n) + AAPu(n) = Au(n) + G(u)(n) + pf(n) (2.1.10)

where p > 0, f € (,(Z,X) and G : (,(Z,X) — £,(Z,X). We can show a result
concerning the existence of £,(Z, X )-solutions of (2.1.10) in terms of the symbol of

the equation and the regularity of G.

Theorem 2.1.5. Let X be a UMD space, 1 <p < oo, a, 3 >0 and A > 0. Suppose
that {(1 — ™)™ + A(1 — e}y, C p(A). If the following conditions hold

(i) the set {((1 —e ™) + \(1 — e~ ) — A)~L}icq, is R-bounded;

(i1) G is continuously Fréchet differentiable at w =0 and G(0) = G'(0) = 0.

Then there exists p* such the equation (2.1.10) has a solution u = u, € €,(Z,X)
for each p € [0, p*).

Proof. We note that [[ul]] := [[A%| + X ||A%ul| + ||Aul| + [u| defines a norm in
(,(Z,[D(A)]) and hence (¢,(Z,[D(A)]),||-||) becomes a Banach space. Let L :
(,(Z,[D(A)]) — £,(Z,[D(A)]) be defined as (Lu)(n) := A%(n)+AAu(n)— Au(n).
By Corollary 2.1.4, and since hypothesis (i) holds, we have that the inequality
(2.1.9) holds, and then we obtain |||ul| < C'||Lu|| for some constant C' > 0. Also,
by definition of L, we have ||Lu|| < [|u|. Then L defines an isomorphism. Given
p € 10,1), we define:
Hlu,p] = —Lu+ G(u) + pf

By hypothesis (i), we have H|[0,0] = 0 and H is continuously differentiable at
(0,0). In addition, H (1070) = —L which is invertible. Therefore, using the implicit
function theorem, we deduce the existence of p* such that for all p € [0, p*), there

exists u, € £,(Z, X) such that H|u,, p] = 0. This proves the theorem. O
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2.2 Examples

We verify the conditions provided in Theorem 2.1.5 in order to show the existence

and uniqueness of ¢,(Z, X) solutions for the following equation

82

A“u(n, z) + AAu(n, z) + bu(n, r) — Pl
T

(n,z) = u*(n,z) +ef(n,x)  (2.2.1)
where A\ > 0 is fixed, b is a real number, ¢ > 0 and f € (,(Z,X) is an external
force whose size is controlled by €. Note that the linear part of the equation (2.2.1)
corresponds to the discrete time Telegraph equation when o =2, 8 =1,0=0,\ = %
and A = 20,,. Also, it coincides with the discrete time Klein-Gordon equation for

a=2,A=0and A=0,, —bl.

Equation (2.2.1) can be modeled as (2.1.10) for Au = u” — bu defined on L?(R) and
G(u)(n,x) = u?(n,x) for instance. It is well known that the operator Bu = u” with
domain D(B) = {u € H}(R) : " € L*(R)} generates a contraction Cy-semigroup

on L*(R), therefore the following estimate for their resolvent operator holds

1 1
(= B)7"| < R forall R(u) > 0. (2.2.2)

We observe that, for all 0 < a, 5 < 2 we have

R((1— e ) + A1 — e )%) = (2 — 2cos())F cos <a arctan (ﬂ))

1 — cos(t)
+A(2 — 2cos(t)) ® cos (5 arctan (%»
aT ﬁﬂ-

cos (7) A2 = 2cos(t))? cos <7)

[N]]e)

> (2 —2cos(t))

> —(2% 4+ A2°).
As a consequence, for all b > 2% + \27 we get that (1 —e )+ \(1—e~#)" € p(A)
and (2.2.2) shows that

, . 1
1—e ™)+ 2N1—e - A7 < < 0.
f;lﬁ”“ e™") (I—e™) ) H_b_(2a+W> 00
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Furthermore, GG is a continuous Fréchet differentiable function at uw = 0 and clearly
satisfies that G(0) = 0 and G’(0) = 0. Then, by Theorem 2.1.5, we conclude that
whenever b > 2% 4+ \2% there exists a number ¢* > 0 such that for all ¢ € (0, ")
there exists a solution u® € ¢,(Z, X) of the perturbed fractional damping difference

equation (2.2.1).

Remark 2.2.1. In particular, this example shows that the discrete Klein-Gordon
equation admits non-trivial square-summable solutions defined on Z, for small and
square-summable external forcing terms whenever b > 4. In the case of the gener-

alized discrete Basset equation
Au(n) + AAPu(n) + bu(n) = f(n), neZ X\b>0, B>0,

we obtain that for any f € £,(Z), there exist p-summable solutions whenever b > 4

and \ < 2—,6’
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Chapter 3

Lebesgue regularity for fractional difference equa-

tions with delays

In this chapter, we provide a new and effective characterization for the existence
and uniqueness of solutions for nonlocal time-discrete equations with delays of the
form
A%u(n) = Tu(n) + pu(n — 7) + f(n), n € Ny
wyj)==xj,j=-7,...,0,1

where 7 € N, ( is a real number, T is a linear bounded operator defined on a
Banach space X, 1 < a < 2, f is a vector-valued function and A? denotes the
fractional difference operator of order v > 0 in sense of Riemann-Liouville. This
characterization is given solely in terms of the R-boundedness of the data of the

problem, and in the context of the class of UM D Banach spaces.

3.1 Resolvent families with delay: 1 < a <2

In this section we introduce an operator theoretical method to study the existence

and uniqueness of solutions for the following problem.

A%u(n) =Tu(n) + Pu(n — 1) + f(n), neNy 7Ny, feR (3.11)

uw(j) =xj,j=-1,...,0,1,
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where 1 < a <2and T € B(X). Note that the case 0 < a < 1 was studied by [54].

Definition 3.1.1. Let T be a bounded linear operator defined in a Banach space
X,and let 1 < a < 2 and 7 € N be given. We say that T' is a generator of an
a’-resolvent sequence if there exists a sequence of bounded and linear operators

{Ma(n)},>_, C B(X) that satisfies the following properties

(iti) Ma(n+2) — My(n+1) = T(M, x k) (n) + k" Hn+2) — (a — )k (n+
I + B(MT % k*~1)(n) for each n € N,

where { M7 (n)}nen, is defined by M7 (n) := My(n — 7).

