UNIVERSIDAD DE SANTIAGO DE CHILE,
Facultad de Ciencia,
DEePARTAMENTO DE MATEMATICA Y C.C.

ON THE GROUPS OF DIFFEOMORPHISMS
OF INTERMEDIATE REGULARITY

MaximiLIANO NELSON EscAyorLa AcosTta

Guiado por:

ANDRES Navas FLORES
&

CRrisTOBAL R1vas EspiNOSA

Trabajo presentado a la Facultad de Ciencia para optar al grado
de Doctor en Ciencia con mencion en Matematica.



Abstract

In this work we study the groups of orientation preserving diffeomorphisms of the closed
interval whose derivative is a-Holder continuous. We are interested in how these groups
change with respect to the parameter @ € [0, 1). Our specific contributions are the follow-
ing works.

On the critical regularity of nilpotent groups acting on the interval: the metabelian
case [6]. Here, for a finitely-generated, torsion-free, nilpotent and metabelian group G,
we build an embedding into the group of orientation preserving C'*?-diffeomorphisms
of the closed interval, for all @ < 1/k where k is the torsion-free rank of G/A and A is
a maximal abelian subgroup of G. We show that in many situations, this embedding has
critical regularity in the sense that there is no embedding of G with higher regularity. A
particularly nice family where this critical regularity is achieved, is the family of (2n+1)-
dimensional Heisenberg groups, where we can show that its critical regularity equals
1+ 1/n.

Examples of distorted interval diffeomorphisms of intermediate regularity [S]. In this
joint work with L. Dinamarca, we improve a construction of Andrés Navas to produce the
first examples of C?-undistorted diffeomorphisms of the interval that are C'*?-distorted
(for every a € [0, 1)).
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Introduction

Due to the works of J. Whittaker [42]] and M. Rubin [38], we know that two differentiable
manifolds have different groups of homeomorphisms. That is, if M and N are manifolds
whose groups of homeomorphisms are isomorphic, say Homeo(M) ~ Homeo(N), then the
manifolds M and N are homeomorphic. Furthermore, R. Filipkiewicz [17], showed that
in fact the group of C’"-diffeomorphisms of a manifold M is not isomorphic to the group
of C*-diffeomorphisms of a manifold N, unless s = r and M = N, and in this case, the
group isomorphism is a conjugation by a C"-diffeomorphism between M and N. Presumably
these groups of diffeomorphisms also have a very different local algebraic structure, for
different manifolds and differentiability parameters. As we will comment below, this has
been extensively investigated in dimension one, also including the so-called intermediate
regularity groups.

Associated with a differentiable manifold M there is the filtration of C"-diffeomorphisms
groups (n € N) which are isotopic to the identity, say Diff} (M) . This filtration can be refined
to include the groups of diffeomorphisms whose n-th derivative is a-Holder continuous. That
is, forn = land @ € (0, 1), we let Diff’ " (M) be the group of C"-diffeomorphisms satisfying
that

DY f(x) = D f(y)] < Clx ",
for some constant C > 0. And so we get the filtration
Homeo, (M) = Diff? (M) > Diff} (M) > Diff|**(M) = Diff; (M) > Diff>"*(M) > - --

In this context, roughly speaking, we want to know more about the finitely generated sub-
groups of these groups. In particular we are interested in the case in which the manifold is
the compact interval.

Problem 1. It is quite natural to try to understand which groups G < Diffﬂ(M ) can be
conjugated deep inside the above filtration and also to determine how deep can the given
group be realized. To be more precise, we define the algebraic critical regularity of a group
G at M as

Crity(G) = sup{a € R : G embeds into Diff§ (M) },

where we set Crity(G) = —1 if G does not embed in Diff) (M).

The problem of computing the critical regularity of a group G turns out to be very in-
teresting in the case that G is finitely-generated (the reader may wish to consult [23] for an
introduction). For instance, we know from a theorem of Deroin, Klepstyn, Navas [12] (see
also [[13]) that every countable subgroup of Diff? ([0, 1]) is conjugated to a group of bilipchitz
transformations, and hence 1 < Crit;(G) for every countable subgroup of Diff” ([0, 1])
(for uncountable subgroups Diff? ([0, 1]) this is no longer true, see [9]). However, the cel-
ebrated Stability Theorem of Thurston [40] implies that every finitely-generated group of
Diff} ([0, 1]) admits a surjective homomorphisms onto the integers, and so not every group
of homeomorphisms of the interval can be realized as a group of diffeomorphismﬂ Further
obstructions appears in higher regularity: for C? there is the important Kopell’s obstruction

IConcrete examples of finitely-generated subgroups of Diff?r([O, 1]) having trivial abelianization can be
found in [40, 2, 37]. However, Thuston’s obstruction is not the only obstruction for C 1 smoothability as there
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[26]], and between C' and C? there are the generalized Kopell’s obstruction from [12]]. In a
related spirit, Kim and Koberda [22], and later Mann and Wolff [27], have shown that for
every n = 1 and every  in [0, 1), there is a finitely-generated group whose critical regularity
on [0, 1] is exactly n + a.

Here we focus on actions on the interval of finitely-generated and torsion-free nilpotent
groups. Let G be one such group. It follows from the work of Mal’cev that G embeds into
Diffg([O, 1]) (see, for instance, [11, §5.2] and [14, §1.2]), and we know from the work of
Farb and Franks [16], that every action of G on [0, 1] by homeomorphisms can be conju-
gated inside Diff} ([0, 1]) (see also the universal contruction from E. Jorquera [20]). This
was further refined by Parkhe [35] who showed that actually G can be conjugated inside
Diff 1 **([0,1]) as long as @ < 1/t, where 7 is the degree of the polinomial growth of the
nilpotent group G. On the other hand, Plante and Thurston [39]], have shown that every nilpo-
tent subgroup of Diff} ([0, 1]) must be abelian. So, if G is a torsion-free, finitely-generated
and nilpotent group which is non-abelian, then

1 + 1/7' < Crit[()’l](G) < 2

The exact critical regularity of concrete nilpotent groups has been computed only in few
cases and one important goal of this work is to provide new explicit computations of critical
regularity for certain groups. Castro, Jorquera and Navas [10], build a family of nilpotent
abelian-by-cyclic groups whose critical regularity is 2. These examples can be made of
arbitrarily large nilpotency degree, yet they are all metabelian (i.e. its commutator subgroup
is abelian). Jorquera, Navas and Rivas showed in [21] that the critical regularity of N, (the
group of 4 by 4 upper triangular matrices with 1’s in the diagonal) is 1 4+ 1/2. We point
out that at the time of this writing, N, is the only torsion-free nilpotent group whose critical
regularity is computed and turns out not to be an integer. Remark that N, is also a metabelian
group.

One of our main purposes is to exhibit many other nilpotent groups whose critical regu-
larity is strictly between 1 and 2. Our main technical result is an improvement of Parkhe’s
lower bound for the critical regularity in the class of torsion-free nilpotent groups which are
metabelian (see Remark[0.1)). For the statement recall that the torsion-free rank of an abelian
group A is the dimension of the Q-vector space A ® Q. We denote this rank by rank(A).

THEOREM A. Let G be a torsion-free, finitely-generated nilpotent group which is metabelian,
and let A be a maximal abelian subgroup containing |G, G|. If k = rank(G/A), then

G embeds into Diff\,"*([0,1]), forall a < 1/k.
In particular 1 + 1/k < Critfo ;7(G).

RemMark 0.1. By Bass-Guivarc’h formula (1, 19], the degree of the polynomial growth
of a nilpotent group G is T = Y, irank(y;/yis1), where G =y, = vy, > ... is the lower
central series of G. In particular, for a nilpotent group G as in Theorem [A] with maximal
abelian subgroup A, we have that rank(G/A) < 1. Hence the lower bound for Crity 11(G) in
Theorem/[Ais (strictly) greater than Parkhe’s lower bound (in the non-abelian case).

are also known examples of finitely-generated and locally indicable groups having no faithful C' action on the
interval, see [9, 34, 4, 24]).
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The proof of Theorem[A]is given in Chapter 2] In §2.1.2] we build, for a metabelian and
torsion-free nilpotent group G, a family of actions of G on the interval [0, 1] by orientation
preserving homeomorphisms. This is done by first building actions of G on Z* which pre-
serves a lexicographic order and then projecting them into the interval. In we use
the Pixton-Tsuboi technique [36, 41] to show that these actions can be smoothed to actions
by C'*e-diffeomorphisms for any @ < 1/k. This section closely follows the works [10] and
[21]] and the main difference is that we don’t have explicit polinomials but only bounds on
them (see Proposition[2.2). Although these actions may not be faithful, in we explain
how to glue some of these actions in order to obtain an embedding of G into Diff'™*([0, 1])
for any @ < 1/k.

In some situations even the lower bound in Theorem [Alis not sharp in the sense that there
are groups for which the theorem applies yet its critical regularity is strictly greater than the
corresponding 1 + 1/k. This is related to the possibility of splitting the group as a product of
two groups each allowing an embedding with higher regularity. We provide an easy example
of this phenomenon in However, in many cases we can ensure that the inequality in
Theorem[Alis indeed optimal, and in §2.2.1)and §2.2.2| we provide two families of examples
were we can obtain upper bounds for the regularity and hence compute its critical regularity.

The first family of examples are the (2n + 1)-dimensional discrete Heisenberg groups,
that we denote .77,. Recall that by definition

X, yeZ'andceZp,

where I, denotes the (2n— 1) identity matrix and 0, y! are the transposes of 0, yrespectively.
It is easy to see that these groups are nilpotent of degree two and hence they are metabelian.
Moreover, a maximal abelian subgroup A of .77, is given by the set of matrices whose corre-
sponding vector X = 0. In particular .7, /A has torsion-free rank equals to n. For this family
we show in that there is no embedding of ., into Diff. ([0, 1]) for @ > 1/n. In
particular we obtain

TueoreM B. Let 7, be the (2n + 1)-dimensional discrete Heisenberg group. Then

1
Crit[o,l](%) =1+ Z
Finally, in §2.2.2| we produce examples of metabelian and torsion-free nilpotent groups
where we can compute its critical regularity but its nilpotency degree can be choose to be
arbitrarily large. More precisely we show

TueorREM C. For any integers k and d with d > k, there is a nilpotent group G and a
maximal abelian subgroup A containing |G, G| such that d is the nilpotency degree of G, k
is the torsion-free rank of G/A and

1

Cl’it[o,l] (G) =1+ %



In both cases, the key to obtain an upper bound for the regularity is to use the internal
algebraic structure of the groups in order to be able to apply the generalized Kopell lemma
from [12]].

Before moving on to the next problem, we leave two open questions regarding this
problem. Given a torsion-free and finitely-generated nilpotent group G (not necessarily
metabelian):

QuEsTION 1. Is there a natural number k such that Crityp 11(G) = 1 + 1/k ?

QUESTION 2. Let A be a maximal abelian subgroup of G which is normal, and let k be the
Hirsch length of G/A. Is it true that for @ < 1/k, the group G embeds into Diff;"*([0,1]) ?

Problem 2. To present the second problem let us recall the terminology introduced by
Michail Gromov [18]]. Given a finitely generated group I', we fix a finite system of gen-

erators, and we denote || - || the corresponding word-length. An element f € T is said to be
distorted if

im 0 _ o,

n—oo n

(Notice that this condition does not depend on the choice of the finite generating system.)
Given an arbitrary group G, an element f € G is said to be distorted if there exists a finitely
generated subgroup I' © G containing f so that f is distorted in I" in the sense above.

Examples of “large” groups for which this notion becomes interesting are groups of
diffeomorphisms of compact manifolds M. Very little is known about distorted elements
therein. In particular, the following question from [33] is widely open:

QuesTioN 3. Given r < s, does there exist an undistorted element f € Dift} (M) that is
distorted when considered as an element of Dift’ (M) ?

In [33], Andrés Navas proves that this is the case for M the closed interval, r = 1 and
s = 2. Actually, undistortion holds in the larger group Diff'**"(]0, 1]) of C! diffeomorphisms
with derivative of bounded variation.