Remark 3.1.2. Note that in the case when [ = 0, Definition 3.1.1 coincides with

the definition of resolvent sequence defined in [52].

Example 3.1.3. Suppose that {z*7*(z —1)* — 8277 = T'}, ., C p(T), where p(T)
denotes the resolvent set of T and C' is a circle centered at the origin that encloses
all singularities of 2"(z — (o — 1))(227%(2 — 1)® — B2~ — T)~! in its interior. Then

the operator defined by

1
Myn)=— [ 2"(z—(a—1)*(z—1)*=Bz"—=T)'dz,ne N, n>2
21 Jo
M,(0) = M,(1) = I and M,(j) = 0,j = —7,...,—1 defines an a"-resolvent

sequence of operators with generator T'. This fact can be formally checked using
the time discrete Fourier transform method to equation (3.1.1) and comparing it

with the formula given in Theorem 3.1.5 below.

Now, we recall the following Lemma proved in [53].

Lemma 3.1.4. Let 1 <a<2,a:Ny— C and S : Ny — X be given. Then
“(axS)( ZA“ n—7j)a(j)+S(0)a(n+2) —aS(0)a(n+1)+S(1)a(n+1).
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Before establishing the main result of this section, we define for 1 < a <2

ha(n) = (a—1)"™ n €Ny

0 otherwise

and

Fuln) = (My * ho)(n) n €N

0 otherwise.

Theorem 3.1.5. Let 1 < o < 2 and f € s(Ny; X) be given. Assume that T is a
generator of an a”-resolvent sequence My (n). Then the unique solution of (3.1.1)
s given by

u(n +2) = Ma(n + 2)u(0) + (Mo * ha)(n + 1)[u(1) — u(0)]

+BY Faln =7+ j)u(=j) + (Mo % ho % f)(n), n € Np.

j=

Proof. We define a vector-valued sequence v as follows. Forn = —7,...,0,1, v(n) =

x, and for n > 2,

v(n) = Ma(n)u(0) + (Mg * ho)(n — 1)[u(1) — u(0)] + 8 Z Fo(n—2—7+j)u(—j).

(3.1.2)
First, we will show that v is a solution of (3.1.1) with f = 0. Indeed, applying A®

to v, we get
A%(n+2) = A“My(n + 2)u(0) + A%(M, * he)(n 4+ 1)[u(1) — u(0)]

+ BZAO‘Fa(n — 7+ j)u(—7), n € No.

j=1

From Definition 3.1.1, we have that

A*My(n+2) = A“My(n 4+ 1) + TAF,(n) + A%k (n + 2)1
— (= DAk (n 4+ 1) + BAY(MT % k> H)(n),
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for all n € Ny. Since A®k*~! = 0, then

A My (n+2) = A*Ma(n+1) + TA (M, + k) (n) + BA (M % k> )(n), n € No.

(3.1.3)
From Lemma 3.1.4, we obtain that
AY(My + K> 1) (n) = (A%k*"' % M) (n) + May(n +2) — aMy(n+ 1)
+(a— 1My, (n+1
( JMa ) (3.1.4)

=M,(n+2)— M,(n+1)
=AM,(n+1).
Thus, replacing (3.1.4) in (3.1.3), we obtain
A“My(n+2) = AMy(n+ 1) + TAM,(n+ 1) + BAM(n+ 1), n € Ny,

or equivalently

AA*My(n+1) = TAMa(n+ 1) + BAMI (n + 1), (3.1.5)

From (3.1.5), if A*M,(0) = TM,(0) + fMy(—7) = T we get A*M,(n+ 1) =
TMy(n+ 1)+ gMI(n+ 1) for all n € Ny. Indeed, from Definition 1.1.2 and

definition of k%, we have

A*M,(n) = A*(k*~ % M,)(n)
= (K> % M,)(n +2) — 2(k** % My)(n + 1) + (K** % M,)(n).

In particular, for n =0

A“M,(0) = (K27 % Mo)(2) — 2(k2 % Mo)(1) + (K2 + M,)(0). (3.1.6)
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Since

(K2~ % M,)(2) = E*~*(0) Mo (2) + k>~ (1) My (1) + k**(2) M,(0)

(3.1.7)
=T+ (5—2a)l
and
(K~ % M,)(1) = K> *(1) Ma(0) + K> *(0) M, (1) = (3 — ) (3.1.8)
as well as
(K*~* % M,)(0) = k*~*(0)M,(0) = I. (3.1.9)
Replacing (3.1.9), (3.1.8) and (3.1.7) in (3.1.6), we get that
AM,(0) =T+ (5-2a) —283—-a)[+1=T. (3.1.10)

On the other hand 7'M, (0) + SM7(0) = T. By Lemma 3.1.4,

AY(My * hy)(n) = (A*M, * he)(n) + ho(n+2) — (o — 1) ha(n + 1)
(A*M,, * hy)(n)
=T (Mqy * ho)(n) + B(M] * he)(n).

Finally, we conclude that
A%(n) = TMq(n)u(0) + BM;(n)u(0) + T(Ma * ha)(n — 1)u(1) — u(0)]

+ B(MT  ho)(n — Du(l) — u(0)] + B TFa(n =27+ j)u(—j)

+ 67 (Flxha)(n =2 =7+ jlu(—j) = Tv(n) + Bo(n — 7).

J=1

Then, (3.1.2) is the solution of the equation (3.1.1) with f = 0. Now, we define a
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vector-valued sequence w as follows

(My *ho* f)(n—2), n>2
w(n) =
0 n=—"7,...,1.

Since M, (n) =0, for all n = —7,..., —1, from Lemma 3.1.4 and the last claim, we

obtain

Aw(n) = A(My * ho * f)(n — 2)
= (A% (Ma # ha) * f)(n = 2) + (Mo * ha)(0) f(n) — a(Ma * 1) (0) f(n — 1)
+ (M % ho)(1) f(n — 1)
= T (Mg  ho * f)(n = 2) + B(M]  ho 5 f)(n —2) + f(n)
= Tw(n) + pw(n —7) + f(n),

for all n > 2. Then, w solves (3.1.1) with initial conditions w(j) = 0,j =
—7,...,0,1. Finally we claim that v = v + w is solution of (3.1.1). Indeed,

A%u(n) =Tv(n) 4+ fv(n — 1) + Tw(n) + fw(n — 1) + f(n)
=Tu(n) + pu(n —7) + f(n), n € Ny

and u(j) = z;, for j = —7,...,1 and the theorem is proved. H

3.2 Maximal /,-regularity.

Let T € B(X) and f € s(Np; X) be given. In this section, we consider the following

nonlocal time-discrete equation with delay 7 € N :

A%u(n) = Tu(n) + Bu(n —7) + f(n), n € Ny, (3.2.1)

where 1 < a < 2 and § € R. Assume that T is a generator of an a’-resolvent

sequence M, (n). Since u(j) = 0 for all j = —7,...,1 we obtain by Theorem 3.1.5,
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that the solution of (3.2.1) can be represented by
u(n) = (Mg *hyx f)(n—2), neN, n>2
Furthermore, from Lemma 3.1.4, we have the representation
A%u(n) =T (Mg * ho * f)(n —2) + B(M] x hy * f)(n —2) + f(n). (3.2.2)

This motivates the following definition.

Definition 3.2.1. Let 1 < p < o0, 1 <o <2and T € B(X) be given and suppose
that 7" is a generator of an a”-resolvent sequence M, (n). We say that the equation

(3.2.1) has maximal ¢,-regularity if the operators IC, and P,, defined by

(Kaf)(n) : =T Y Ma(n = j)(ha* f)(j) and

J=0

(Paf)(n) : =Y MI(n—j)(ha* f)(5).

§=0
are linear bounded operators in ¢,(Ny; X) for some p > 1.

Remark 3.2.2. Observe that, in contrast with the continuous context, the discrete
maximal ¢,-regularity ensures the stability of the solution and its fractional differ-

ence in the sense that |u(n)| — 0 and |A%u(n)| — 0 as n — oco.

In what follows we need the following hypothesis:

(H), sup ||My(n)|| < ccand (2*~*(z—1)*I — Bz~" —T) s invertible, |z| = 1, z # 1.

n€ENg
Now, we prove the main result of this chapter.

Theorem 3.2.3. Let 1 < p < 00,1 < a < 2 and let X be a UMD space. Let
T € B(X) be given such that T' is a generator of an o -resolvent sequence M,(n)

and the hypothesis (H),, is satisfied. Then the following assertions are equivalent.

(i) Equation (3.2.1) has mazimal {,-regularity.
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(ii) The sets
(-1 =) =Bz =T) " 1|z =1,z #1},

{7 (z—1)" =Bz =T)" 2] =1,2# 1}

are R-bounded.

Proof. Suppose that (i7) holds. Then we define N(t) = 227%(z — 1)*(227%(z —
D =Bz 7=T) "y S(t) = 27(2* (2= 1)* = Bz7 = T) " forall z = e, t €
(—m, 7). Moreover, if we denote f,(t) = e**(1 —e™")*, then we can rewrite N (t) =

Falt)(Jalt) = fei = T)71 y S(1) = e (fult) = B = T)~". Since f3(1) =

(21’ + eitii . fa(t), a simple computation gives us
N'(t) = (2z’ + eij(i 1) (N(t) — N(t)?) — BiTN(t)S(t)
S'(t) = —iTS(t) — BitS(t)* — (22’ + 6;? 1) N(t)S(t).

Then,

(2 = Dz + DN'(t) = aa(t)N(t) — aa(t)N ()" — Bb-(t) N () S(t)
(2= Dz + 1)S"(t) = =bs()S(t) — Bb(1)S(1)* — aa(t) N (1) S(2),

where a,(t) = 2i(z —1)(z+ 1) +ia(z+1) and b.(t) = —iT(z + 1)(z — 1) are clearly
bounded for z = €, t € (—m, 7). We conclude from [6, Proposition 2.2.5] that the

sets
{(z=1)(z+ 1)N'(t): 2 =€", t € To} and

{z=1)(z+1)S'(t) : 2 =€", t € Ty}

are R-bounded. Then, by Bliinck’s Theorem 1.7.2, we conclude that there exist
operators 1,, U, € B({,(Z; X)) such that

(3.2.3)
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for all f € ¢,(Z; X). From the identity
T2 (z—1)* =Bz "=T) = (221" Bz ") (> (z—1)*—Bz"-T) ' ~1I,
and (3.2.3), we obtain that the left hand side in the identity

Tz 1) =Bz =T) ' f(z) =

. (3.2.4)
(2772 = 1)* = Bz (2" (e = 1)* = B2 = T) 7' f(2) — f(2),

defines an operator R, € B({,(Z; X)) given by R, f(n) =T, f(n) —pUsf(n)— f(n).
Now, for each f € £,(Z; X), we define the operator

T (Mg * ho x f)(n), n € N,
Kaf(n) =
0 otherwise.

Observe that the Z-transform of M, * h, exists by hypothesis (H), and definition
of h,, and
(22 (z—1)* - Bz — T)Mma(z) = 221,

Then, from the identity (3.2.3), we have that the discrete Fourier transform of
K, f(n — 2) coincides with the discrete Fourier transform of R, f(n) for n > 2. So,
K,f(n—2) = R,f(n) for each n > 2 by uniqueness. On the other hand, we define

MTxhy* f)n) neNy
oo = [ Ras ) e

0 otherwise.

Using again the identity (3.2.3), we obtain that the discrete Fourier transform of
P, f(n—2) coincides with the discrete Fourier transform of U, f(n). So, P, f(n—2) =
U, f(n) for each n > 2 by uniqueness. This proves (i). Now, we suppose that (i) is
satisfied. We define the following operators

o f(n) = Kof(n) neN

0 otherwise
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and

0 otherwise.