Here, in Chapter we give an extension of this result from C! to C!"¢ regularity.

Tueorem D. There exist C* diffeomorphisms of [0, 1] that are distorted in Diff | 7* ([0, 1])
for all a > 0 yet undistorted in Diff | 7""([0, 1]).

The groups we consider are variations of those introduced in [33]. One of the new contri-
bution consists in improving the regularity of some elements, which is not at all straightfor-
ward. Indeed, the construction of [33] uses a well-known lemma that ensures C' regularity of
maps built by pasting together infinitely many diffeomorphisms that are defined on disjoint
intervals and satisfy certain equivariance relations. This idea comes from the thesis of Nancy
Kopell [26], and has been systematically used in the study of codimension-1 foliations [135]
and centralizers of diffeomorphisms [3]. Nevertheless, such a lemma is unavailable in C'*@
regularity and, as we show in it cannot hold without imposing extra hypothesis. We
are hence forced to go into more explicit constructions and very long computations, which
are however interesting by themselves. To do this, we use a classical technique of Dennis
Pixton (later extended by Takashi Tsuboi [41]) to produce commuting diffeomorphisms and
control their C!** norms.
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CHAPTER 1

Preliminars

Let us start by presenting many results and tools related to group theory and group dy-
namics. They will be essential in the development of our work.

1.1. Nilpotent Groups

Given a group G and two elements f,g € G, we let [f,g] = fgf 'g ' denotes the
commutator of f and g. Further, if G is finitely-generated and S is a finite generating set,
an element of the form [s;, s;] with 51,5, € S is called a simple commutator of weight 2.
Inductively, a simple commutator of weight n is defined as an element of the form

[S15 s Sn| 1= [S15 [$25 s Su]ls  S15-s S0 ES.

Note that given n, there exist only a finite number of simple commutators of weight n.
The following lemma collects some commutator identities that, although their proof is
direct, are very useful.

Lemma 1.1. Let a, b, and c be elements in a group G.
(i) la,b]™" = [b,al.
(ii) a[b,cla™! = [aba™", aca™'].
(iii) [ab,c] = a[b,cla™'[a,c| = [a, b, c]|b, c][a, c].
(iv) [a,bc] = [a,b]bla,c]lb™! = [a,b][b,a,c][a,c].
(v) [a.b'] = (b [a.b]b) .
i) [a=",b] = (a~'[a,bla) .
PRrOOF. 1, ii, 1ii and iv are direct equalities. v and vi follow from applying iii and iv to the
identities e = [a 'a, b] and e = [a, bb '] respectively. O

Let H and K be subgroups of G. [K, H] denotes the subgroup of G generated by all
commutators [g, k] with g € K and h € H. The subgroup [G,G] is called the commutator
subgroup and we say that G is metabelian if |G, G| is abelian.

Remember that the lower central series of G is

G=vz2nzrz-

where y; = [G,G] and y; = [G, 7y, 1]; and the upper central series of G is

fe} =L <OH <L <

where ;/¢i—1 = Z(G/¢—1), and Z(G) denotes the center of G.
A group G is said to be nilpotent of degree n if {, = G but {,_; # G. In what follows we
will see some elementary facts about these groups, see [11] for a more in-depth introduction.

9



10 1. PRELIMINARS

ProposiTION 1.2. If G is a nilpotent group and {e} # N < G, then N n Z(G) # {e}

Proor. Assume that G has nilpotency degree equals n. Since G = (,, there is a least
positive integer i such that Nn(; # {e}. Now [Nn{,, G| < Nngi | = {e}and Nng; < Nnd.
Hence N n &) = N n ¢ # {e}. o

An immediate consequence of the above proposition is the following useful result.

ProrosiTioN 1.3. Let G be a nilpotent group and ¢ : G — H be a group homomorphism.
Then ¢ is injective if and only if ¢ |(c) (the restriction of ¢ to Z(G)) is injective.

If G has nilpotency degree n, it also happens that y, = {e} buty, ; # {e}. Thisis a
consequence of the following proposition.

ProposiTioN 1.4. If G is a nilpotent group of degree n we have that
Yi < Gni

Proor. We do induction on i. Since G/{,_; is abelian we have that y; < ,_;. Now
assume that y; < ,_(;_1), then

Yi= [G’ yi—]] < [G’ gn—(i—])] < i
where the last inequality follows from the fact that £,,_;_1) /&u_iis the center of G/¢,—;. O

The previous proposition shows that if G has degree equal to n, then v, = {e}. And the
proof of it implies that y, | # {e}, since if we assume vy, | = {e} we have thaty, , < ¢,
and the same argument yields y,_; < ;_; which implies that {,_; = G contradicting the
nilpotency degree of G.

Another consequence is the fact that in a finitely-generated nilpotent group of degree n,
we only have a finite number of simple commutators (for a fixed generator), this is because
all simple commutators of weight n are trivial.

The following proposition, which is a consequence of lemma [[.1} will allow us to find
finitely many generators for the subgroups y; of the lower central chain of a nilpotent group.
The proof is long and tedious, so we are going to demonstrate the main idea with a simple
example.

ProposiTionN 1.5. Let G be a group generated by a symmetric set S, and let n € N. Then
v, is generated by all simple commutators of weight n or more in the elements of S. In
particular, if G is a finitely-generated nilpotent group, then all subgroups v, are finitely
generated.

ExampLE 1.6. Let G be a group generated by a set S = {a, b, ¢}, and consider the element
[a='b%, c] € y,. We want to express this element as a product of simple commutators of weight
2 or more (over the generator S ). For this we successively apply the item iii of lemma[l.]]
this yields

[b*a',c] = [b*.a ', c][a ", c][b* ]
= [b,b,a” ", c][b,a", c]*[p?, ]

[b
= [b,b,a ', c][b,a ", c]z[b, b, c|[b, c]z,
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therefore we express the element [b*a™", c| as a product of simple commutators of weights 2,
3 and 4.

Note that every subgroup of a finitely-generated nilpotent group is finitely generated as
well. This is clear for finitely-generated abelian groups, and this fact is preserved under
group extension. So, by proposition it also holds for nilpotent groups.

THEOREM 1.7. (Mal’cev) If the center of a group G is torsion-free, each upper central
factor £;/¢; 1 is torsion-free, where i € {1, ...,n}.

Proor. Let Z(G) = ¢ be torsion-free; it is enough to prove that £,/¢; is torsion-free.
Suppose that x € £, and x™ € {; for some m > 0. Then we have that [x, g|" = [x",g] = e
because |x, g| € ;. Therefore [x, g] = e forall g € G, so x € {;. m|

For g € G, Centr(g) = {h € G | gh = hg} denotes the centralizer of G. The following
proposition, although elementary, will be very important to build actions of G in Z* in §2.1.2)

ProrosiTioN 1.8. Let G be a torsion-free and finitely-generated nilpotent metabelian
group. Then:

e Given g € G and 0 # m € Z we have that Centr(g") = Centr(g).
o Let A < G be a maximal abelian subgroup. If A is normal in G, then G/A is
torsion-free.

Proor. Assume that there exist f,g € G, m € Z such that [f,g"] = ebut [f,g] # e,
and define H := {f, g), the subgroup generated by f and g. Since [g,g"] = [f.&"] = ¢
we have that ¢” € Z(H), and since H/Z(H) is torsion-free then ¢ € Z(H), which is a
contradiction because f and g do not commute. Then Centr(g”) < Centr(g) (the other
direction is obvious).

The second point follows from the first. Let A be a maximal abelian subgroup which is
also normal, and assume G/A is not torsion-free. Say g € G is such that g ¢ A but g” € A for
some m # 0. Then, since A is abelian, we have that A < Centr(g") =Centr(g). In particular
(A, g), the group generated by A and g, is an abelian subgroup larger than A, contradicting
our assumption. m|

1.2. Orders on groups

A group G is left-orderable if it admits a total order relation, say <, which is invariant
under multiplication from the left, that is

if f<g then hf < hg forall heG.

If additionally, < is also invariant under multiplication from the right, we say that < is a
bi-invariant order (bi-order for short).

Given a left-order < on a group G, we say that a subset S < G is convex if forall h € G
and f, g € S satisfying that f < h < g, we have that 4 € S. In other words, S is an interval.
The notion of convexity is useful to build orders on group and to build set carrying invariant

orders. This is the content of the following two lemmas.

Lemma 1.9 (Convex extension). If G contains a normal subgroup A such that both A and
G/A are left-orderable. Then G admits a left-order < for which A is convex.
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Proor. Indeed, letting <, and <; be left-orders on A and G/A, respectively, we may
define < on G by

f < gifeither fA <; gAor fA =gA and e < f_lg.
O

Lemma 1.10 (Induced order on cosets). Let (G, <) be a left-ordered group, and let H be
a convex subgroup of G. Then the set G/H carries a natural total order which is invariant
under left-multiplication by G.

Proor. Indeed, < is given by
fH < gH if fh; < gh, forsome hj,h, € H.

First note that the definition does not depend on the choice of 4; and /,: choose two cosets
fH # gH, and assume that there are elements Ay, hy, h3, hy € H such that fh; < gh, and
gh;y < fhy. From here it follows that either h; < f~'gh; < hy forsome i € {2,3}, or
flghs < h; < f~'gh, forsome i € {1,4}. In both cases, due to the convexity of H we
conclude f~'g € H, which is a contradiction since fH # gH.

Now it is easy to see that the order is well defined. Let fH < gH, thatis, fh; < gh;
for some hy, hy € H. If we consider other representatives of the cosets, namely fH = f'H
and gH = g'H, then there exist h; and h4 such that f = f'h; and g = g'hy, therefore
f'hshy < g'hyh,, so we conclude f'H < g'H.

The left-invariance follows directly from the definition since the order < of G is left-
invariant.

O

An important family of examples of left-orderable groups are finitely-generated and
torsion-free abelian groups. Indeed we will repetitively use the lexicographic order of Z:
we say that

(D) (iryeeesin) < ({,...00) « Fke{l,...,n} suchthat i, <i; and i; =i, for s <k.

RemARK 1.11. From this point it is easy to see that finitely-generated and torsion-free
nilpotent groups are left-orderable. Indeed, using the upper central series (which has torsion-
free abelian successive quotient) and applying Lemma [1.9| successively, one obtains a total
left-order on the nilpotent group.

Further, it is well known that a group is left-orderable if and only if all its finitely-
generated subgroups are left-orderable, see (14, §1.1.2]. Hence any torsion-free nilpontent
group admits a left-order.

1.3. Dynamical realization of an action on a ordered set

What is important for this work is that a countable group is left-orderable if and only if
it embeds into Diﬂ([O, 1]) (see [29, §2] or [14, §1.1.3] for details). More generally, given a
group G that acts on a countable and totally order set (€, <) by order preserving bijections,
say w — g(w), for g € G and w € Q, then there is a dynamical realization of this action. This
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means that there is an order preserving map i : (€, <) — ([0, 1], <) and a homomorphism
v : G — Diff) ([0, 1]) satisfying that

v(g)(i(w)) = i(g(w))
for every w € Q and every g € G. See [8, Lemma 2.40] for a proof. Clearly v is an
embedding whenever the G action on € is faithful.

1.3.1. Using equivariant families to build embeddings. Let (Q, <) be a totally or-
dered and countable set. If we choose a family of intervals {/; : i € Q} such that >, |I;| =
1, then we can place them in the interval [0, 1] respecting the order. More precisely, if i < j
in the order of Q then I; has disjoint interior to /; and is located to its left.

Assume that a group G acts on Q preserving the order and consider a family of C*-
diffeomorphisms {¢! : I, — I;}. We can try to define a map

v: G — Diff) ([0, 1]),
by letting
v(g)ls = ",
but this map is not always well defined or turns out to be a group homomorphism. But in
the case that the family of diffeomorphisms is an equivariant family, the map turns out to
be a group homomorphism. Furthermore, as we will see below, some families have special
properties that allow us to define homomorphisms into more regular spaces than C°,

DeriNtTioN 1.1. A family {¢] : I — J |1 and J vary over all compact intervals } of home-
omorphisms is said to be equivariant if
) ¢ oe =91
for all intervals I, J,K < R.

Note that to obtain an equivariant family it is enough to define it over the intervals of
the form [0, a]. Indeed, consider a family of homeomorphisms of the form {¢? : [0,a] —
[0,b]; a > 0, b > 0} that satisfy , and let I =[xy, x2], J = [y1,2]- Then just define

¢ (x) = @70 (x — x1) +y1.
ExampLE 1.12. (linear maps) for a and b positive real numbers define

b
b — —
oo(x) = - X.

ExawmpLE 1.13. (Yoccos’s family) For any a > 0 we define ¢, : R — (—a/2,a/2) by
@a(x) = ;arctan(ax).
Then we define ¢° : (—a/2,a/2) — (—=b/2,b/2) by

b ~1

Ca = PaCPy -
It is immediate from this definition that the diffeomorphisms ¢” satisfy . Moving the in-
tervals with translations an equivariant family is obtained. This family also has special
characteristics such as derivative 1 on the end points and nice bounds for the Holder norms

(see [29]]).
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The family that is important for our work (since it is the one we use to prove the Theorem
is usually called the Pixton-Tsuboi family. We present this in the following lemma whose
proof we take from [41] (see also [36]).

LemMA 1.14. There exists a family of C* diffeomorphisms ga{,,’lj : I — J between intervals
I, J, where I' (resp. J') is an interval adjacent to I (resp. J) by the left, such that:
1) Foralll',1, J', J,K', K as above,
KK _ JJ _ KK
brg ©Prr = Prr -
2) Foralll',1, ], J,
L
D(p]/,l (x*) - m an DQDI/’I (x+) - m
where x_ (resp. x.) is the left (resp. right) endpoint of 1.
3) There is a constant M such that for all x € I, we have

: M (|11
Dlog(D(pf,”Ij)(x) < iz 1

4) Given I', 1, J',J, K',K, L', L, as above, then

! !/
'log(Dgof’}K)(x) — log(D<p§,:§) (y)‘ < 10g||11{||||LJ|| + |lo :Z |||KI,: + |lo :§,|| ||Z: ;
forallxel, yeJ.
Proor. Let V be a C* vector field on [0, 1] such that
e V(x) = xnear 0,
e V(x)=0on|[3,1] and
o [DV() < 1.
Let ¢, be the flow associated with the differential equation

d¢:(x)
" (6,()

Po(x) = x.

Consider the diffeomorphism x — b ¢,(x/a) which sends the interval [0, ] onto the interval
[0,b]. The derivative of this diffeomorphism is equal to b/a on [a/2,a] and is equal to
(b/a)e" at 0. For real numbers ', a, ' and b such thata’ < 0 < a and ' < 0 < b, let goi’:’z :
[0,a] — [0, b] be the diffeomorphism defined by ’
b X
Cra) = by (3):

Then it is easy to check that for real numbers o', a, ', b, ¢ and ¢’ such that ¢’ < 0 < aq,

b<0<bandcd <0<c,

7 / 7
¢ bbb
"Db’,b © "Da’,a - (’Da’,a’
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so we have that 1) and 2) holds. To Show 3), we use the following estimates. First note that

(55) 0 = DVl

log (5‘”’) J 4 1og (a¢s) (x¥)ds — ﬂDV(qﬁs(x))ds.

Since |[DV(x)| < 1, we see that

J ! t t
() < o and [9y(x) — )] < 'l 1.

Hence

Now
3) log D&"?(x) —og (2 + log D (x)
08 Dbwal0) =108\ ) 108 Phuon(i) g
and
b'a 14 b
“4) ‘log D¢]0g(%) log i = |log i log 5‘ .

Suppose that |D?V|| < C for a positive real number C. Then we have

/ x
‘DlogD(pZ/:Z(x)‘ = ‘Dlongblog(}%) <_)‘

a
1 log(b’a/a’b) a¢
== s (Z)d
a L (¢ ( )) ox < ) g
C log(b'a/a’b)
< = J e'ds
aiJo
_C ba
= —1].
a |a'b ‘
So we conclude 3). From (3) and () we immediately obtain 4). O

1.4. Obstructions to regularity

In the search for the critical regularity of a group, it is of crucial importance to know
which algebraic characteristics of the group impose restrictions on the regularity, for certain
types of actions. The interested reader may like to see [30], where it is proved that the groups
Diff.**([0, 1]) do not contain subgroups of intermediate growth. Or [28] where A Navas
shows that infinite groups having Kazhdan property (T) does not embed into Difff“(Sl) for
a>1/2.
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1.4.1. Classical and generalized Kopell’s lemma. We will start with the so-called
Kopell ’s lemma [26], which roughly states that two non-trivial C2-diffeomorphisms of the
closed interval cannot commute if one of them has fixed points in the interior of the interval
and the other does not. Here we will present a shorter proof than Kopell’s original (see [29]).

For the statement let us denote by Diff,™([0, 1]) the group of C'-diffeomorphisms with
derivatives of bounded variation. More precisely, for an element f € Diff\,""([0, 1]) we have
that

var(Dfy = sup > [log(Df(x;)) — log(Df (xi-1))| < 0.
O=xo<x) <--<xp=1 ;2
THEOREM 1.15. (Kopell’s lemma) Let f and g be commuting diffeomorphisms of the in-
terval |0, 1]. Suppose that f is of class C'** and g of class C'. If f has no fixed point in
(0,1) and g has at least one fixed point in (0, 1), then g is the identity.

Proor. Replacing f by f~! if necessary, we may suppose that f(x) < x forall x € (0, 1).
Since g commutes with f and has a fixed point in (0, 1), it is easy to see that it does, in fact,
have infinitely many fixed points that converge to 0 and 1. Therefore Dg(0) = Dg(1) = 1.

Now, consider a fixed point y of g and let x € I := [f(y),y]. By the equality g(x) =
f"gf"(x) we have that

_ Df"(g(f™"(x)))

Dg(X) - Dfn(f_n(x)) Dg(fin(x))

Therefore, if we use the fact that the expression

DI ) _ < e los( DA
o8 (i) < X los(DA U (a() ~ loedF( (o))

is bounded by the variation of Df, we conclude that Dg(x) is uniformly bounded on the
interval /. Note that the above argument can be repeated by replacing g with a positive
power g*. So, calling V the variation of f we have

&)

sup Dg*(x) < e’

xel
This implies that the restriction of g to / is the identity. It is easy to choose I to get a
contradiction. O

ReMARK 1.16. If G is a non-abelian nilpotent group, the last subgroup of the lower cen-
tral series provide us with non-trivial central commutators. Combining Kopell’s lemma with
lemma it automatically follows that these groups do not act faithfully on [0, 1] by diffeo-
morphisms of class C2.

To prove Theorems [B|and [C| we will use a generalized version of Kopell’s lemma. This
is due to B. Deroin, V. Kleptsyn and A. Navas [12], and follows from estimates similar to
those made above.

Tueorem 1.17. Let fi,. .., fi be C'-diffeomorphisms of the interval [0, 1] that commute
with a C'-diffeomorphism g. Assume that g fixes a subinterval I of [0, 1] and its restriction
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to 1 is non-trivial. Assume moreover that for a certain 0 < a < 1 and a sequence of indexes
ije{l,... .k}, the sum

L,:=

ij ﬁl(l)‘a < @

j=0

Then fi,..., fi cannot be all of class C' 9.

Proor. Let x, be such that g(xy) # xo. Denote by [a, b| the shortest interval containing
xo that is fixed by g. For each j > 1,n > 1 and z € [a, b], the equality g" = (f;,--- f;,)™' o
g o (fy- fu) yields

log(Dg"(2)) = log(D(f;; -~ fi))(2)) + log(Dg"(fi; - - - £y (2))) — log(D(fi; - -- fi,)(8"(2)))-

Assume that fi,..., f; are C'™® diffeomorphisms, and fix an a-Holder constant M for the
functions Dfi, ..., Df;. Letting z, := g"(z) and noticing that z, belongs to [a, b] < I for all
n > 1, we obtain that |log(Dg"(z))| is bounded above by

J

m=1

So, using the a-Holder condition we have

log(Dg"(2))| < [log(Dg"(f;; -~ £, (2)))| + M L,

Now, since g" fixes the intervals fij -+« fi, (I, in each of them there must be a point in which
the derivative of g" is equal to 1. Therefore Dg"(f;, - - - fi (z)) converges to 1 as j goes to
infinity. Hence we conclude that Dg"(z) < eM’e, which is a contradiction because the
restriction on g to [a, b] is non-trivial.

O

The following lemma is useful to get into the hypotheses of Theorem Although it
is stated in a slightly different way, the proof is the same as that of [12, Lemma 3.3].

Lemma 1.18. Let fi,..., fi be C'-diffeomorphisms of |0, 1], and I subinterval of |0, 1]
such that ZF ~ (fi,..., fi)/Stab(I), where Stab(I) is the stabilizer of I (which is assumed
to be a normal subgroup). Then, if @ > 1/k there exists a sequence (f;) jen of elements in

{fi,--., fx} such that
PN VRERAL
j=0

Before giving the proof we will explain the main idea. It is easy to see that the set

k
(A ) (n1,...,m) € N* and Znién

i=1
contains exactly

(n+1)(n+2)---(n+k) '
k! ~h
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disjoint intervals. So, we should expect that, “typically”, their length has order 1/n*. Hence,

for a “generic” random sequence (f;,) jen of elements in {fi, ..., fi}, we should have that for
a>1/k
. 1
Dofi - fuD)] <CZW<OO~
nzl n=0
To formalize the idea, let {ej,...,e;} be the canonical generators of 7k, and consider the

Markov process on N¥ with transition probabilities

£ £ n;+ 1
nie; | — e+ ) nje; = l .
2; s ' 2; s nm+---+n+k

This process induces a probability measure P on the space of infinite paths
Q 22{61,...,€k}N.

Now, let @ > 1/k. Given a sequence w = (¢;,) jen € Q, we identify the elements ¢; with f; ,
and define the functions X,, : Q — R as follows

Xn(w) = ﬁn o .ﬁl (I)|a *
Define also X : Q — R U {o0} as

P

X(w) =) X, (w).
n=0
Proor. We are going to prove the lemma showing that the expectation of the function X is
finite P-almost everywhere. Since the probability of reaching (ny,...,n;) inn = ny+---+ny

steps is equal to
(k—1)! (k—1)!

~

n+1)n+2)+---+n+k—1) nk=1

b

we have that
a 1

nkfl'

E(X,) < (k=11 > [fre £

ny+---+ng=n

By Holder’s inequality,

E<xn><<k—1>!( > H'---:%f)\)( ) ﬁ) -

ny+-+ng=n ny+-+ng=n

So, since the number of elements that satisfy n, + - - - + n; = n, has order n*~! we have that
there exists a positive constant C such that

T
E(Xn)<C< Z ‘flnl"' knk(l)o pal—1)"

ny+--+ng=n

Again Holder’s inequality yields

E<x>=ZE<Xn><c( ) \f;“---;k(l)\) (Zﬁ> ,

n=0 n=0

and since a > 1/k we conclude that E(X) is finite, as desired. o
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1.4.2. Positive version of Kopell’s lemma. The next lemma is strongly inspired by the
work of Kopell (see the appendix of [33]). Below, by Difff”p ([0, 1]) we refer to the group
of orientation preserving diffeomorphisms of [0, 1] with Lipschitz derivative.

Lemva 1.19. Let f € Diff, "7 ([0, 1]) be such that f(x) # x for all x € (0,1). Fix xo €
(0,1), and let x, := f"(xo). Let (gx)nez be a sequence of C' diffeomorphisms of the interval
of endpoints xo, x| such that Dg,(xy) = Dg,(x;) = 1 foralln € Z. Let g : (0,1) — (0, 1)
be the diffeomorphism whose restriction to each interval of endpoints x,, X, coincides with
f g f". If g. — Id in C' topology as |n| — cc, then g extends to a C' diffeomorphism of
[0, 1] Dy letting f(0) = 0and f(1) = 1.