P.f(n) neN
Daf(n){ f(n) ne

Then, C, and D,, are bounded linear operators on ¢,(Z; X). Let T, f(n) := Cof(n—
2)+ f(n),y Usf(n) := Dof(n—2), n € Z. Given z = €| t € (—m, ), we have that

Zz’]Tf Zz ICf(G—2) +Zz Tf(5

JEZ ]EZ

Zz ICuf () + ) = 23 2 ICu ) + Fo)
j=0

JEZ

By hypothesis (H),, the Z-transform of M, * h, exists for |z| = 1, z # 1. Finally,
using the identity (3.2.3), we obtain

— o — o~

Tul(2) = 27 T(Ma x ho) () (2) + [(2)
=2 MT2(z— (a—1)(2> %z - 1)* = Bz — T)_lm

= T(* (2 = 1)* = Bz7 = T)7' f(2) + (2)

(Z2 “(z - 1) — B2z = 1) = Bz = T) 7 f(2) = f(2) + f(2)
= (

0 otherwise.

M) — {Ma(n) n e No

On the other hand,

=232 IPA(G) = 2 ME #ha) () (2) = 2722 (Mo o) f2)

=2 e = (e - )T )T = BT =TT
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where M7 is defined by M7 (n) = M,(n — 7).

Then, from Theorem 1.7.3, we conclude that (iz) holds. O

Remark 3.2.4. In the case of Hilbert spaces, R-boundedness coincides with bound-
edness. See e.g. [6]. As a consequence, condition (i) of Theorem 3.2.3 can be

replaced by the following equivalent assertion:

sup Hz

j2/=1, 2# T =D - )" = BT = T) 7 < oo and
z|=1, z#1

sup ||z (2" (z = 1)* = B2 — T)_1|| < 0.
|z|=1, 2#1

Remark 3.2.5. With the same proof and obvious modifications, the theorem is also

true when we consider a finite number of delays in the equation (3.2.1).

We immediately obtain the following corollary (compare with [53, Corollary 4.5]).

Corollary 3.2.6. If the hypothesis of Theorem 3.2.3 hold, then u, A%u,Tu €
0,(No; X') and there exists a constant C > 0 (independent of f € £,(Ny; X)) such
that the following inequality holds

A% g, v0:x) + lle,v0:x) + 1 T0 ]|y mv05x) < Clf Nl o)

3.3 Applications

Let us consider the following difference equation
z(n+3) —2z(n+2) +qr(n+ 1) +rz(n) = f(n), (3.3.1)

where ¢, € R. This equation was studied in the homogeneous case by Gyori and
Ladas in [40] and in [34, Section 5.1]. We study a particular case of this equation
with initial conditions x(0) = z(1) = z(2) = 0. Note that this equation can be
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reformulated as follows
Az(n) = (1 — q)z(n) —rz(n —1) + f(n — 1), (3.3.2)

with initial conditions z(—1) = x(0) = z(1) = 0. Consequently, equation (3.3.2)
can be posed into the scheme of (3.2.1) with « = 2, T = (1 — ¢)I, f = —r and
7 = 1. We first compute the family {M,(n)},>_1 in order to obtain a solution x of

(3.3.2). Indeed, using the inverse formula of Z-transform, we get that

1 n—1 2 -1 -1
Msy(n) = 2—7”/02 2z—=1D((z—1)*+rz" —(1—q)) dz
1 2"z —1)

= — d
210 Jo (23 — 222 4 qz + 1) -

B L/ Zn+l(z . 1) dZ
210 Jo (2 — M) (2 — A2) (2 — A3)
(/\111+2 o /\717,—0—1) (}\3—4-2 o /\;H—l) ()\3—1-2 . )\gL—l-l)

(M =2A)M = A3) (M= A)Aa—A3) (M= A3)(A2 — Ag)”

where C' is a circle centered at the origin that encloses the roots Ai, Ao, A3 of the

equation z® — 222 4 gz 4+ r = 0 in its interior.

It follows from Schur-Cohn criterion (see [34, Theorem 5.1]) or Samuelson criterion
(see for example [65]) that all these roots lie inside of the unit disk D if and only
if r —2| <14 qand |qg+2r] <1—7r? which, in turn, is equivalent to 1 < q < 2
and 1 —q <r < —1+ /2 —q. See Figure 1 below. Then, under this restriction on
the parameters of equation (3.3.2), we obtain that sup,,y, [|[M2(n)|| < co. It means
that the first part of the condition (H)s holds. In particular, we also have that
23— 222+ qz+1r #0 for |2| = 1 and consequently

sup [(z = D*((z = )" +r27" = (1—¢)) | < o0,
|z|=1,2#1

and

sup |27 ((z =12 +rz7' = (1—¢q))7| < o0
|z|=1,2#1

Therefore all the conditions given in Theorem 3.2.3 hold and we conclude that

whenever 1 < ¢g<2and1—¢<r < —-14++2—gqand f € (,(Ny), there exists a
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unique u € ¢,(Ny) solving (3.3.2).

Figure 3.1: The sector [r —2| <1+ ¢ and |g+2r] <1 —r?

In order to handle fractional models, the following result will be useful.
Corollary 3.3.1. Let 1 < a < 2, € R, 7 € Ny. Let X be a Hilbert space and

T € B(X) satisfying the following condition

TN < war = i o () <1 where fupn(2) o= 227 = 1)° = B2

Then equation (3.2.1) has mazimal C,-regularity.

Proof. We first prove that 7' is the generator of an a-resolvent sequence M, (n)
and the hypothesis (H), is satisfied. Indeed, by hypothesis and an application of
the minimum principle, we obtain that f, 5.(2) € p(T) and

(focﬂ Z faﬁ n+1’

n=
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whenever |z| < 1. Hence there exists a circle I' centered at the origin of radius R < 1

such that

1
M,(n) = —/ M= (=) (> —1)* =Bz —=T) 'dz, ne N, n>2
21 C
M,(0) = M,(1) =1 and M,(j) =0, j = —7,...,—1 defines an a"-resolvent family.

Observe that we also have

1 1
< .
[fapr (D) =TIl wapr =Tl

|(fapr(2) =T)7H| < (3.3.3)

As a consequence, for all n € N, we have

RN R+ |a—1|)

[Ma(n)]| <
wa,p = ||T1|

Y

and then sup ||My(n)|| < co. This proves the claim. Moreover,
n€Ng

| |Sup7’é ||zl_a(z — 1)*(fapr(2) — T)_1|| < oo and
z|=1,2#1

sup |27 (fapr(2) = T) 7| < oo,
|z|=1,2#1

Then part (ii) of Theorem 3.2.3 holds and we conclude that equation (3.2.1) has

maximal ¢,-regularity. m

Example 3.3.2. Motivated by the model given by (3.3.2) we consider the fractional

difference equation
A%%(n)=(1—q)z(n) —rz(n—1)+ f(n—1), 1<a<2, (3.3.4)

with initial conditions x(—1) = x(0) = z(1) = 0. We illustrate the validity of the

condition in the previous corollary plotting the graph of the complex function
forri(2) =227 %2 = 1) +rz7t 2] =1,

for different values of 1 < @ < 2 and r € R. Observe that given a and r there are

cases where exists ¢ such that Corollary 3.3.1 is satisfied. Moreover, the graphs
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show that w, .1 — 0 as @ — 1 for some values of r (for instance when r = 0.6).

Figure 3.2: o = 1.5 and r = 0.6. Observe that the minimum value w5 _g¢1 is

attained approximately at 0.5 and consequently 0.5 < ¢ < 1.5.

Figure 3.3: o = 1.5 and r = —2. Observe that the minimum value w5 961 is

attained approximately at 0.2 and consequently 0.8 < ¢ < 1.2.
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Chapter 4

Existence of weighted bounded solutions for non-

linear discrete-time fractional equations

4.1 Introduction

In this chapter, we study the existence of weighted bounded solutions for a time-

discrete nonlinear fractional equations of the form
A%u(n) = Tu(n) + f(n,u(n)), n € Ny, (4.1.1)

with initial conditions u(0) = wuo and u(l) = wu; whenever 1 < a < 2. Here
A% corresponds to the fractional difference operator of order av > 0 in sense of
Riemann-Liouville, T" is a bounded linear operator defined on a Banach space X

and f: Ny x X — X is a function satisfying suitable conditions.

More specifically, by using operator-theoretical methods and fixed point theory,
we show the existence of solutions of such class of equations on the vector-valued

weighted space of sequences

17(Ny; X) = {77:1\12—>X/s.upM < oo}.

n>2 nn!
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4.2 Resolvent families: 1 < a <2

In this section, we recall an operator theoretical method introduced in [52] in order

to study the following linear fractional difference equation

A%u(n) = Tu(n) + f(n), n € Ny (4.2.1)
with initial conditions u(0) = up and u(1) =u; € X, 1 <a <2 and T € B(X). We
recall the following definition given in [52, Definition 3.1].

Definition 4.2.1. Let T be a bounded linear operator defined on a Banach space
X and 1 < a < 2. We say that 7' is a generator of an a-resolvent sequence if there

exists a sequence of bounded linear operators {S,(n) }nen, satisfying the following

properties:
i) Sa(0) =1,
i) Sa(1) =1,

iil) Su(n+2)—Sa(n+1) = T(Sexk* 1) (n)+k*(n+2)I—(a—1)k* Y (n+1)I, n €
No.

Remark 4.2.2. Note that if T' generates an a-resolvent family, then it is unique (see

[52, Lemma 3.3]).
Example 4.2.3. In the border case o = 2, we have the recurrence relation

Sy(n+2) — Sy(n+1) = Tisz(j).

[n/2] 1/2\n 1/2\n
, I+7T I1-T
Thus, Sa(n) = E (T;)TJ = L+ ) _5( ) .

J=0

Suppose that for all z € C with |2] = 1 we have 227%(z — 1)® € p(T). Then, the
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following holds:
Sa(2) = 2(z — (@ = 1)) (2> %(z = 1)* = T)~L. (4.2.2)
In the border case a = 2, we obtain from [6, Proposition 1.4.2] that
Sa(n) =C(n), n € Ny,

where C is the discrete time cosine operator sequence generated by T' introduced

by Chojnacki in [27]. It follows from [6, Corollary 1.4.6] that C satisfies
C(n+m)+C(n —m) =2C(n)C(m), n,m € Z.

We conclude this section with an important result concerning in a qualitative prop-

erty of a-resolvent sequences.

Theorem 4.2.4. Let 1 < a < 2, T € B(X) and {S.(n)}nen, be the a-resolvent

a9 _ 2—a
sequence generated by T. If | T < % then ||Sa(n)|| — 0 as n — oo and
the following estimate
[Su(n)] < -
su w(n)] <
ety a2 = a)>e —4]T]

holds.

92 —
Proof. Let C' a circle of radius R = Ta that encloses all singularities of z"(z —

(a—1))(2>*(z —1)* = T)~'. From (4.2.2) and (1.2.2), we have that

1

Sa(n) = 5 e 2z —(a— 1) (" %z —1)*=T)'dz
[ S . 4 4 :
— 2_ Rne'mt<Rezt . (Oé . 1))<R2faez(2fa)t(Rezt . 1)a . T)flRe'Ltdt
T Jo
1 [ ‘ : : .
_ 2_ Rn—i—lez(n-i-l)t(Rezt _ (O{ _ 1))(R2—aez(2—a)t(Rezt . 1)o¢ . T)_ldt,
T Jo

(4.2.3)
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and then

21
1Sa(mll < % /0 R (Re™ — (o — 1))| || (R* @ (Rei* — 1)* — )" | dt
2
< % i Rn—}—l(R +a— 1) H(RZ—aei(Q—a)t(Reit _ 1>a N T)_1H dt.

(4.2.4)

On the other hand, by [45, Theorem 7.3-4, p.377], we have that R*~®e!2~)t(Re® —

1)® — T is invertible for each t € (0,27) and

Ti

2—a i(2—a)t it 1\a _ -1 __
(R (Re" —1)*=T)"" =} (R2-aeie—a)t(Reit — [)ay+L’

J=0

As a consequence, and since 1 — R < |1 — Re®|, we have

1

RQ—a i(2—a)t R it 1) — T -1 « : :
|| e ( € ) ) ” — |R2—aez(27o¢)t(Relt _ 1)a| — ||T||

1
< :
~ (1= R)eR*e [T

Thus,

1 [ R (R+a-1)

2t Jo (1= R)*R* > —|T]|
RN R+a-1)

T (L= R)rree — T

[Sa(n)ll < dt

As a consequence, we have |[S,(n)|| — 0 as n — oo and the inequality

3
sup [[Sa(n)]| <
sup 1Salmll < o —ayr=— 477

is valid for 1 < a0 < 2.

a9 _ 2—a
The following picture illustrates the function o — %

@ o 2—a
inf L2 =) = 1
1<a<? 4 4

(4.2.5)

(4.2.6)

. Observe that
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a®(2 — a)* @

4

Figure 4.1: o +—

The importance of a-resolvent sequence of operators is that allows to obtain a
representation of the solution of the equation (4.2.1) by means of a kind of variation

of parameters formula, specifically we have the following theorem.