Proor. Assume n > 0 and f(x) < x for all x € (0, 1). Define I, := f"([x, xo]), take a
point z € I, and put z, = f"(z). We only need to check the differentiability of g at point O
(at 1 is analogous). Arguing as above we have

_ Df"(gu(zn))
Dg(z) = Df"(z,) Dg,(zn)-
By hypothesis we know that Dg,(z,) — 1 as |[n| — c0. And on the other hand
Df"(gn(zn)) « : :
© tog (2LUED) < 3 logD (e ) - ToeD ()
Df"(z,) IZ(]) | |
n—1
(7 <MY [f(gnlz) = [
i=0

where M is a Lipschitz constant for Df. We claim that this last expression goes to zero as n
goes to infinity. Indeed, by the mean value theorem we know that (g,(z,) — x1)/(z, — x1) =
Dg,(&,) for some &, € conv{xy, z,}. And since g, converges to the identity in the C' topology

we have
8n(2n) = 2
in — X1

= (Dgn(fn) - 1) ~ 0.

Now, let £ > 0. By the previous part and the mean value theorem we eventually have (for
certain points ¢, € conv{g,(z,),z,} and &, € (x, xo)) that

S (8n(z0)) = f'(z0) ‘Dfi(cn) <ee’
fi(xo) = f(x1) Dfi(¢,) ’
where the last inequality of follows from the estimates made in (5]) (and we are calling V the

variation of Df). Now we return to the expression (/) and we will see that it goes to zero.
For this we simply use the above and conclude that

gn(zn) - Zn
X1 — Xo

n—1

2 Flgalen) = fi@)| < ee” Y]

i=0

fi(x1) = fl(xo)| < g€

as desired. O
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1.4.3. No strong Kopell’s lemma in class C'*®. We end this section by showing that
lemma is not valid in class C'* (at least not without adding some extra hypothesis).
Namely, there exist:

e a C® diffeomorphism of [0, 1] such that f(x) > x for all x € (0, 1) with a funda-
mental domain [xg, x;] (where x; := f(x)),

and
e a sequence (g,)uez of C'™ diffeomorphisms of [xo, x|,

such that Dg,(xo) = Dg,(x;) = 1 for all n, one has the convergence g, — Id in
C™ topology, but the C' diffeomorphism g: [0, 1] — [0, 1] defined as

(8) glromy) == fr&nf "

is not C'** for any a € (0, 1).

S1([x0.x1])

Our diffeomorphism f is
2x
flx) = x+1
Notice that
" 2"x
o) = a1
Hence, for all x, y,
2"x 2"y 2" x —y|

S A [T ey Bl T | Bl (T Py B (T e

which yields

C
©) @)= o)l <5
for a certain universal constant C provided x, y both belong to a compact subinterval of (0, 1)
(say [1/2,2/3)).

Now consider the points xo := 1/2 and x; := f(xo) = 2/3. Notice that x; — xop = 1/6.
Then let

b1 8 12 17 13 30, 1 4 19
a .= — —:—’ = — —:—’ = = —:—, = — _— = —,
2 30 15 2 30 30 2 30 5 2 30 30
Leto: [a,2/3] — [—1/2,1/2] be a C* function such that
1 1
o) = olt) =023 =0, ob)=5. o) = .

Assume also that g is strictly increasing on [a, b] and [b”, 3/2], strictly decreasing on [b, "],
infinitely flat at @ and 3/2, and its graph is symmetric with respect to the point (»’,0). Let
on: [1/2,2/3] be the function that is identically equal to 1 on [1/2, a] and whose restriction
to [a,2/3] coincides with 1 + o/n.



1.4. OBSTRUCTIONS TO REGULARITY 21

-

On

By the symmetry property of o, we have

1
J on(s)ds =b—a,
0

hence p, is the derivative of a diffeomorphism g, of [a, b]. Since p, is C*, the diffeomor-
phism g, is of class C*. We claim that g, converges to the identity in the C* topology for
every integer k. (Hence, by definition, the convergence holds in C* topology.) Indeed, for
k = 2, as n goes to infinite, we have

_ L
[D*(gn)llco = 1D (pu)llco = ~ D" "efjco — 0.

We will next show that the corresponding diffeomorphism g obtained via (8]) is not C' ¢ for
any a > 0.
Since g,(a) = a and Dg,(a) = 1, we have

Dg(f"(a)) = D(f"gf ") (f"(a)) = =
To compute Dg(f"(b)), first notice that

2}’!
Df"(x) =

[ - Dx+ 1]

We compute:

- 50 [ (1),

Since

00) = 0@+ [ m0as =@+ [ (1420 (yas

a a n

o(s)

C
—~ds=b+ —,
« N n
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where
b
I:= J o(s)ds > 0,
this yields
. _ 2"—=1)b+1 1
De(f"(b)) = [(2n —1)(b+1I/n) + 1] ' (1 * Z) ’
hence

) . [ @—Db+1 I
IDg(f"(8)) = Dg(f (@) = 3 [(zn b+ 1) + 1] - [n(Z” "+ 1)+ 1] |

Therefore, for a certain constant C’,

(10) IDg(/" (b)) — De(f"(@))] = <.

n

Finally, putting (9) and (I0)) together, we obtain
De(r"(b) ~ De(f(@)] _ € 2

THORNC

which diverges to infinite as n — oo provided a > 0. This shows that g is not of class C'*¢.

1.5. Distortion

We close this preliminars with the basic definitions and examples that we will need for
Chapter 3] Remember that if G is a group generated by a finite and symmetric set S, the
word metric || - | : G — R is defined as

C(f) = ||f|l :=min{n : f=s--5, withs,...,s, €S}

Since the sequence n — || f"| satisfy ||/ < ||/ + | /™
[33]] lemma 2.2.1) that the limit

, we have by Fekete’s lemma (see

n

(11 i 17
n—o n

exists. It is not difficult to see that if S and T are finite generating sets of the group G, then
there exists a positive constant M such that €5 (f) < M ¢r(f) for all f € G. Therefore, if
the above limit is zero with the metric associated with one generator, then the limit will also
be zero with the metric associated with any other generator. So we can do the following
definition.

DEeriNiTION 1.2. Let G be a finitely generated group. An element f is distorted in G if the
respective limit is zero, for some finite and symmetric generating set S.

DEriNiTION 1.3. Let G be a group. An element f is distorted in G if it is distorted in some
finitely generated subgroup.



1.5. DISTORTION 23

ExampLE 1.20. The Baumslag-Solitar group contains the canonical example of a dis-
torted element. Remember that this group has the presentation

BS(1,2) ={f.g : gfg”" = f*)
The relation of the group yields that for all n € N we have g"fg ™" = f*'. Therefore

I 2n

on on n—o0

0.

So, since we know that the sequence (||f"||/n),en is convergent, its limit must be zero.

ExampLE 1.21. (Nilpotent Groups) Let G be a non-abelian nilpotent group of nilpotency
degree n. We know that y, = |G,y, 1| = {e}, therefore the subgroup vy, ; is non-trivial an
central. So, we can choose z € vy, 1 of the form 7 = |x,y|, and since z is central, it is easy to

see that ,

Zn _ [xn’yn]’
this yields
127 4n
e R 0

Therefore, the same argument used in the previous example tells us that element 7 is distorted
inG.

We now introduce a tool to identify undistorted elements in a group.

DEriNiTION 1.4, Let G be a group. A length function on G is a function { : G — R,
satisfying €(1) = 0 which is symmetric and subadditive.

Note thatif £ : G — R is a length function and

lim ‘s

n—o n

> 0,

then, the element f is non-distorted in G. Indeed, if f is distorted in a group generated by a
finite and symmetric set S, we have

n g n
limCm> lim (") > 0,
n—aoo n n—oo n
where C = max{{(s) : s€ S}and | - | is the metric asociated to S.

As we will see in Chapter 3] the variation of the derivative

f — var(logDf)
will be our length function and it will allow us to find undistorted elements in the group
Diff. ([0, 1]).






CHAPTER 2

On the critical regularity of metabelian nilpotent groups

2.1. Proof of Theorem A

Throughout this chapter, G will denote a torsion-free nilpotent group of degree n which
is also metabelian and A a maximal abelian subgroup which we assume that contains |G, G|
(in particular it is normal).

2.1.1. On the conjugacy action of G/A on A. In view of Proposition we have that
G is an extension of Z* by Z¢,

1—2'—G—7 1,
where A ~ Z¢ and G/A ~ ZF. We begin by studying the natural action of G/A on A coming
from the conjugacy action of G on A.

Let {gi,...,g4} and {fiA,..., fiA} be generators of A and G/A respectively. Since A is
normal, the subgroup of G generated by fi, ..., fi, acts on A by automorphisms

fiveos fip — Aut(Z%).

Therefore, the action of each f € (fi,..., fi) is given by a matrix A; € GL,(Z), which
depends on the set {gi, ..., gs}. We call A, the conjugacy matrix of f. In the special case of
the generators fi, ..., fi, we denote the conjugacy matrix of f; simply by A;.

In the next lemma, we will see that we can always choose a generator of A, such that the
conjugacy matrices of the elements fi, ..., f; belong to U,(Z), the group of upper triangular
matrices with 1’s in the diagonal. This is known to Mal’cev in the case where the matrix
entries belong to a field. We write a direct proof in our special case. For the statement we
will say that a generating set of a group is minimal, if it has least possible cardinality.

Lemma 2.1. Let A < G be a maximal abelian subgroup satisfying that [G,G] < A.
Suppose that Z¢ ~ A and Z* ~ G/A = {(fiA,..., fiA). Then, there exists a generating
set {g1,...,84} of A, such that the conjugacy matrices of the elements fi,..., fi belong to
U,(Z). In particular, the nilpotency degree of G is bounded by d + 1.

Proor. Since G is nilpotent of degree n, the upper central series
lef=dr<b1 < <4 =G,

is finite. Remember that all the factors £;/{;_; are torsion-free. Combining this with the fact
that G/A is also torsion-free, we have , for g € G, that

(12) gdelinA=gelinA Yiel0,...,n},jeZ

Define I'; := ; n A and let m be the smallest element in {1, ...,n} such that T, = A. This
yields the filtration
{e} =Ty <T <---<T, =4,

25
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such that
(13) |G, Ti] < Ty,

and, by (12), also enjoys the property that each factor I';, /T is torsion-free abelian.

Note that if T',, | ~ Z"-" and T',,/T,,, | ~ Z" then, since [, = A ~ Z¢ is abelian, we
have that d = n,,_; + n,,. Therefore, if {g1,...,8,, ,} and {g,, ,+1Tm—1s--+ &y 1+n, L m—1}
are minimal generating sets of I',,_; and I',,,/T',,_ respectively, then {g1, ..., &n,_,>&n,_+1>

..,&a} 1s a minimal generating set of I, = A.

Recursively, we obtain a minimal generating set {gi,...,g,} of A which, by , has
the property that for g; € {g1,...,ga} N I, it holds that [f}, g] € Tim1 < (g1, ..., gs—1) for
all j € {1,...,k}. In other words the conjugacy matrices of each f € {fi,..., fi} belong to

U,(Z).
The fact that G has nilpotency degree bounded by d + 1 follows from the fact that U,(Z)
has nilpotency degree d + 1. O

2.1.2. An action of G on a totally ordered set.

ProposITION 2.2. Let A < G be a maximal abelian subgroup satisfying |G, G| € A. Fixa
generating set {g1,...,84> f1,---» fi} of G, such that, {gi,...,g4} is the generating set of A
given by Lemmal2.1land (fiA, ..., fiA) = G/A ~ ZF. Then, for a fixed s € {1,...,d} there
is an action of G on ZF" satisfying:

1) The action of G on ZF*! preserves the lexicographic order.
2) There exist functions €, 1, : Z¥ — Z, such that

ﬁ(ila'-7it"'a ik?j) = (ila--ait + 17'-7ik,j+ gl‘(ila"-aik))a

gm(il,...,ik,j) = (il,...,ik,j+ rm(il,...,ik)),
forallme {1,...,d}andt € {1,...,k}. Besides,ry=1andr=---=r,_; =0.
3) There exists a positive constant M, such that for all t € {1,...,k}, m € {1,...,d}
and (iy,...,i) # (0,...,0) we have

|6 (i1, i) < M(Ji |+ + |ik|)d, [Pmits i) S M(Jiy ] + - + |ik|)d~

Proor. We first show item 2. To this end, fix s € {1,...,d} and consider the subgroup
H, = {{g1,....84} ™ {g})- Since the sets {f" --- f*A : iy,...,ix € Z} and {g1H, : j € Z}
are partitions of G and A respectively, the coset space can be described by the normal forms

(14) G/H,={f]'-- fr¢!H, : i1,...,ir, jEZ}.