Theorem 4.2.5. [52, Theorem 3.8] Let 1 < o <2 and f : Ny — X be given. Then
the unique solution of (4.2.1) with initial conditions u(0) = z and u(1l) =y can be

represented by
u(n) = Salm)z+ (Suha)(n—1)ly— 2]+ (Suthor f)(n—2), n € Non > 2, (4.2.7)
where hy, 1s a function defined by

o) = (= 1)™ n € Ny,

0 otherwise.

Proof. Similar to Theorem 3.1.5 with =0 ]

23



4.3 A nonlinear fractional difference equation

In this section we study the nonlinear problem

A%u(n) =Tu(n) + f(n,u(n)), neNy 1l <a<?2

u(0) (4.3.1)

u(1)

9

0
0

where T is a bounded linear operator defined on a Banach space X.

Definition 4.3.1. Let T € B(X), f: Ngx X — X and 1 < a < 2 be given. A
sequence u : Ny — X is said to be a solution of (4.3.1) if u satisfies (4.3.1) for all
n e No.

As a consequence of Theorem 4.2.5, we have the following result that gives an
equivalent representation of the solution of (4.3.1) in terms of the family of operators

Sa(n) generated by the operator T.

Theorem 4.3.2. Let T € B(X), f : Nox X — X and 1 < o < 2 be given.
Let {Sa(n)}nen, be the a-resolvent sequence generated by T. Then, the following

assertions are equivalent:

i) w is a solution of (4.3.1).

n—2

i) u(0) =u(l) =0 and u(n) = Z(Sa * ho)(n—2—7)f(j,u(j)),n e N, n>2.

J=0

Proof. First, we suppose that i7) is valid. Note that by definition of A% we have
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that

A%u(n+2) = ZA2(1€2_Q * So x ha)(n = 7) f(J,u(4))

+ (K7 % So # ha ) (0) f(n + 2, u(n + 2))
+ (K> % Sy % ho) (1) f(n 4+ 1, u(n + 1))
—2(k* % S, % ho)(0) f(n 4 1,u(n + 1))

= 30 AS b (n = G uli)) + F(n+ 2, uln +2))

J=0

and by [53, Lemma 3.6] we get that

A%u(n +2) = TZ(SQ * ho)(n — ) f0,u(5) + f(n+2,u(n +2))

=Tu(n+2)+ f(n+2,u(n +2))

for all n € Ny. Then, u is a solution of (4.3.1). Conversely suppose that u is a

solution of (4.3.1). Then,
(Sa*ha*x f)(n—2) = (Sa *xha * A%)(n —2) = T(Sy % ho xu)(n —2). (4.3.2)
By [52, Lemma 3.6] we have

(Sa * ho * A%u)(n —2) = A%(Sy * ho * u)(n —2) — (Sq * ha)(n)u(0)
+ (S * ho)(n — D)u(0) + (S * ha)(n — 1)u(1)

and

AY(Sy # hg xu)(n—2) = (AYSy * hy xu)(n —2) — S (0)[(u * hy)(n)
+a(uxhy)(n—1)] + Sa(1)(u* hy)(n—1).

Using the fact that S, (0) = S,(1) = I and u(0) = u(1) = 0, we get that

(Sa * ho * f)(n —2) = (A%Sy x hg xu)(n —2) — T(S, * ho * u)(n —2) + u(n).
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By Theorem 4.2.5, we know that A*S,(n) = T'S,(n). Then, u(n) = (Sq * hy *
f)(n —2) is fulfilled. 0

We recall the following definition introduced in [57].

Definition 4.3.3. We call the factorial number system space (fns-space) the vector-

valued weighted space defined as follows

17 (Ng; X) := {77 : Ny %X/supM < oo},

n>2 nn!

In()ll

endowed with the norm ||n||; = sup
n>2 TLTL'

The following result is a lemma that will be useful in the later results of this section.

Lemma 4.3.4. Let {a,} and {b,} be sequences defined by

n—1
1
= — -1
n nn! ( : U ))
Jj=0

and
b n—1
" nnl
Then sup,,cy n, = T Sup,,cn bn = 7 lim,, oo a, = 0 and lim,,_,. b, = 0.

Proof. Note that {a,} is a decreasing sequence for n > 4 and

B n n nl—1
nt1 = (n+1)2 Tl )

1
If we asumme for a while that a,, < 6 then by induction on n > 4 and [63, formula

33 p. 598] we get that

16 * 600

4 /1 23 3872 _ 1
240000 16

< _ —
Ap+1 > 25
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Also, we observe that

Then, lim,, ,, a, = 0 is satisfied. On the other hand {b,} is a decreasing sequence

n 1
b1 = ——— | bn + —
T (4 1)2 < nt nn!)

1
if we asumme for a while that b, < 7 then by induction on n > 2 we get that

e 2(1 1)
n+1 = 4 4 -

Also, it is trivial that lim,,_,., b, = 0. O

for n > 2 and also since

[\

©|—
NN

Theorem 4.3.5. Let T' € B(X) be the generator of a bounded a-resolvent sequence
{Sa(n) bneng, for 1 <a <2. Let f: Ngx X — X be a function such that

(F) f(0,0) # 0, f(1,0) # 0 and there exists a positive sequence a € {1(Ny) and
constants ¢ > 0, b > 0 such that ||f(k,x)|| < a(k)(c||z|| + b), for all k € Ny
and z € X.

(L) The function f satisfies a Lipschitz condition in x € X wuniformly in k €
Ny, that is, there ezists a constant L > 0 such that ||f(k,z) — f(k,y)|]] <
Lz -y, for all z,y € X, k € Ny, with L <

1Sl

o0

Then the problem (4.3.1) has a unique non trivial solution in 13°(Ny; X).
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Proof. Let us consider the operator G : [3°(Ng; X) — [5°(Ny; X) defined as follows

?
(e}

Gu(n) = Y (Sa*ha)(n—2=7)f(,uj)), n>2.