Hence we can identify G/H, with Z*! by identifying f}' - - -f,f"g{:Hs with (if,...,i,j) . In
particular, the left-multiplication action of G on G/H, provides an action of G on Z**!. This

is the action we want to consider.
Now, by Lemma[2.1] we have that for all i, j € {1,...,k} and [ € {1,...,d} it holds that

fifi € fifi{gis-...8ay and gif; € figi{g1,- .., 81-1)-

Therefore, for z € {1,...,k}, the action of f; is addition by 1 on the ¢ coordinate and the and
the action on the k£ + 1 coordinate depends on previous k coordinates, hence the function ¢;,.
The function r,,, form € {1,...,d}, can be found analogously.
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We are now in position to check item 1. This follows from the fact that the lexicographic
order on the coset space Z"! ~ G/H, given by , can recovered as a convex extension of
the lexicographic order on Z* ~ G/A by the (lexicographic) order on A/H, ~ Z. See Lemma
and Lemma

Finally we check item 3. Let 7 € {1, ..., k}. Recall that the action of f; on VARRET nothing
but the left-multiplication action of f; on G/H,. Hence, in order to compute the image of
li‘ e li’ e fkik gﬁHs under f;, we need to multiply and find the representative in normal form
. To do this, observe that f;f; = [f;, fj|f;fi. Hence, bringing f; to the ¢-th position,
generate at most |ij| + --- + |i| simple commutators of weight 2, which we now need to
move to the right most place. Since G is metabelian, the commutators commute with each
other. So, moving them all to the rightmost place generates at most (|iy| + - - - + |ix|)* simple
commutators of weight 3. Analogously, moving them all to the rightmost place, we have at
most (|iy| + - -+ + |ir|)? simple commutators of weight 4, and so on. Since G has nilpotency
degree bounded by d + 1, all simple commutators of this weight are trivial (see Lemma[2.1).
Therefore, repeating the previous argument d + 1 times, we have

. : o . 1 o
Sl e f e flglH) = - KRR "gg H,,
where g € A is the product of at most

d
Dl i) < (i) + - i)
i=1

simple commutators. Now note that
, it i
g.8lH, = gl " WelH,,

since ¢,(iy, ..., Iy) agrees with the exponent of g, in the expression of g over the generators
{g1,...,8a4}. Therefore, letting . < A be the set of all simple commutators of G (which is
finite), and defining

A := max{|my| : 3 my,...,my for which (g7" --- g ---g/") € L},

we see that £,(iy, . .., i) is bounded by A times the number of simple commutators that were
used to write g. Hence

6ty i) | < Ad(Jiy] + -+ Jik])
Analogous computations give the inequality for the functions r,,. O

ReMARK 2.3. Note that the action built in the Proposition 2.2]is not necessarily faithful.
However, given g, € {g1, ..., g4} we have that the action G —~ Z*" is such that the elements
81»-r &s—1 act trivially and g (i1, ..., i, j) = (i15 s it» j + 1). This will be used in in
order to build a faithful action.

2.1.3. Action by diffeomorphisms of [0, 1]. Above we built an action of G on Z'*!
which preserves the lexicographic order, and hence we can consider the dynamical realiza-
tion of this action to get a G-action by orientation preserving homeomorphisms of [0, 1].

However, since the group is nilpotent and we have good control from the polynomials
appearing in Proposition we will use Lemma [I.T4]to see that this action can actually be
projected to an action by diffeomorphisms of [0, 1].
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Let {, ;¢ (i1,...,ix, j) € ZF"'} be a family of intervals whose union is dense in

[0, 1] and that are disposed preserving the lexicographic order of Z**!. We identify the
generators gi,..., g4 fi». .., fx from Lemma with elements in Diﬂ{i([O, 1]) as follows:

.....

respectively, with

Lt it Vi (i o) =1 L g i € (i1 i) iy i jotrs (i omig) =1 > dig i b 75 (i i)

and ¢,

i1 e =1 L g >

fort e {1,....k},and s € {1,...,d}. Thus, by 1) in Lemma|I.14] we have a group homomor-
phism G — Dift). ([0, 1]). The main technical step for proving Theorem A is the following
proposition.

iy oipj=1 5 iy g

PropositioN 2.4. For an appropriate choice of length of the intervals |1;, ., ;|, the home-
omorphisms fi,..., fi, &1, ..., ga are simultaneously diffeomorphisms of class C'*9, for any
a < 1/k

The rest of is devoted to give the proof of Proposition We will assume that
k > 2 since, after Condition 3 in Proposition [2.2] we can use the estimates from [10, §4] to
ensure that, when k = 1, the action is by C I+a diffeomorphisms for any @ < 1.
So let k = 2 and consider @ < 1/k. Choose positive real numbers py, ..., p, r such that
for all n € {1, ..., k} they satisfy the following conditions:
Da+r<2,
Il dir—1) <(1—-a),
1) 2dr < p,,
V) 2d < p,(1 - a),
V) L+...+L+l<1’
p1 Pk r

1 1 r
VI) aép—n—l—;andafém.
For instance, one can take p; = --- = py = 3d/a and r = 3d/(3d — 1).
Now define the lengths of the intervals [;, _;, ; as

1
I .= '
il = P T T AP T T 1

From condition V) it follows that >} |I; ;| < oo, hence this family of intervals can be
disposed on a finite interval respecting the lexicographic order. After renormalization, we
can assume that this interval is [0, 1].
Following [21], we say that two real-valued functions f and g satisfy f < g if there is a
constant M > 0 such that | f(x)| < Mg(x) for all x. We also write f = gif f < gand g < f.
Let 0 be a C? real-valued function satisfying 6(&) = |&|" for |£] = 1, and 6(0) = 0.
Consider the auxiliary functions (C? with respect to &):

o Ylit.sin,€) i= 1+ [0 + - + i + 6(¢),
o Wi (&) :=log(y(ir,... ik €)).
Lemma 2.5. Let S = 1+ |iy[P' + - -+ |ix|", and suppose |& — j| < C(SV"+ (|i| +-- - +

|lic|)?) for some positive constant C. Then

!//(il,.. .,ik,j) = W(ll, -,ik,‘f)'
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Proor. By symmetry, it is enough to show that % is bounded above. For this we

note that
Wi, ..., i é) - Vo] + -+ ™+ 1+ 6=
Wit ..., i, j) L+ i+ e+ ™ + 1)
S+ (il + -+ i)
Wi, ..., i J)
(] + - + i)™
V(I )

Where we repeatedly use the inequality |x + y|* < [x|* + [y|“, which holds for any a > 0.
Now just notice that the last expression is bounded. Indeed, since (|ij| + --- + |it])¥ <

liy|“ + - + |ie]”, it is enough to observe that for each n € {1,...,k},

. \dr : NN . ..
lin ™ < Wi, i ) < Wi, ),
which holds thanks to condition III). O

<1+

<2+

2.1.3.1. The maps g, are C'**-diffeomorphisms. We start the proof of Proposition
by showing that the maps gy, for s € {1,...,d}, are of class C'*?. That is, we want to show
that there is constant C > 0 such that

|lOngs(x) B longv(y)|
e —y"

< Cforall x,y e [0,1].

.....

after condition 2) in Lemma [1.14] and the deﬁmtlon of gy, it follows that 8s has derlvatlve
1 at the end points of the intervals U;l; _; ;, so this case follows by applying triangular
inequality.
Case 1: The points x, y belong to the same [ :=I;, _;, ;.

Condition 3) in Lemma m provides a Lipschitz constant for log(Dg;). So it is enough
to bound |

@ !
171 [T

1 —
where I' = I i j1s I = Liy i jr(inie) A0 " = Ly i ier i, i)—1-

b

.....

We will in fact bound the following asymptotically equivalent expression
11171
_O.’ (o) —,.
My
1]

[I117]
\Pl ----- lk(] + rS(ll""’ik)) _\Pil ----- ik(j+ rs(il""’ik) - 1) - (\Pll ----- k(]) _\Pil ----- ik(j_ 1))

For this notice that log equals to

x), we have

(15)

|1| /'l _ in
T
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where ¢ is a point in the convex hull of {j — 1, j,j — 1 + ry, j + r,}. Let us find an upper
bound for |D*(¥;,..;,)(¢)|. Since D6 and D@ are bounded in [—1, 1], and

D (De))
Ylin .., in€) (Wl .., i, €))?

we have that

1
Uiy, ..., i, €)
for all £ € [—1, 1]. On the other hand for £ ¢ [—1, 1] we have that §(¢) = |€|". So, observing
€% < 1and |¢]" /iy, . ... in &) < 1, it follows that

& !
; ; < ; ; .

Ui, .., &) Wlin, ..., i €)
Now going back to equation (I5) and using 3) of Proposition [2.2], we have
] [l 4 il

= < _ , .
|J| |]| l,[/(ll,...,lk,é:)
Note that for all n € {1,..., k} the condition IV) yields

. . . 4 : . .
il < Wit inn &) < (Wi, si, €)1,
Finally by Lemma 2.5 we conclude

i e E)) 0 i )
—(,log| | /| PRUIU L &) _ Wi L N _
Ly |1 Y

(16) D*(¥;,..i.)(&) <

log

as desired.
Case 2: The point x belongs to /;, _; ; and y belongs to [;, ;7.

We assume without loss of generality that j < j'. The condition 4) of Lemma tells
us that [logDg,(x) —logDg(y)| is bounded above by

1 |Ii1 ,,,,, ik,j+r3 ]il ..... ik,j’| 1 |Ii1 ..... ik,j+rsfl| |Ii1,...,ik,j| |Ii1 ..... ik,j’+rxfl| |Ii1,.‘.,ik,j'|

+ |log

Ly ooicj| Doy, L ....ivcj=t | iy it | L=t | i ity

The estimates in Case 1 allow us to estimate the last two terms (divided by |x — y|*), thus
we only need to bound the first term. So we look for a uniform bound for

Lo 1
T [

where I = I, ;. I' =1 . J =1 - and J =1L, ,; vi,. Assume that j, j' are
positive (the case where both are negative follows by symmetry, and if they have different
sign, it suffices to consider an intermediate comparison with the term corresponding to j” =
0). Assume further that j/ — j > 2 (the case where j/ — j = 1 follows from the previous one,
passing through the point that separates the intervals and using triangular inequality). Again,
applying twice the Mean Value Theorem to the function

7)

b

X = \Pil,...,ik(j - rS + x) - lIlil ik (j + 'x)

.....
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yields

1] 1]
1
for a certain ¢ in the convex hull of {j, /', j + ry, J/ + 74}

We start by bounding |x — y|~®. For this note that by Case 1 and the triangle inequality,
we can (and will) assume that x is the left endpoint of 7 and y is the right endpoint of I’. This

yields
1 1 _ ( 1 >“
x—yf° P lad ) N =gl )

t=j

= |j = JlIrin, .. i) | |[D* (Wi, (€)

(18) ‘log

where the last inequality holds because |I;, ;. 7| < |, .. for £ < j. Note that if in
addition |j' — j| < C(SY" + (Jiy] + --- + |ix|)?), for some C > 0, we can use Lemma 2.5|to
compare || with |I'|, and eventually obtain the inequality

1 1 ¢
(19) T < ( — ) :
|x =yl = ..l
We now exhibit a bound for (17). We consider three separate cases. Let M be the constant

in Proposition[2.2]and let S = 1+ [iy [P + - -+ + ix|P.
i) The integers j, j belong to [0,2M (i} | +- - -+ |ix|)?]. Since & € conv{}j, j, j+rs, j' +
ry} it follows from Lemma[2.5] that

1 1
2 Wy, = '
‘D ( []5eees lk)(é:)‘ < lﬁ(il,---,ik’g) lﬂ(il,...,ik,]‘)

Furthermore, we have that

= s i)l < (il + -+ )™ < @i )

where the last inequality holds from condition IV). If we combine this with (I§),
(19), we conclude that

1 |I| |‘]I| 1 (lp(il"“sik’j))l_a
T ST T T i)
ii) The integers j, j/ belong to] [2M(|i)] + - - - + |it])%, 2Mk?S'/"]. Similarly to i), the
reader can check that we are in the hypotheses of Lemma|2.5|and that |¢] > M(]i;|+
-+ + |ig])?. Therefore, by (16), and (19), we get
! 11171 ( 1 )“ - (0] + - + [ €
o=y T N = 7 ] Wit i €)
s atma (i) + o+ i)Y
< |j =l : e
Wlivs . s ik )

To prove that this last expression is bounded, it is enough to show that

= 1T (] e L)Y < iy i )T

= 1.

log

Ithe constant k4 is just to ensure that the interval is non-empty.



32 2. ON THE CRITICAL REGULARITY OF METABELIAN NILPOTENT GROUPS

Since ' — j < 2MKk4S'/", it follows that

= 7 Gl B < (e ) i)
so it suffices to prove that, given n,m € {1, ..., k} we have
n(l—a) _
(20) il i Y < s i )
But note that
pn(l @) r . . (1—a) d(r 1)
iy iV < Wi i )

and that conditions II) and V) guarantee ‘=2 a) + 9D < (1 — @), which implies

plﬂ
(20).
iii) Finally suppose that the integers j, j' belong to [2Mk?S /", o0].
If j/ < 2j, then

: P .y JF
i) 0 b=d W,
Uity ip, J) Wity sk, J) Uity .. ip, J)

In particular, the intervals |I'| and |I| have comparable size and hence we conclude

that (19) still holds. Also note that j/ < 2jimplies |& — j| < |j|4+M(|i;|+- - -+|ic])?.
Then, proceeding as in ii), we have that

1)

1
lx —y|*

11|
1111

L (i -l 0D
l//(il, ey ik, j)lfa

The reader can check, again as in ii), that this last expression is bounded.

<

For the case j/ > 2j. We have

j/
X — = I; i
| y| Z| ST A,[| Z |l |p1  F |lk|pk + |€|

j -/
1 71 1
> Z = > j —dx > —,
[] i Vil

{=

where the last inequality holds because j/ > 2j. On the other hand, applying the
Mean Value Theorem, it follows that

11171

1 L
VI

= |rs(irs- .., i) | |D(¥;,

with & € conv{j, j + r,} and & € conv{j, j + r,}. Therefore, observing that the
function & — D(¥;,._;)(&) = r|é] " iy, ..., i, &) is decreasing, we have

(a+1)(r—1)

1

. g il
7 < (Jir] + -+ + i)
[x — |

lﬁ(ll,...,lk,j).

log

111
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Now we want to see that this last expression is bounded, in other words that the

inequality |j| D¢V (Jir] + -+ + |ie])? < ¢liis- .., i j) holds. For this, arguing
as in (20), it is enough to check that for all n € {1, ..., k} the inequality

a+ 1(r—1 d

(@+Dr-1) d

r DPn

<1

holds. To see this, note that from IV) it follows that <- < 5. Finally notice that
w + ]_T” < 1 & r <2, which is ensured by condition I).

2.1.3.2. The maps f, are C'**-diffeomorphisms. In the same way that for the maps g,
we want to see that for all x,y € [0, 1]

IDf,(x) — Dfi(y)]
lx —y|*

To simplify notation we will only work with # = 1 as the other cases are analogous. As for
the case of the maps g, we only have two cases to analyze.

< C holds for some constant C > 0.

Case 1: The points x, y belongs to the same interval ;, _, ;.
By Lemma|l.14]it is enough to show that the following expression is uniformly bounded

l |Ii1,.“,ik,j| |Il'1+1,l'2,.“,l'k,j+€171|

log

Liyicil” it tinivijres | i jm1 |

To see the this, simply note that the above expression is equal to

1 I ... 5] |Ii1+1,iz,...,ik,j—1|+ 1 10g|1i1+1,i2,...,ik,j| iy 4 igivjrr 1|

Ly il s tioiol i icjmt | il it | i1 iijm1]

By condition VI) we know from [10, §3.3] that the first term is uniformly bounded. The
second term is bounded as well since it is the same that we bound when dealing with g
(changing i; for i; + 1).
Case 2: Thepointxe I =1; ,;;andyeJ =1, ; », withj< j.

Here we can use 4) from Lemma to bound [log Dfi(x) — log Dfi(y)| by

iy 10 i |

1 |Ii1+l ..... ik,j+£’171| |Ii1,...,ik,j| 1 |Ii1+l ..... ik,j,+'5171| |Ii1,...,ik,j/|

log

+ +

Ly il 161 | Lot 1| Ly it e ||

and then work in the same way as for the functions g,. For example, we express the term

L, Ly s 1igivjre ) i
7108
|X - y| |Ii1 ,,,,, ik7j| |Iil+1,i2a--~7ik7j,+€1|
as
1 | iy 41yt i) N 1 alog|Ii1+1,iz,.‘.,z’k,j+a| |1i1+1,iz,...,ik,j’|'
lx — | iy it | Wil 1 =] Ly 1o i | T 4 i 01|

The first term is bounded by [10, §3.3] and the second is also bounded by the same argument
used for the functions g;.
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2.1.4. Faithful action. Given s € {1,...,d} and a compact interval I, we have seen
how to produce certain actions

¢ : G — Diff' " (I,),

where the subgroup {gi,...,gs_1) acts trivial, while (g,) acts faithful (recall that we are
using the generating set from Lemma 2. 1)
To obtain a faithful action we do the following: consider /i, ...,I; compact intervals

such that for all s € {1,...,d — 1}, I, is contiguous to I; by the right. Then define on
I:=1;U---ul,the action ¢ : G — Diff."* (/) as

¢ |1, = @s.

We claim that ¢ is injective. Indeed, since Z(G) < A, by the Proposition we only need
to check that ¢ |4 is inyective. Let g € A be an element that acts trivially on /. Using the

generator of A, we have that there exist jj,..., j; € Z such that g = 8{1 .- g/ Now, since
#(g) = id, it follows that

¢s(g) = id, Vs e {1,...,d}.

This yields that j;, = --- = j; = 0 and hence g is the trivial element. This finishes the proof
of Theorem A.

2.2. Examples

In this section we give examples of nilpotent groups for which we can compute their
critical regularity. In each case we use Theorem [A]to obtain a lower bound for the critical
regularity and we argue that in our examples this is also an upper bound for the regularity.

We begin by recalling that if G is a finitely-generated nilpotent group of homeomor-
phisms of (0, 1) that has no global fixed points (or more generally a group acting without
crossings, see [29, 14]), then there is a well-defined group homomorphism p : G — R,
which is usually called the translation number of the action. This map characterizes the
elements of G that have fixed points, in the sense that p(g) = 0 if and only if g has a fixed
point in (0, 1). We further note that the action of G on the interval has no crossings. By
this we mean that if an element f € G fixes an open subinterval I of (0, 1) and satisfies that
f(x) # x for all x in I, then for any other g € G we have that g(I) = I or g(I) n I = . See
[29] §2.2.5] for background. With this, it is easy to prove the following result that we will
repeatedly use.

Lemma 2.6. Let G < Dift’ (0, 1) be a nilpotent group, and let ¢ € G be a non-trivial
element such that ¢ = |a, b] for some elements a,b € G. If ¢ fixes an open interval I and has
no fixed point inside, then either a or b move I (disjointly).

Proor. Looking for a contradiction, assume that a and b fix I. Then we have the transla-
tion number homomorphism for the group (a, b, c) < Diff, (). Since c is a commutator, it
is in the kernel of this morphism. Hence we conclude that ¢ has a fixed point inside /, which
is contrary to our assumptions. O
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2.2.1. Heisenberg Groups. For a natural number n > 1, the discrete (2n+1)-dimensional
Heisenberg group, is defined as the set of matrices

1 ¥ ¢
T = 0 I, ¥'|:XyYeZ" ceZandl,is the identity matrix of size n ; ,
0 0 1

with the usual matrix product. Note that the center of .77, coincides with the commutator
subgroup and is generated by the matrix

1 0 1
c:=|0 1, 0
0 0 1

We want to prove Theorem [B| before this, it will be useful for us to bound the rank of
maximal abelian subgroups. Assume that there exists a maximal abelian subgroup of J7,
(note that it contains C) of rank m. Then we can choose elements

1 d; Ci
A= 0 1, b |est forie{l,....m—1},
0 0 1

such that (Ay,...A,,_;,C) ~ Z™. Note that the commutativity of these matrices is equivalent
to the equations

(22) @ -bi=da b Vi je{l,..m—1}.

Note also that {A,...,A,,_, C} generates a free abelian subgroup of rank m if and only if
the set of vectors & := {(b;,d;) € Z" x Z" : 1 < i < m — 1} is linearly independent over
Z. Indeed, if we have a dependency relation, say r(lgl, dy) € <(l;2, ), ..., (l;m,l, dpy1)) for
some 0 # r € Z, then A| € (A,,..., A, 1, C), which contradicts that the abelian group has

rank m.

Having said this, we claim that m < n + 1. To see this, note that, by equations (22)) any
vector of the form (@, —b;), with 1 < i < m — 1, is perpendicular to (). Hence we have
two orthogonal subgroups of rank m — 1, and thus m — 1 < n, which proves our claim.
Realization. Consider the abelian subgroup

1 ¥ ¢
A= 0 I, 0'| :#cZ"andceZ ,
0 0 1

it has rank equal to n + 1, which is the largest we can expect. Since the rank of J%,/A is n,
we have that Theorem |A| provides an injective group homomorphism

s, — Diff' ([0, 1]) for a < 1/n.

Bounding the regularity. Now we consider a faithful action ¢ : %, — Diff', ([0, 1]). Mak-
ing a little abuse of notation, we can think 7%, < Diff’, ([0, 1]).

Since the commutator subgroup of .77, is generated by C, we deduce from Lemma
that C has fixed points inside (0, 1). Therefore, we can find an interval I < [0, 1] such that
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C(I) = I and C(x) # x for all x in the interior of /. Let Stab(/) be the stabilizer of /. It is
easy to see that this is an abelian subgroup. Indeed, if we take A, B € Stab(/) and assume
that they do not commute, then there must exist m € Z such that [A, B] = C". Since C has no
fixed points inside /, Lemma tell us that either A or B moves / , which is a contradiction.
Note that Stab(/) is a normal subgroup as it contains the commutator subgroup.

Further, we know that there is a natural number k and elements By, ...,B; € 4%, such
that

v S (By,...,Bp)
" Stab(I)  Stab(/)

So, given a > 1/k, we can find by Lemma|[I.18]a sequence (B;)) jeis of elements in {By, ..., B}

such that
DI[By - By ()] < o0,
Jj=0
and hence Theorem yields that ¢ is not an action by C'*®-diffeomorphisms.
Now since the rank of Stab([) is bounded by n — 1 = rank(A), we have that

A, au
k = rank <Sta—b(1)) > rank (7> = n,

which tells us that the regularity of the action ¢ is bounded by 1 + 1/n. So we conclude that

1
Crit[o,l](%’;) =1+ ;

The reader can easily check the following corollary of the proof of Theorem B}

CoROLLARY 2.7. Let G be a finitely-generated nilpotent group with cyclic center and such
that |G, G| < Z(G). Then, the lower bound for Crit(G) obtain in Theorem[Alis also an upper
bound.