<.
Il
o

We need to check the conditions of the Banach Fixed Point Theorem. First, we
show that G is well defined. Indeed, let u € Z?O(NQ;X ) be given. By assumption
(F) and the boundedness of S,(n) we have for each n € N, n > 2.

|Gu(n)]| < 2_: 1(Se* ha)(n =2 = )G, ud))]]

n—2n—2—j
< USalloe D D haln =2 —j = k) [If (k, u(k)))|
7=0 k=0
n—2n—2—j n—2n—2—j
< clSall lale D D Mlut)l +0l1Salln D > al
7=0 k=0 7=0 k=0
n—2n—2—j
< clSall llalle D D Mlulk)l +bl1Sall, llall, (n = 1)
7=0 k=0

n—1
< cl[Sallo llall [Jull; <Z U'=1) ) +b[[Sall [lally (n —1).
7=0

Hence

Gum)] = o
W < clSul ol lully — (Zo-n ) oisien ()

Then, taking supremum in both sides, we have Gu € l;’f’(Ng; X). Next, we prove
that G is a contraction on 3°(Ny; X). Let u,v € I7°(Ny; X) be given. Then, using
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the assumption (L) we have

|Gu(n) — Go(n)|| < i 1(Se # o) (0 = 2 = P 1f (5 w(5)) = FG, v ()

n—2n—2—j
<Sallo > D IFGuld) = FGvG)I
j=0 k=0
n—1
< L||Salle v||f< J‘—1>
7=0
Hence,
Gu(n) — Gv(n =
¥/ AN P ( )
! =

and consequently, taking supremum again
1
|G = Gl < =L 118l 1w = ol

Then, by the Banach fixed point Theorem we conclude that G has a unique fixed
point in [3°(Ng; X). O

As a consequence of the last theorem, the following result gives an explicit bound

on the Lipschitz constant.

Corollary 4.3.6. Let T € B(X) and 1 < a < 2. Suppose that 4||T|| < a*(2 —
a)?™@. Let f:Nogx X — X satisfying condition (F) and such that f is a Lipschitz
function in x € X wuniformly in k € Ny, with Lipschitz constant L < ?(ao‘@ -
a)*=* —4||T||). Then the problem (4.3.1) has a unique solution in 17°(Na; X).

The following lemma is needed in the next main result of this section. Its proof is

based on a analogous lemma proved in [57, Lemma 4.1].

Lemma 4.3.7. Let U C 1(Ny; X) such that

a) The set H,(U) = {u(n') u € U} is relatively compact in X, for all n > 2.
nn
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1
b) JgngomilelgHU(n)H =0.

Then U is relatively compact in 7 (Ng; X).

For f : Ny x X — X we recall that the Nemytskii operator N; : Z;O(NQ;X) —
[7°(Ng; X) is defined by

Finally, we conclude with the second main result for this section. It gives a useful

criterion for existence of solutions without using Lipschitz conditions.

Theorem 4.3.8. Let T' € B(X) be a compact operator and generator of an -
resolvent compact sequence {Sa(n)tnen, for 1 < a <2 and f : Ngx X — X be
a function. Assume that the Nemytskii operator is continuous in 15°(Ng; X) and

condition (F) is satisfied. Then the problem (4.3.1) has a solution in I3 (Ng; X).

Proof. We know that T is the generator of an a-resolvent sequence {S,(n)}nen,-

We define the operator G': [3°(Ng; X) — 15°(Ng; X) as follows

[\

n—

Gu(n) = (S ha)(n =2 = ) (. u(). n = 2

<
Il
o

We need to check that the conditions of Leray-Schauder alternative theorem are

fulfilled.

e (7 is well defined: It follows from the proof of Theorem 4.3.5.
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e G is continuous: Let ¢ > 0 and u,v € {3°(Ny; X). Then for each n > 2,

|Gu(n) = Go(n)|| < 2 1(Se # o) (0 = 2 = ) 1f (5 w(5)) = FG, v ()

< 1Sale Yo D0 ING0) - NS @)
< Sl N7 = Nol ( (- 1)) .

Therefore,

nn!

n—1
|Gu(n) — Go(n)|| 1 .
and consequently, taking supremum again
1
|G = Golly < 26 1Sallue INFu = ol

Then, we obtain |[Gu — Gvl|; <.

e G is compact: We fix R > 0, let B(0; R) be an open unit ball in {3°(Ny; X).
Let V' = G(B(0; R)), we need to check the conditions in Lemma 4.3.7 in order

to prove relatively compactness of V.

a) Let u € B(0; R) and v = Gu. We have that

( —<%n25 * he,) n—2—j,u(n—2—j))>. (4.3.3)

Jj=0

1
Therefore, Ln') € —co(Ky), where co(K,) denotes the convex hull of a
nn! ~ nl

set K, defined by

K, = O{(s s ha) () f(k,a) sk €{0,1,2, ... ,n— 2}, ||z|| < R}, n>2.

By condition (F') we have that for all @ € Ny and ¢ > 0, the set
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{f(k,z) : 0 < k < a, ||z|| < o} is bounded. Consequently, the set

{(Sa *x ho)(n)f(k,x) : 0 <k < a, ||| < o} is relatively compact in X

for all n > 2 because {S,(n)}nen, generated by T is compact. Then

it follows that( e)ach set K, is lielatively corrllpact. From the inclusions
v(n -

H,(V)=<——=:veV, C —co(K,) C —co(K,), we conclude that
nn! n! n!

H, (V) is relatively compact in X for all n > 2.

b) Let u € B(0; R) and v = Gu. By condition (F), for each n € Ny we get

o) 1 &2
anl St (S # ha)(n =2 = B)|| | £k, u(k))|
< % (S # ha)(n — 2 = K| a(k) (¢ |[u(k)]| +b)
n—1 _1
< cR||Sall.. llall., % <Z<k! — 1>> +b|Sall.. llall, (”RT) -
* \ k=0 )

Then lim LGOI = 0 for an arbitrary u € B(0; R).

nooo  nn!

o The set U := {u € I?(Ny; X) : u = yGu, 0 <y < 1} is bounded: Indeed, let
u € 13°(Ng; X) such that u = yGu, 0 <y < 1. By condition (F),

n—2n—2—j

lu(n)| < 1Gu(m)ll < [ISallo D D Ik ulk))l]

=0 k=0 (4.3.4)

n—1

< ¢|[Salloo lall o 1l (Z(ﬂ - 1)) + 0[Sl lally (n = 1).