2.2.2. Examples with large nilpotency degree. Theorem [B| gives us the critical reg-
ularity for the Heisenberg groups, which are groups having nilpotency degree 2. Here we
provide more examples of nilpotent groups where we can compute its critical regularity,
but their nilpotency degree can be arbitrarily large. As for the Heisenberg groups, in these
examples we will show that the lower bound provided by Theorem[A]is also an upper bound.

Fix d,k € N, assume d > k and consider a matrix (m;,) € M;(Z) with non-zero determi-
nant and positive entries. We let G be the group generated by the set

{go} w{giy: (Lj) el .k} x{L....d}} v {fi..... i},

subject to the relations

[ ] [g()’gl,j] = [ﬁo,ﬁ] :[fS’ﬁ] = [gl,]7gl,m] - e, v S, l,le {1, e ,k}, ],m S {1, . e ,d},

o [figij] = g Vs,i€ {1,...,k}yje{2,...,d},

o [fgiil =8y Vs,ie{l,... k}.
Note that from the identities [ab,c] = a[b,c]a™'[a,c] and [a,bc] = [a,b]bla,c]b™!, we
immediately have the following additional relations

o [fi' 81l €80, 8ins- 81208 Vs, i€ {1k} jE {2, d},

o [fit gl =g,"" Vs,ie{l,... k}.
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It is easy to see that G is a nilpotent group of degree d + 1, and A = {{go} U {gi, :
(i, j) € {1, ...k} x {1,...,d}}) is a maximal abelian subgroup containing the commutator of
G (see Lemma below). Moreover k is the torsion-free rank of G/A, therefore in view of
Theorem |A| we know that G embeds in Diff'"* ([0, 1]) for @ < 1/k. To show that 1 + 1/k
is actually an upper bound for the regularity we are going to need the following elementary
lemma.

Lemma 2.8. Forall (i, j) € {1,...,k} x {2,...,d} and ny, ... ,n; € Z we have
(1) [ 1’11 T /?k’gi,j] € <g0,gi,l,---’gi,j72>gi}_1,
2) A" £ gl = gé",
where A; = 2?:1 nsm; . In particular, the subgroup A is a maximal abelian subgroup.
Proor. To show 1. we do induction on n = *_, |n,].
Note that when n = 1 we have the result by the relations of G. So, consider an arbitrary

natural number n = 21;:1 |n;| and assume that n, < O (the other case is similar). For all
ie{l,....k}and j € {2,...,d} we have that

n Nk n i+ 1 — — n i+ 1
LA g = U L U sl U e LA - gl

and since [f;', g; ;] belongs to {go. gi1, - -, & j_2>gl.’j"1"’lk, it follows that

[ 1”l T knkH, [f,:l, giil] € <go- &i1,---»8ij—2). Also, by induction hypothesis we have
n n () namis (et 1mig)
[ 11"' kk+1’gi,j]E<g0agi,l,-..,gi,j—2>g,"j;11 ¢ Y
Plugging these into the previous equation yields assertion 1. The proof of assertion 2 is
analogous. O

REMARK 2.9. The most useful part of Lemma|2.8|is the explicit expression for the integers
A; appearing. These will be used in the proof of Theorem C.

Proof of Theorem C:

Proor. Suppose that G embeds into Diff'"*([0, 1]) for some @ > 1/k. Let x, be a point
in (0, 1) such that go(xo) # xo and define the intervals
Iy := (ir}}f 8o(x0),sup g5(x0)) and [; ; := (irr}f gzj(xo), sup gzj(xo)).
Case 1: f(I)) n Iy = P forall fel{fi,...,[ip ~ZF
In this case I is a wandering interval for the dynamics of {fi, ..., f;). A contradiction
is provided by Lemma followed by Theorem since the central element g, acts
non-trivially /.

Case 2: There is a non-trivial element f € {fi, ..., fi) such that f(Iy) = I.
Letus put f = f/" --- f*. Givenie {1,...,k}, by the Lemmawe have that

23)  [frgii] = &' and [£,gi,] € {80 &>+ 8ij—2)gls, forall je {2,....d},

k . . . .
where A; = ), j—17jm; . Since the vectors (m;,...,m;y) are linearly independent in Rk,

we can choose i to obtain A; # 0. Then, the relations (23) and Lemma implies that
gi1(ly) n Iy = . Since the action has no crossings, the element f also fixes the intervals ; ;
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and hence the same argument also yields that g; j(I,; j,l) NIl j_ = & forall j > 2. Therefore,
Iy is a wandering interval for the action of (g, 1, ..., gix) =~ 7k, So, a contradiction is reached
using Lemma I.18]and Theorem [[.17] as before. m|

2.2.3. An example with even higher regularity. Itis easy to see that in some situations
the regularity given by Theorem |A|is not critical. In the examples that we know of, this is
related to the fact that the group can be splitted as a direct product of groups each of which
allows an embedding with better regularity. Take for example the groups of [10, §4]. These
are given by the presentation

Gy :={f.81,----84 88l = id,[f. g] = id,[f,&] = g1 Vj = 0,i = 1).
Note that G, is isomorphic to a non-trivial semidirect product of the form Z¢ x Z. Now define
the group G := G, x G4. On one hand, it is easy to see that

G~7" %17,
and Z* x {0} is a maximal abelian subgroup of G. Therefore, if we apply the Theorem
we obtain an embedding of G into Diff}"*([0, 1]) for all @ < 1/2. However, on the other
hand, the critical regularity of G es 2. Indeed, we can apply Theorem[A]to each factor of G
to obtain an embedding of the factor into Diff\**([0, 1]) for all @ < 1. If we put these two

actions together acting on disjoint intervals (as we did in Section [2.1.4), we end up with an
embedding if G into Diff' ([0, 1]) for all @ < 1.



CHAPTER 3

Examples of distorted interval diffeomorphisms of intermediate
regularity

3.1. On a family of C!*""-undistorted diffeomorphisms

Recall that for a C'**" diffeomorphism f of a compact 1-manifold, the asymptotic dis-
tortion was defined by Navas in [32] as
dist (f) = lim Y2710 DS
n—00 n
By the subaditivity of var(logD(+)), if f is a distorted element of the group of C'**" diffeo-
morphisms, then dist,(f) = 0.

The family of diffeomorphisms with positive asymptotic distortion studied in [33] is as
follows: Start with a C'™ diffeomorphism of [0, 1] with vanishing asymptotic distortion
and no fixed point in |0, 1|. Let I be a fundamental domain for the action of f, that is,
an open interval with endpoints xy and x; := f(xo) for a certain xy €]0, 1[. Let g be any
nontrivial C'*?" diffeomorphism of ]0, 1[ supported on /. Then the diffeomorphism f := fg
has positive asymptotic distortion and, in particular, it is undistorted in Diff,"*([0, 1]) (hence
in Diffi([O, 1])). This fact follows from [7]] (see Lemmas 2.2 and 7.2 therein) by using
the relation between the asymptotic distortion and the Mather invariant. For the reader’s
convenience, below we present a short and direct argument based on Kopell’s like estimates

| | |

(26, 29].
J
| |
[ T T T T |

0 1
—s=1d — \ ) —g=1d —
8

X1 X2
|

Let us consider the product f*f". Since f has vanishing asymptotic distortion, if we
show that var(logD(f"f ")) has linear growth, the same will hold for var(logDf"). Now,
notice that

P =(fef e D(Pef ) (f'ef™)

has support in the union of the intervals (1), f>(I),..., f*(I), and equals f*gf* on each
such interval f* (I). In particular, its derivative at the endpoints x, x;41 of each of these
intervals equals 1. We claim that there is a constant 4 > 1 such that, for all £ > 1, there is a

39
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point y; € f(I) satisfying D(f*gf~%)(y:) = A. Assuming this, we conclude

var(logD(f"f ")) = Y [logD(f*gf ™) (i) — logD(f*gf ) (x4)| = nlog(A),
k=1

which yields the desired linear growth.

Now, to check the existence of A and the points y;, let V := var(logDf), and let N > 1
be such that Dg"(z) > ¢*" holds for some z € I. We claim that A := ¢"/" works. Assume
otherwise. Then, for a certain K > 0, one would have |D(fXgf%)|, < /", which by the
chain rule would yield |[D(fXg" )]s < €”. However, at the point zx := f¥(z), we have
D(fXg" f=%)(zx) > €". Indeed,

log(D(f*¢" f *)(zk)) = logDf*(g"(z)) +log Dg"(z) —log Df*(z)
> log Dg"(z) — |log Df¥(g"(2)) — log Df¥(z)|

> 2V = Y [log DF(A("(2) ~ log DA (2).

Since both z and g"(z) lie in the fundamental domain I of f,

K—1
> [logDf(f*(g"(2))) — logDf(f*(2))| < var(logDf) < V.
=0

We thus conclude that log(D(f%g" f%)(zx)) > V, as announced.

3.2. Distortion in class C'™ for a < 1/2

In this section, we start by briefly recalling the construction of the group I' with a dis-
torted element f considered in [33]. Next, we proceed to smooth the action of I in order to
achieve any differentiability class C'*® for @ < 1/2. Upgrading « to any number less than 1
will require the introduction of an extra element plus a tricky new computation, and will be
carried out in the next section.

Start with the vector fields 2" and 2 on the real line whose time-1 maps are, respec-
tively,

Fi=2": x5 2x and F:=2":x—x+1.

Let o: R —]0,1[ be a C* diffeomorphism such that % := ¢, (Z) and % := ¢, (Z)
extend to the endpoints of [0, 1] as infinitely flat vector fields. Denote f := %' and f 1= ',
which we view as diffeomorphisms of [—1, 2| that coincide with the identity outside [0, 1].
The affine relation fff~' = f2 yields that | f"|| = O(log(n)); in particular, f has vanishing
asymptotic distortion.

Let xo := ¢(0) and, for each k € Z, let x; := f*(x9) = (k). Denote also x_;, :=
@©(—1/2) and x_3/4 := ¢(—3/4). Let ¢, the affine diffeomorphism sending 7 := [xo, x;] onto
[0, 1], and let g := ¢, ' fpo. This can be extended to [—1, 2] by the identity outside /.

We next define two diffeomorphisms / and £ as follows:

(i) They act by the identity outside [0, 1].
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(ii) On each interval I, := f* (I), the diffeomorphism h (resp. h) coincides with the s;-time
map (resp. f;-time map) of the flow of the vector field f*(¢i (%)) (resp. fX(¢i(#))).
Here, s, and 1, are sequences of real numbers such that:

(iii) If 2"-! < k < 2/ for a certain positive even integer i, then

1 1
s i=1log, { 1 — and ty = ,
? ( &/2) v/ iy

where ¢ is a prescribed sequence of positive integers diverging to infinity to be fixed below.

(iv) Otherwise, s; = t; := 0.

Finally, we let ¢ be a C* diffeomorphism of [—1, 2] such that:
(v) ¢ coincides with the identity on [x_, xo],
(Vi) Y(x_3/4) = Oand Y(x;) = 1.
The group we consideris " := _< f [ 8, fz, h, ). The computations of [33] show the following
relation for certain powers of f := fg (which justifies the construction):
(24) P = P P g fowf = g fy e f
where i is an even (positive) integer and n := 2. Roughly, this works as follows: set

an = fT T and by =y TR

One easily checks that
supp(a,) < [0, x_3p] U [x_1/2, Xo] U [x1,1] and  supp(b,) < [—1,0]uU [x_1p, xo] U[1,2].

Thus, the commutator ¢, := [a,, b,] = a,bya,'b;" is supported on [x_;, xo], hence the
conjugate fic,f ' is supported on [x_y-1, xo]. Besides, on each [xi, X¢+1] < [x_2i-1, xo], this
conjugate fic,f ' coincides with the time—i map of the flow of fX(¢%(#)). Moreover, the
restriction of the map

P2 2= (f_n/zgfnﬂ) (e (e = f—n/Z(f—lfn/Qf)

to each [xg, x11] < [x_p-1, x0] equals the time-1 map of the flow of f¥(¢(%)). This implies
that

hap = (fleaf )2,

which corresponds to (24).
Since || f"| = O(log(n)), identity implies that |(f)*"'| = O(i{;z). Therefore, f is
distorted provided £; grows to infinite in such a way that
1 G it
(25) tim OEE _p 16
n—»00 n i—oo 21

The maps £, f, g, above are obviously smooth. However, regularity for &, 4 is more
subtler. Indeed, their C! smoothness is ensured by the conditions s, — 0 and #, — 0 as
In| — oo (which are equivalent to £; — o0 as j — o0) together with the lemma [1.19]
Unfortunately, as we see in this lemma fails to extend to class C'**. Because of
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this, we need to go into more explicit computations for our example. Although these are
difficult to handle, the following key elementary lemma taken from the work of Pixton [36]
and Tsuboi [41] will be enough for us.

Lemma 3.1. Given a C? vector field 2 on an interval [0, a], denote C; := [DZ’| and
C, := |D*Z°|. If f' denotes its flow, then, for all ¢ > 0,

G,
Dlog Df'| < == (e“" —1).
[p1og D] < & (e 1)
Proor. Taking derivatives on the equality df'/dt = 2 o f', we deduce
d
=Df' = D2 (f)-Df"

hence

d GDf'

1 D 1 dt

4 %8P = "pa
Since f* = Id, we conclude

— DX(f).

logDf" = LID%(fS)ds.

Since |DZ'| < Cy, thisyields |log Df'| < Cyt, hence |Df'| < e“''. Moreover,

t t
DlogDf' =D <J D%(fﬂds) = J D*Z (f*) - Df* ds.
0 0
Since |D*2°| < C,, we conclude

t t
) C
|Dlog Df'| < sz |Df*|ds < CzJ Crids = =2 (97 —1),
0 0 1
as announced. O

We now turn into very long computations that will allow us to ensure that the resulting
maps h, h built via the procedure above are C'*+* diffeomorphisms for well chosen ¢ and ¢;
that respect all the properties we have imposed. This will close the proof of our theorem.

In order to simplify these computations, let us remind the chain rules for different deriva-
tives of maps between 1-dimensional spaces, namely logarithmic (L), affine (A), and Schwarzian

(S):

2
L(f)i=log DS, A(f) i= DLI) = B
_ A(f)?  Df 3 /(Df\’
S(f)=DA(f) - —— = Df 2 (D_f> :
These are listed below:
(26) L(fg) = L(g) + L(f) o &
(27) A(fg) = A(g) + A(f) o g - Dg,

(28) S(fg) =S(g) +S(f)og-(Dg)
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We let ¢: (0,1) — R be a C* diffeomorphism such that, for a small-enough § > 0

—exp(exp(1/x if 0<x<o
6= { compta( L) i 1 a2 n e

If we denote 2 := ¢%(#'), then we need to control f7(%).

An estimate for lengths of fundamental domains. Let us come back to the group I' =
{f,f.g h,h,¥). Recall that I denotes the interval [xo,x;|. We claim that, for a certain
constant C > 0,

. C
(29) =0 (nlog<n> aog(log(n)))z)‘

This is checked via a direct computation. Namely, for a large-enough n,
1 1
"D =¢ ' (n+1)—¢7'(n) = — :
POl =¢= n+1) =™ () loglog(n) loglog(n + 1)

Since the derivative of x — 1/loglog(x) is 1/[x log(x) (loglog(x))?], a direct applica-
tion of the Mean Value Theorem yields the desired estimate (29)).

Estimates for the vector field and its derivative. Notice that

L)) = DN Z(F (%), xely:= f(D).

Taking derivatives, we obtain
D*f"(f~"(x))

D(f}(Z))(x) = D (f~(x))

Now, using the chain rule (27), this yields

Z(f"(x) +DZ(f"(x))-

DU2NE = X (S HES ) Dy () 27 () + D2 (7 ()

Thus, letting
\sz

12 2]
we obtain
| (fn CIZth n +C”
We claim that the sum above is uniformly bounded (independently of n and x € [,)), so that

(30) D (Z) )| < C

for a certain constant C. Indeed, a standard control of distortion argument yields that
Df'(f~"(x)) is of the order of |L;|/|I|,

n—1 n—1
DDA ) ~ Yl < 1
i=0 i=0
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Estimates for the second derivative. We now claim that, for a certain constant C > 0 and
allxe I,

31) |D*(£:(2))(x)] < Cnlog(n) (loglog(n))*.
To show this, notice that, from
D(f(2))(x) = A(f")(f"(x)) Z(f7"(x)) + DZ(f"(x)),
we obtain
D*(fi(2))(x) = [DA(f") - Z + A(f")DZ + D*Z| o f "(x) - Df "(x).
which is equal to

[(S(m) + %A(f")z) XL +A(f"YDZ + D*Z| o f(x)-Df"(x).

Let us analise each term entering in this expression. First, by (29) and the control of
distortion argument above,

Df™"(x) = 1/Df"(f"(x)) = O(nlog(n) (loglog(n))?).
We next claim that A(f") is uniformly bounded on Iy. Indeed, letting C := |A(f)|, the
chain rule yields

n—1 n—1
A(f") = D A(f) o f-Df < C Y. Df.
i=0 i=0

The control of distortion argument above shows that the last sum is bounded from above by
a constant, hence the claim.

Since 2, DZ and D*Z are obviously uniformly bounded, to show it remains to
check that S (f")(f(x)) is uniformly bounded. To see this, we use the chain rule (28):

S0 = 28 AU W)DF ()
This implies
P <C Y (DFUTE))s

and the last sum can be estimated as it was done before. (The sum here is even smaller since
it involves the squares of the derivatives.)

Estimates for the maps. We are now in position to check that the group I' is made of C!®
diffeomorphisms for @ < 1,/2 and ¢; of order n/log(n)?. (Notice that, according to (25)), the
element f is distorted in I for this choice.) Notice that this is obvious for all the generators
except i and h. The estimates for these two elements are similar, so that we only deal with
h. Besides, we may deal with log Dh instead of Dh, since the condition “Dh is of class C*”
is equivalent to that “log Dh is of class C*”.

We need to check that there exists a uniform bound B for expressions of type

|log Dh(y) — log Dh(x)|
vy — x|
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for all points x < y in the same interval /,. Indeed, having such an estimate, one can easily
treat the case of arbitrary pairs x < y just by noticing that at each endpoint of an interval of
the form above, the derivative of 4 equals 1. Namely, letting z; (resp. z2) be such an endpoint
that is immediately to the right of x (resp. to the left of y), one has

|Dh(y) — Dh(x)| _ |Dh(y) — Dh{z)| _ |Dh(z) — Dh(x)|

v — N ly — e ly — e
|Dh(y) — Dh(z)|  |Dh(z) — Dh{x)|
|y _ Z|a |Z _ x|<z
< 2B.

Now, for all z € I, (with n > 0), Lemma[3.1]and estimate (30)) yield, for #, small enough,
D(log Dh)(z) < 2| D*£;(Z)] .
By estimate @), this implies, for a certain constant C > 0,
(32) D(log Dh)(z) < 2 C nlog(n) (log(log(n)))*¢
Moreover, for x,y in I,
|log Dh(y) — log Dh(x)| B |log Dh(y) — log Dh(x)|

[y = x|'~* = D(log Dh(z)) |y — x|'~

ly — x| ly — x|
for a certain point z € I,,. By (32), this yields
(33)
|log Dh(y) — log Dh(x)| C

P < 2Cnlog(n) (log(log(m)" [nlog< ><log<log(n>>>2’] '

Since 1, = 1/ 4/t < C log(n)/+/n, we finally obtain

| log Dh(y) — log Dh(X)| : »log(n) 1
<2C'nl log(l .
v ot oelloe )= e o tog(n) logog(m)FT
To get the desired upper bound B, it suffices that the total exponent of n in the expression
above is negative. Since this exponent equals 1 —1/2 — (1 —a) = a@ — 1/2, this condition
reduces to @ < 1/2, which is our hypothesis.

3.3. Distortion in class C'*® for @ < 1

It is unclear whether the previous action can be smoothed beyond the class C*/? (compare
[10; 12, 25, 31]]). To achieve a larger differentiability class, we will need to accelerate the
distorted behavior of f , which will allow us to consider smaller integration times for the
flows of vector fields (in concrete terms, we will increase the sequence ¢;). This will be
crucial to improve the regularity from a < 1/2 to any @ < 1.

Adding an extra element. We consider the map / acts by the identity outside the intervals
I, and that on each such interval coincides with the r;-time of the time flow of the vector
field f*(¢i (%)), where r := 1/ /€y for 271 < k < 2" and ry, := 0 otherwise. Notice
that 7 is very similar to A. (Actually, we could perform the computations that follow using /
instead of A, but this would become much harder.)
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Then we let d, := f='f"hf"f' for n = 2, where i is an even integer. We have
supp(d,) < [0,x_3p] U [x_12,%0] U [x1,1].  Since supp(c,) < [x_1p,X0], for every
integer L; > 1, the support of d~ic,d, " is also contained in [X_1/2, Xo], thus the support of

fridyendf = (F 7y ) (F " enf ) (F ' )
is contained in [x_si-1, X ]-

Now recall that, on each [x;, xi41] © [x_si-1, x0], the conjugate f ic, f ~' coincides with the
time- - map of the flow of f¥(¢(#')). Moreover, by construction, on the same interval, the
i2

conjugate f'd, f ' coincides with the time- \/1[7 map of the flow of f¥*(¢(%)). By the affine
i/2
relation, still on the same interval, the map f~dy c,d, ™ f' lies in the flow of f*(¢% (%)), and

arises at time
L

2V
bip
If L; := /€ log, (fi/z) (which will be chosen to be an integer number), then this quantity
equals 1. Therefore, for this choice, f—dxic,d, " f' coincides with B

The distortion estimate. The identity /,» = f'dyc,d,™ f' implies that, in the new group
[:= <f, f.g.h hh, ), we have the estimate

ol < 201N + 2 Lilldall + lleall < 20+ 2 Li (20 + 14 2011 + 8 (1 + i + [If"1]).
Since ||f"| = O(log(n)) = O(i), we conclude that

Vnpall = O (i /€12 Tog(€i) ) -

Since hyn = f2(f 12 f) and | 72| = O(log(n)), this yields
P2 =24+ 2]+l = O (i 4/6n Tog(62) ) -

Notice that the last estimate is much better than what we had in the group I' of the
previous section. In there, || f"/| was of the order O(i ;»), hence, f was distorted provided
the growth of ¢; was smaller than exponential. In the new setting, that is, in the modified
group T, the diffeomorphism f is distorted whenever the condition below is satisfied (recall
that n = 2%):

I &' lo f,'
(34) lim —Y /22,- ellip)

n—o

Checking regularity. We thus choose a new sequence ¢; so that condition holds and
A/ tij2 10g, (L) is an integer number. This can be achieved for a sequence of type

n
b~ ——.
27 log(n)?
that we fix from now on. With such a choice, we claim that f:is a group of C'*® diffeomor-
phisms. Again, this is obvious for all generators except 4, h, h, and for these three elements
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the computations are the exact same, because each of the sequences r,, s,, t, is equivalent to
1/4/ti/>. We thus write everything only for . Remind estimate ll

|log Dh(|);)_—x1|(;g Dh(x)| < 2Cnlog(n) (log(log(n)))* ¢, l

With the new estimate for ¢,, this becomes

log Dh(y) — log Dh log(n)* C e
| 0g (y) 0g (X)| < 2Cn(10g(10g(n)))2 Og(n) [ 2’:| )
|y — x| n | nlog(n)(log(log(n)))
The expression on the right is of order
o (log(n)3+“ (log log(n))z”)

nl—rz

C :| l—a
nlog(n)(log(log(n)))*" |

which converges to 0 as n goes to infinite. This allows showing that 4 is a C!** diffeomor-
phism as it was done in the previous section.
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