J=0

Hence, for each n > 2 we get

lu()] L (5 n-t
ot < CSallo llallo Nl 225 { D261 = 1) )+ blSallo lall ( 2 )

Jj=0

Finally, taking supremum in both sides we deduce that U C [7°(Ny; X) is a
bounded set.
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Finally, by Leray-Schauder fixed point alternative theorem, we have that G has a
fixed point in I5°(Ny; X). O

4.4 An Application

In this section we show a concrete application of the results obtained in the previous

sections of this chapter.

Example 4.4.1. Let us consider an integral operator P defined on the Banach

space C[0, 1] as follows

Pfx) = /0 k(2. ) f(s)ds.

First we suppose that P defines a bounded non compact operator and ||P|| = 1,
see for instance [10] for a concrete example of kernel k(z,s) such that P is non

compact.

We study the existence of solutions of the following problem

( 1 1
A*u(n,z) = —Pu(n,z)+ +uln 2) :
5 1 + supg< < |u(n, z)|
\  u(0,2) =0, (4.4.1)
u(l,z) =0,

1
for n € Ng, x € [0,1], 1 < o < 2. Define T = 5P. We will apply Corollary 4.3.6.

alg _ 2—a
We have ||T|| < %

a-resolvent sequence {S,(n)}nen, on C[O0, 1].

. Then, by Theorem 4.2.4, T" generates a bounded

1 + v(n)
1+ [lu(n)

||OO

Define v(n)(z) := u(n,x) and f(n,v(n)) : . Then the problem (4.4.1)

can be rewritten as

A%(n) =Tv(n) + f(n,v(n)), n € Ny,
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with initial conditions v(0) = v(1) = 0. Note that the function f satisfies condition
(F') of Theorem 4.3.5 with a(k) = ok €= 0 and b = 1. On the other hand, note
that for ui, uy € [7(Ny; C[0,1]) and n € Ny, we obtain that

l+ui(n,z) 14 wus(n,x)
Lt flua ()| 1+ [luz(n)]
ur(n) —us(n)|| (L4 fJlua()|]) [Jua () — us(n)|
L+ [lus (n)] (14 [lua () [N + [luz(n)]])

< 2 [lur(n) —uax(n)l.-

1, () — F o, un(m) | < H

1
Therefore f is a Lipschitz function with constant L = 2. Since ||T]| = 5 then
condition (L) in Corollary 4.3.6 is fulfilled if and only if

«@ _ 2—a
2<% a*(2—a)p™ 1
3 4 5

if and only if
% <a<2. (4.4.2)

Then, by Corollary 4.3.6 we conclude that for all values a given in (4.4.2), we have
that the fractional integro-difference equation

1

Au(n, ) = 5/0 k(z,s)u(n,s)ds + 1+ u(n, o)

1+ supg< <y [u(n, )]

, 2 €[0,1], n € Ny
with initial conditions u(0,z) = u(1,z) = 0 admits a unique solution in

17 (Ng; C[0,1]) = {5 : Ny — C0,1] : supM < oo}

n>2 nn!

On the other hand, if we suppose that P is a bounded compact operator and
|P|| = 1, then the conditions of Theorem 4.3.8 for the problem (4.4.1) are fulfilled
for any o« > 1. As a consequence, the problem (4.4.1) has a unique nontrivial

solution u € 13°(Ny; C[0, 1]).
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Conclusions

In this thesis, we obtain new results concerning the existence and uniqueness of
solutions for different classes of fractional difference equations in the setting of

Banach spaces.

First, we obtain a characterization of the existence and uniqueness of solutions
belonging to vector-valued space of sequences ¢,(Z; X) for a fractional difference
equation with damping. For this, we use a method based on an operator-valued
multiplier theorem due to S. Bliinck (see [20]). Recall that this theorem and its
converse establish an equivalence between ¢,-multipliers and R-bounded sets. Using
Bliinck’s theorem we found a characterization of maximal /,-regularity to equation
(2.1.1) in terms of the operator-valued symbol asociated to such equation. Also,
we give a useful criterion for the existence of ¢,-solutions for the nonlinear equation

(2.1.10) if the nonlinear term satisfies conditions of Fréchet differentiability at 0.

Next, we obtain a characterization for the existence and uniqueness of solutions
belonging to the vector-valued space of sequences £,(Np; X) for a fractional dif-
ference equation with a delay term. For this, we use Bliinck’s theorem and we
found a characterization of maximal ¢,-regularity of equation (3.2.1) in terms of
the operator-valued symbol asociated to such equation. Note that the solution of
the equation (3.2.1) is written in terms of a family of bounded operators called -
resolvent. In addition, we complete the study of maximal regularity for fractional

difference equations of order 1 < o < 2.

Finally, we obtain a useful criterion for the existence of solutions belonging to the
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vector-valued space of sequences ¢3°(Ny; X) for a nonlinear fractional difference
equation. For this, we use suitable conditions on the nonlinear term in order to
guarantee that the nonlinear equation (4.3.1) has a unique solution. On the other
hand, when we consider compactness conditions on certain bounded operators, we
get a criterion for the existence of solutions for equation (4.3.1). Note that the
solution of the equation (3.2.1) is written in terms of a family of bounded operators
called a-resolvent. In addition, we complete the study of the existence of weighted

bounded solutions for nonlinear fractional difference equations of order 1 < a < 2.

Finally, we mention that there are still a few open problems about this investigation.

i) The study of £,-well posedness for a fractional difference equations with damp-

ing similar to (2.1.1), when the fixed real number A is replaced by an operator.

ii) Find a representation of the family a-resolvent (resp. a-resolvent) of bounded

operators in the case 1 < a < 2 in terms of its generator.

iii) The study of a nonlinear equation similar to equation (4.3.1) when a delay

term is considered.
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